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1. INEQUALITIES 


1.1. Introduction. 
Throughout this chapter we are concerned with real numbers only. 


When two real numbers are not equal, a relation of inequality is said 
to exist between them. The property of trichotomy in the set of all real 
numbers states that any two real numbers a, b must satisfy one and only 
one of the following relations— 


(i) ais equal tob (a=b), 
(ii) ais greater than b (a> 5), 
(iii) ais less than b (a <b). 


The last two relations are inequality relations. 


Therefore, if a be a real number different from 0, one of the following 
inequality relations must hold— 
(i) a> 0, (ii) a < 0. 
When a > 0, a is said to be positive; when a < 0, a is said to be 
negative. 


We definea > bifa—b>0, and 
a < bifa-—b<0. 
The relations a > b and b < astate the same inequality relation, since 
a>0e-a<0. 


The symbola > _ b means a is greater than or equal to b; 
a < 6b means a is less than or equal to b. 


For example, if a is a real number then a? > 0; 
if a is a positive real number then a? > 0. 


1.2. Properties. 


If a,b,c be real numbers, then 
(i) a>bandb>c>a>¢c, 
(ii) a>bsa+ec>bte, 
(iii) a>bandc>0=> ac> be, 
(iv) a>bandc<0=> ac < be, 
(v) a>bandc=05ac=be. 
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Proof. (i) a—c = (a—b) + (b—c) 
> 0, sincea—b>0Oandb—c>0O. 
Therefore a > c. 


(ii) (a+c)—(b+c)=a—b 
> 0, since a > 6. 
Thereforea+c>b+c. 


(iii) ac — be = (a — b)c 
> 0, sincea—b>O0andc>O. 

Therefore ac > be. 

(iv) ac — be = (a — b)c 
<0, sincea—b>Oandc< 0. 

Therefore ac < be. 


(v) obvious. 


Corollary. (i) a>bandb>c>a2z@e, 
(ii) a>bandb>c>a>e, 
(iii) a>b>a+c2>bte, 
(iv) a>bandc>0=> ac 2 be, ; 
(v) a>bandc<0=> ac < be. 


Theorem 1.2.1. If a1, @2,..-,@nj 61, 62,...,6n be all real numbers such 
that a; > 6; fori =1,2,...,n, then 
Q, tagt-+' +a, > 6) +b94+---+ by. 


Proof. (a, + @2 +++: +@n) — (b1 + bo +--+ + bn) | 
= (a1 — by) + (a2 — bo) ++ ++ + (Gn — by) 
> 0, since a; — 6; > 0 fori =1,2,...,n. 

Therefore aj + a2 +-°--+@, > 6) +624+---+,. 


Theorem 1.2.2. If a1, @2,...,@n; b1,62,...,bn be all positive real num- 
bers such that a; > 6; fori =1,2,...,n, then 
Q1Q2..-.An > bibg... by. 


Proof, a1@2 — 6 bz = a;(a2 — be) + be (a1 — bj) 
> 0, since each term is positive. 
Therefore a1@2 > 6,b2. 
Thus a, > 6b; and ag > bo > a ,aq > bi bo. 
Similarly, a1@2 > 61b2 and a3 > bs = a,aza3 > by bab3. 


Successive applications give ajaq...an > bbe... bn. ! 
H 


Note. The theorem does not hold if the numbers be not all positive: 
For example, 5 > —2 and 2 > —10 but 5.2 < (—2).(—10). 
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Theorem 1.2.3. If a,b be positive real numbers with a > b, and n be a 
positive integer, then a” > 6”. 


Proof. The theorem holds for n = 1, 

Let us assume that the theorem holds for a positive integer, say m. 
Then a™ > 6™. 

Now a™ > b™ > O anda>b>0>a™+t! > pm, 


This shows that the theorem holds for n = m+1 if it holds for n = m. 
And the theorem holds for n = 1. 


By the principle of induction, the theorem holds for all positive inte- 
gers 7. 


Note. If a,b are real numbers with a > b and n is a positive integer, it 
does not necessarily follow that a” > b”. 


For example, 2 > —3 implies (2)? < (—3)?, but 2 > —1 implies 
(2)? > (—1)?. 


Theorem 1.2.4. If a > b > 0 and n be a negative integer, then a” < b”. 


Proof. Let n = —m. Then m is a positive integer. 


1_1 = 2@- 9% since b—a <0 and ab > 0. 
a b ab 


1 1 
Therefore a < 5: 


Since m is a positive integer and 0 < 4 < i, (2)™ < (4)™, by the 
previous theorem. 
Therefore a~™ < b-™, ie., a” <b”. 


Theorem 1.2.5. If a > b > 0 and n be a rational number, then a” > or 
< b" according as n is positive or negative. 


Proof. When n is an integer, positive or negative, the theorem reduces 
to the theorems 1.2.3 and 1.2.4. 


Case I. Let n be a positive fraction and n = ©, where p,q are positive 
integers prime to each other and q # 1. 

Let us consider two positive numbers a!/@ and b1/ 7 where a!/9 de 
notes the positive gth root of the positive number a. (Such a positive 
root always exists, since a is positive.) 


We assert that a!/7 > 6/9. Because, al/?7 < bM7 > (al/4)a < 
(b'/9)9 = @ <b, a contradiction. 


Se ae p is a positive integer, a!/? > b1/4 = (a1/2)P > (b1/2)P, ie., 
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Case II. Let n be negative fraction and n = —m where m is positive. 
a>b>0>i>250 


> (5) > (+)™, by case 1 


or, 6°" >a-™, j.e., a®™ < 6", 
This completes the proof. 


Worked Examples. 
1. If a,b,c be all real numbers, prove that a? + 6? + c? > ab+ be + ca. 


a® + b? + c? — (ab+ be + ca) = 4(a — b)? + (b-c)? + (c—a)* > 0, 
since each term is non-negative. 
Therefore a* + 6? + c? > ab+ be + ca, the equality occurs when 


a=b=c. 
2. If a,b,c be all positive real numbers, prove that 


a2+b? b2+c? c2+a? 
a+b + “be. ieee. ct+a Patbte. 
(a + b)? + (a — b)? = 2(a? + d*). 
Therefore 2(a? + b?) > (a + b)?, the equality occurs when a = b 


a2+b? a+b 
Soa ERT 2 J, sincea+b> 0. 


Similarly, === y ree > bre ete > ere. 


2 nd 
Hence oa a rte oh ote >a+b-+c, by Theorem 1.2.1. 


The equality occurs when a = b=c. 


3. If a,b,c,d be all real numbers greater than 1, prove that 
(a+1)(b+ 1)(e+1)(d+1) < 8(abed +1). 
(a—1)(b-—1) > Osinceea—1>0,b-1>0 
or,ab+1>a+b 
or, 2(ab+1)>abt+1l+at+b=(a+1)(b4+1). 


Therefore (a + 1)(b+1) < 2(ab+1) ... wo. (i) 
Similarly, (c+ 1)(d+1) < 2(ced+1) ww. (ii) 
ab > 1,cd > 1. Using (i), we have 

(ab +1)(cd +1) < 2(abed +1)... wo. (iii) 


Hence (a + 1)(6+1)(c+1)(¢+1) < 4(ab+1)(cd +1), by (i) and (ii); 
and 4(ab+ 1)(cd + 1) < 8(abed + 1), by (iii) 


Therefore (a+ 1)(b+1)(c+1)(d+1) < 8(abed + 1), 
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4. If a,b,c be all positive real numbers and n be a positive rational 
number, prove that 


a”(a — b)(a — c) + b"(b — a)(b- c) + e*(c — a)(c — b) > 0. 
Case 1. Leta=b=c. 
L.H.S.= 0, since each term is 0. 
Case 2. Let two of a,b,c be equal. a = 5, say. 
L.H.S.= c*(c — a)? > 0, since c > 0,(c — a)? > 0. 
Case 3. No two of a,b,c are equal. 
Without loss of generality, let a > b> c. 
Then a—b>0,b-—c>0,a—c>0. 
a"(a — b)(a—c) +b"(b — a)(b—c) = (a — b)[a"(a — c) —b"(b— o)]. 
a>b>cs>a-—c>b—c>0anda>b>0>a">b", sincen> 0. 
Therefore a”(a —c) > b"(b—c), by Theorem 1.2.2. 
Hence a”(a — b)(a — c) + b"(b — a)(b—c) > 0. 


Also we have c"(c — a)(c— b) > 0. 
Therefore a"(a — b)(a — c) + b"(b — a)(b—c) + c"(c—a)(c— b) > 0. 


Combining all cases, we have 
a™(a— b)(a—c) + b"(b—a)(b—c) + c"(c—a)(c— 5) > O, the equality 
occurs when a = b=c. 


1.3. Standard inequalities. 


1. Weierstrass inequalities. 
If a1, @2,..-,@n, are all positive real numbers less than 1 and s, = 
aj +ag+-:-+@n, then 
l—s, < (1—a,)(1—a2)...(l-—an) < is 


and 1l+s, < (1+4a ,)(1+49)...(1+an,) < ree 
provided in the last inequality it is assumed that s, < 1. 
Proof. (1 — a,)(1 — a2) = 1— (a1 + G2) + 142 
>1- (a, + az). 
(1 — ay)(1 — ag)(1 — ag) > [1 — (a1 + @2)](1 — ag), since 1 — a3 > 0 
> 1— (a; + a2 +43). 
Successive applications give 


ie, > 1 Sp. 


In the same manner, (1 + @1)(1+a9)...(1+a,) >1+ sy. 
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Since 0 < a; <1, 1 — ay? <1. 


Therefore 1 — a, <-— ic , Since 1+ a; > 0. 


a = = 
Similarly, 1 — a. < Ita” .»»1l—an < ica: 


Therefore (1 — a,)(1— ace — Gn) <Gfalitee) 


1 
1+38n° 


< 
Again, 1 — a,? <1. 


Therefore 1+ a; < Ra i 7» Since 1 — a, > 0. 


Similarly, 1 + ag << —— = = yz—,°'',1l+a, < =a 


Therefore (1 + a1)(1 + ag)...(1 +a@n) < jaja 


< since 1 — s, > 0. 


_i_ 
1—sn ’ 


This completes the proof. 


Worked Example. 


Sah. 1.3.7...(2"—1 Qn 
1. If n be a positive integer, prove that 137 < pntiny" 


By Weierstrass inequality, ; 


1 1 
(1 — 5)(1 _ gr)---(1 _ ox) ee Nae Foe ae pt at +o 


=p 


1.3.7...(2"—1) 


r, 2.4.8...27 <p 1° 


The ordered array of n real numbers aj,a2,...,@n is denoted by 
(a1, @2,-.-,@n). Let (a) = (a1, 42,...,@n),(b) = (b1,b2,...,bn). Then 
(a) = (b) if a; = b; for i = 1,2,...,n. The ordered arrays (a) and (5) are 
said to be proportional if there exists a non-zero real number k such that 
a; = kb; for2 = 1,2,...,n 


For example, (1,1,2,0,—1) and (2,2,4,0, —2) are proportional. 


2. Cauchy-Schwarz inequality. 


If a1, @2,..-,@n} bi; ba). +1Dn be all real numbers, then 
(ay? +497 +++++@n7) (by? + be? +++++bn?) > (aby +agbo+-+++anbn)’, 
the equality occurs when 
either (i) a; =0 for? =1,2,...,n; or b; = 0 fori =1,2,...,n; or both 
a; = 0 and b; = 0 fori =1,2,. 

or (ii) a; = kb; for some non-zero real k, i = 1,2,...,n. 
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Proof. Case I. If a; = 0 for i = 1,2,. aay eee ce 11} 
or both a; = 0 and &; = 0 for i = 1, 2,. ,n; then the equality holds, 
each side being zero. 
Case II. Let not all of a; and not all of b; be zero. 
Sub-case (i). Let a; = kb; for some non zero real k,i = 1 eres | e 
Then (a1?+a2?+---+@n?)(b)?+bo?+4-- +n ep = a +o" +++ ++b,?)? 
and (a,b, + Agbg+-+++ an bn)? = = k? (by? ae by” +--+ by ee 
Therefore the equality holds in this sub-case. 
Sub-case (ii). Let (a1,a2,...,an) and (bi, b2,...,b,) be not proportional. 
Let us consider the expression 
(a, — Abi)? + (a2 — Abo)? +--+ + (an ~ Abn)”, where 2 is real. 
For all real A, the expression > 0. The equality occurs only when 
ay, — Ab; = 0, a2 — Abo = 0, - ++, an — AD, = 0 

ie, when (@1,@2,...,@n) = A(b1, bo, ..., bn) 

ie., when (a1, @2,...,@,) and (bj, b2,...,6,) are proportional. 

Therefore, in this sub-case (a; — Ab; )?+(a2—Ab2)?+-- *+(dn—Abn)? > 
0 for all real X. 

or, (a)7 + ag? +--+ +n) — 2A(azb1 + agbo +---+Anbn) + d? (by? + 
bo? +--+ + bn”) > 0 

or, BA? —2CA + A > 0, where A = a)2+ 497 +---+an?, B= 
by hae ee bn C = a,b; + agb2 +--+ + adnbn. 

The roots of the equation Bx? — 2Cz + A = 0 must be imaginary, 


because otherwise, there would exist some real 4 for which the equality 
B\* ~ 2Cd + A =0 would hold, a contradiction. 


Therefore AB > C? 

or, (a)? +a97+--- + An?) (b17 +bo?+4--- + bn”) > (ab) +agb2 +---+ 
Anbn)?. 
This completes the proof. 
Note. In particular, if a),@2,...,@n;b1,62,...,0n be all positive real 
numbers, then 

(a1?-+a5?-+- + --+an2)(bx?+b2? + vt bn’) 2 (arbi taabet---tanbn)?, 
the equality occurs if ft = #2 = +" = -. 


Worked Examples (continued). 
1 <(etu=2y) < 1 


2. For all real z,y, prove that —3 < S(i722)\0+y2) = ms 
Let us consider ordered pairs (2x, 1 — 2?) and (1 — y’, 2y). 


8 HIGHER ALGEBRA 


By Cauchy-Schwarz inequality, 
[Qa(1—y?) +(1—a?)2y]? < [(22)? + (1—27)7I[(1—y?)? + (aya 
or, [2(a + y)(1 — zy)|? < (1+ 27)°(1 + 97)? 

(x+y)(1—-zy) <2 

(1+27)(1+y?) 


oe (z+y)(1- zy) ¢ 


on — 3 SUpet\ty)S 2 


or, | 


3. Ifa; > —}, (¢ = 1,2,3) and a+b+c=1, prove that 

V3a+1+ V3b41 + V3ce+1< 3V2. 
Let us consider ordered triplets (1,1, 1) and ( /3a + 1, V3b+1, V¥3c +1). 
By Cauchy-Schwarz inequality, 
(/3a + 14+ 736+ 14/3c +1)? < (14+141)[(3a+1) + (3b+1) + (3c+1)] 
or, /3a + 1+ V364+1+ V3e+1 < 3v2. 


The equality occurs if 3a + 1 = 3b+1=3c+1,ie., ifa=b=c. 


_ a) oe oe Se 
4. If a,b,c,d> feo a+b+c+d= 1, prove that igbecad quae? 
er Se 
ae irasbte= 7° 
ic AO a AD ans OF a eg 
1+b+c+d + 1+a+c+d as 1+a+b+d ee 1+a+b+c 


__@ 4 6. c =. eee eee 2 4 2 4 2, 
— Rees pT a ee + 9-5 + Set ocean” 


Cc 
1+a+b+d 


1 1 | Pes Os 
Let us consider ae numbers Jana’ Ja=b’ Jane’ Ja-d and 
f/2—a,V2—6,V/2-—c¢,V/2—d. 


By Cauchy-Schwarz inequality, 


(44140 slats tae + all (at btet dl 
on gio tate t ret aa ¥. 

res Hh 4 
Therefore T754¢44 T iratora + ieasra tite? #4 Le, 27 
The equality occurs when 2—a@ = 2-6 = 2—c¢ = 2—d, ie., when 
a=b=c=d. 


5. If a1, 42; eo =3Qn; bi, ba, ae 5 Da €1,C2, Jd fn be all positive real num- 
bers prove that 


(arbyer + a2b2c2+---+anbata)? < (a;2 +a? +---+a_2)(b12 +b2 + 
++ bn?) (cr? + co? 4+ - ++ ¢,7), 


Let d; = bi¢;,i = 1,2,...,n 
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By Cauchy-Schwarz inequality, (ayd; + agdg + +--+ and,)? 
< (ay? + ag? +--+ +n?) (dy? + do? +--+ dy”). 
Again, (dy* + dy” +++» + dy?) = by2c1? + bo20q?2 4 +++ + Bp Zep? 

< (by? + bg” +++ +b?) (er? +. cn? +++ +n), 
since b;,c; are all positive. 
Therefore (a,b,c, + agboco + +--+ Qnbncn)? < (ay? +a? +---+ 
On”) (by? + ba” + +++ + bn?) (cx? + cp? +++ + Cn?). 


Theorem 1.3.1. If a1, a2,...,a, be n positive real numbers, not all 
equal, and p,q are rational numbers, then 


ay? abagP Titan? Te sine <atton? ton? . oiftaztt-ton? 


according as p and q have the same sign or opposite signs. 


Proof. Case 1. Let p,q have the same sign. Let 7 and 7 be any two 
of the numbers 1, 2,...,7. Since p,q are of the same sign, a;? —a,? and 
a;? —a,? are both positive or both negative or both zero. 

Therefore (a;? — a;?)(a;? — a;? > 0 

or, a,Pt4 + a,jPt4 > a;Pa;? + a;4a,;?. 

There are "C> relations of this type, not of all them are equalities. 

Adding, we have 

(n = 1)(a,?*4 “P ApP*4 sf eee st AnP*4) > La;Pa;7,2 = 1, 2, aig 59 a 
12 athe 9 

or, n(ayP+4 + ag? td +--+ + anPt2) > (ay? + a2? +--+ + Gn?)(aat + 
a2? ++--+ 4,7) 

ayPtItaoPtI4--tanPt?  ayP+azgP+--+an? a1%+a2%+---+an7 
or, > a . pa , 


Case 2. Let p,q have opposite signs. Then a;? —a;? and a;7 — aj? have 
opposite signs when a; # a; and both are zero when a; = a;. 
Therefore (a;? — a;?) (a; — aj?) < 0. 


Proceeding with similar arguments as in case 1, we can prove 


@1Pt94 QoPt94..-+anPtT9 ec aibtagP ttn? ayi+ag%+---+an? 
n n ‘ n ; 


This completes the proof. 


Note. The theorem can be generalised. If a;,@2,...,a, be n positive 
real numbers, not all equal, and pi, P2,...,Pm be m rational numbers, all 
Positive or all negative, such that s = pj + po +:-:+ pm, then 
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23° +42°+---+an* 

= +an > 

a;Plta P14..-+q,P1 Q1P2+a9P2+--+a P2 Pm +a2PM +-tanPm 
Ld ane n : 


n n 


Taking in particular, p; = pp = --: = Pm = 1, we have 
a)™+a9™+.-+a_™ aytag+--+an 
nr > ( n ye 


Worked Example (continued). 


6. If a,b, c,d be positive real numbers, not all equal, prove that 
(at+b+c+d)\(4+$¢+2+44) > 16. 


aP4+bP4cP+dP af+b%+c%4+d? _ aPti4+bPt+a4cPt+a4 gpta 
becaahs JC a Se 
p,q are rational numbers of opposite signs. 
-1 —1 -1 —1 
Let p=1,q=—1. Then atbtotd (a 49" te +0") >1 
or, (a+b+c+d)(a!+b-!4+c14+d") > 16. 


Another method. 
Let us consider real numbers ./a, Vb, /c, /d and San Fe Ware 
By Cauchy-Schwarz inequality, 
(1+1+14+1)? <(atb+c+d)(2+34+44 4). 
The equality occurs when a = b=c=d. 
Since here a, b, c, d are not all equal, (a+b+c+d)(a~!+b-1+c71+d"1) > 
16. 


Exercises 1A 


1. If a1, a2,...,@n be n positive real numbers in ascending order of magnitude, 


Rie 2 
a}“+a2*+-:-+an 
prove that a1 < eins 


2. If a1, @2,...,@n be real numbers, not all equal, and pi, p2,..., Dn be positive 
real numbers, prove that 


. piai+p2a2+-::+pnan 
min (a) < pitpat-tp, ~~ max (a), 


f 
where min (a) and max (a) denote respectively the least and the greatest 
the numbers a1, @2,..-,@n. 


3. If 1, 42,-+--,4n; bi, 62,...,0n be all real numbers and b; > 0 for + - 


aj+aq+:+a 
1,2,..., prove that m Soe aaa <M, 


— Mm) 2. 22 ... Gn = a a 
where m = min {$1, %, » §}, M = max {#1, @,---, $}. 


INEQUALITIES 11 


A. If 21, @2,-..,2n be n real numbers satisfying 0 < 21 < 22°: < an < on 


prove that 
tan 21 < sin_ 21+sin 22+:::+sin Ly tana: 


cos 21+coS 22+:+:-+c0S In 
5. If a,b,c be real numbers, prove that 
(a+b—c)? + (b+c—a)? 4+ (c+a-—b)? > ab+be+ ca. 
6. If a,b,c be positive real numbers such that the sum of any two is greater 
than the third, prove that 
(i) a*(p—49)(p—r) +b°(q—p)(q—r) +.c7(r —p)(r —q) > 0 for all real p,q, 7; 
(ii) a?yz + b?z2 + cry <0 for all real x,y,z such that r+y+z=0. 
7. If a,b, c,d be positive real numbers, each less than 1, prove that 
8(abed + 1) > (a+ 1)(64+1)(c+ 1)(d+ 1). 
8. If a,b,c be positive real numbers, not all equal, and n is a negative rational 
number, prove that 
a” (a — b)(a—c) + b"(b—a)(b—c) +c"(c—a)(c—b) > 0. 
9. If n be a positive integer greater than 2, prove that (n!)? >n”. 
[Hint. (r -1)(n-—r) > Oif1<r<n. Therefore r(n—r+1)>n. ] 
10. If a,a2,...,@n be n positive real numbers (n > 2) in arithmetic progres- 
sion, prove that @1a@2...@n > (a@ian)"/”. 
[Hint. Let d be the common difference. Then @r.an—r+1 = [a1 + (r —1)d].[a1 + (n—- 


r)d] = a3.an + (r —1)(n—1r)d > a1.an ffl <r<n] 


a+b)x 
11. If a,b, 2, y be positive real numbers, prove that aay = ey a oe 


12. Prove that 1!.3!.5!...(2n —1)! > (n!)”. 
13. If a,b,c be positive real numbers, not all equal, prove that 
(i) 2(a3 +63 +c3) > a2(b+c)+b°(c+a) + c?(a + b) > Gabe; 


a b+c cta a+b 1 1 a 
(ii) b2+¢2 of c27+a2 te a*+b2 <a ae b cs c 
oe 1 1 : 

(iii) (a3 +09 + As +pta)>% 

: bc ca ab atb+c 

(iv) ie ae ob 


14, If a,b,c,2,y,z be all real numbers and a+b? 4+c? = 1,224 y? 4+ 2? =1, 
Prove that ~1<azr+by+cz<l. 

15. If a1, a2, a3; 61,62, 63; c1,€2,C3; 1,42, d3 be all real numbers, prove that 
(a,bi c,d, + agbecede + a3b3c3d3)* < (ai‘ + a2* a a3*)(bi* + bo4 zs b3*)(c1* : 
ca" + c34)(di4 + do’ + ds‘). 
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1.4. Arithmetic, Geometric and Harmonic means. 
Let a),@2,...,a, be n positive real numbers. 
The arithmetic mean (A.M.) of the numbers is defined by 
“abet ton and is denoted by A. 


The geometric mean (G.M.) of the numbers is defined by 


¥/(a102...dn) and is denoted by G. 


The harmonic mean (H.M.) of the numbers is defined by 
nr 7 
Pe eres and is denoted by H. 


Let p1,p2,...,Dn be n positive rational numbers. 
The weighted arithmetic mean of aj,@2,...,@n With associated 
weights p1,p2,...,Dn respectively is defined by 


p1ai++p2a2+--+Pnan 
pitpet'+Pn 


and is denoted by A(a,p) 


The weighted geometric mean of a1, @2,...,@n with associaed weights 
P1,P2,---,Pn respectively is defined by 


(ay? ag??...a,P")1/(Pitp2t-+Pn) 
and is denoted by G(a, p). 


The weighted harmonic mean of a1, a2,...,@7, with associated weights 
D1,P2,--->Pn respectively is defined by 


pitpot tpn 

Ply F244 Pn 

ay 2 an 
and is denoted by H(a,p). 


Theorem 1.4.1. If a1,a2,...,an be n be positive real numbers then 


jtaz+--tan 5 a/7—— 
= ¢ nL < = (€149...an). 


The equality occurs when a; = ag =---=ay. 


The thoerem states that the arithmetic mean of n positive real aa 
bers is greater than or equal to their geometric mean, the equality occu 
when the numbers are all equal. 


Proof. a,a2 = (sat22)? a (41592)? 


< (sata)? since (*1592)25 Osea) 


The equality occurs when ( S102 )2 = 0, ie., when a1 = 42. 
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Similarly, aga4 < ( 2884 )2 the equality occurs when a3 = au. 
ajt+ag\2/agtag \2 a 
Therefore a,a2a3a4 <( 2) (504) a eaesaees (AL) 


ai+ta2 a3+a4 2ta3z+a4 : . 
But = 7 (sits ts a ie from (i). The equality occurs 
+a2 __ agta 
when 21522 — 93104 — 


2 2 
Therefore ayaga3a4 < (%t22tasta4 ‘aata4)4 from (ii). The een occurs 
when @; = 42,03 = a4, “F% — 284% ie, when a, =--- = a4. 


Similarly, asaga7ag < (aztantartes)s 
Proceeding with similar arguments we have 


a : se: = 
Q1Q9....ag < (treat tog =e t +a se the equality occurs when a, = ag =-:: = 
Qg. 

Continuing thus, when n = 2”, where m is a positive integer, 
Q102...0, < (Staten) the equality occurs when a1 = a2 = 
An. 


Let us consider the case when n is not a power of 2. Then 2”! < 
n < 2™ for some positive integer m > 1. In this case there exists a 
positive integer p such that n+ p= 2™. 

Let us consider n + p positive numbers aj, @2,...,@n,@,4@,...,@ where 
a is repeated p times and a = entapte ton | 


Since n + p= 2™, by what we proved, 
A402...dn.aP < (Uteettantpe)ntp the equality occurs when a; = 


n+p 
Qj =--- =A, = 4, 1€., eng 
p na+rpa\n+p 
OF, @149...An.a < (motes es ) 


OF, @1@2...dn.a? < a™tP 


OF, @1@2...€n <a” 


ajtagt--:+an \n 
OF, @1@2...€n S ( S ) 


or, outage ton > %/(a1a2...an), the equality occurs when 
Q) =A, =++: =n. 

This completes the proof. 

Corollary. The arithmetic mean of n positive real numbers, not all 


equal, is greater than their geometric mean. 


Theorem 1.4.2. If a1, @2,---;@n be n be positive real numbers and G, H 
be their geometric mean and harmonic mean respectively, then G > H. 
The equality occurs when a; = @2 =+': = Qn. 
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* 2,2 1 Se, . ky 
Proof. Since a1,a2,...,@n are positive, 97, 43:""*> a, are all POSitiye 
te 2444.44 
FL 2 —__tn. 
The arithmetic mean of + rat ~ is and the 
1 1 1\1 
geometric mean of 2, Z-,-*° Foi crea whee yin 
By the ae theorem, we have 
ty ty. tt 
aj | 22 an 1... 1Lyl/n 
; = > > (=. 7 =) , the equality occurs when 
$1 des es oe se ued ee ae, oo ig Se 
a ap SS ac Le., when a = a2 = = An. 


or, (@1@9...a,)1/" > 2 re ea 
That is, G > H, the equality occurs when a; = a2 = -:: = ay. 
This completes the proof. 


Corollary. The geometric mean of n positive real numbers, not all equal 
is greater than their harmonic mean. 


Theorem 1.4.3. If aj,a2,...,@, be n positive real numvers and 


P1,P2,---,;Pn be n positive rational numbers, then 
pioitpearttPr n> (Pi gP? ... gPn)1/(pi+p2t+--+Pa) 
pitp2t--+Pn (a4 an”) 
the equality occurs when a; = ag =-+-:: = Qn. 


[The weighted arithmetic mean of n positive real numbers is greater 


than or equal to their weighted geometric mean, the equality occurs when 
the numbers are all equal.| 


Proof. Case I. Let p1,p2,...,Pn be all positive integers. Let us consider 
pi +p2+:-:+pn positive numbers in which a; occurs p; times, a2 occuls 
p2 times, ..., @n Occurs py, times. 
The arithmetic mean of these is 21%1tP202ttpnan anq 
Pit+p2+-+Pn 
the geometric mean of these is (al? ab? . -- @Ppn)t/(Pr +pot-+Pn) | 
piaitp2a2+:tpnan Pi ,P2 | 
Theretore: te, (att ab 
the equality occurs when a; = ag =---= 4p. 


at aPn)i/(pitp2t+Po), 


Case II. Let p1,p2,.--,Pn be positive rational numbers, not all of whic? 
are integers. oe 
Let p be the l.c.m. of the denominators of pi,p2:-+-»P" 
PP1; PP2)---»PPn are all positive integers. 

By Case 1, 


wot 
yaitpp2a2t:tppnan PP1 PP2 ,,. pppn\i/(epitepat 
ppitpp2+~ +pPn = Coie an”) 


the equality occurs when a, = a2 =::: =a, 


pps), 
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piai+p2a2t-tpnan P1 _,P2 n\1/(pitpete+Pn 
or pike en aa ae) eerie) the equal: 
ity occurs when a) = a2 = ++: =Gp. 


This completes the proof. 


Corollary. If a1,a2,...,a, be n positive real numbers and qi, q1,-.-59n 
be n positive rational numbers such that g; + qg2+-::+4n = 1, then 
gia; + god2 +++ +GnGn > aj'ag?...a%. 
Theorem 1.4.4. If a1,a@2,...,a, be n positive real numbers and 
D1, P2)--+;Pn be n positive rational numbers, then 

Pe? P2 , »-gPn)1/(pitpat~ ‘+Pn) > Be 
the equality occurs when a; = a2 = -:: = Qn. 
Proof. Since a), a2,...,@n are positive, a a . —— are all positive. 


By the previous theorem, 
Pl- a, +P2-a5 ate “tPn- a ah vee 
pitp2+-+Pn EA (Or we A (=) age (2 )Pa] Gr teat +Pn) the 


: ee eh es Cras 
equality occurs when + hist ae i.e.,.when @] = a2 =--:=Qn 
PL, P24...4 Pn 

+ P24 ..4 ; 
pitpet tpn — 'a1P1agP2---anPn 


iat +potet ° 
or, (a? ab? 46s abn )1/(Pi+p2+ +Pn) > By Phy Bn ; the equality oc- 
ay ag n 


curs when a] = @2 =°-: = Qn. 


or, 1/(pitp2+--+Pn) 


This completes the proof. 


Worked Examples. 
1. If a,b,c,d are positive real numbers, not all equal, prove that 


ab +05 ++ d° > abed(a+b+c+d). 
We have aPtIppPt9s cpt? fr gPt? > aP+bP be? +d" ath? bet +d? if p,q are 


rational numbers of the same sign. 
q = 1, we have abtpP seta > ahh te td sta" cbhbere 


Taking p = 4, 
But “teteltd’ 5 ¢/(atbictd#?) = [A.M. > G.M. 
= abcd. 


Therefore a°+6°+c>+d° > abed(at+b+c+d). 


2. If n be a positive integer > 1, prove that n(n +1)? > A(nt)3/, 


Let us consider n unequal numbers 1°, 2,..., n°. 


Applying A.M.>G.M., we have 8 08nt > (13.23...n3)1/n 
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or, octet: > (n})3/" 
or, n(n +1)? > 4(n!)3/”. 
Note. If n = 1 the equality reduces to an equality. 
3. If x,y,z are positive real numbers and z + y + z = 1, prove that 
Bryz < (1—2)(1—y)(1—z) $ 97- 
l-z=y+z,l-y=z4+a2,l—-z=2+y. 
We have 42 > yz, 42> /za, SY > Vay. 


Therefore (y + z)(z+ z)(c+y > 8xyz, the equality occurs when 
e=y=2z 
or, (l—2z)(1—y)(1— z) > 8xyz. 


Again let us consider three positive real numbers 1 ~ z,1 ~—y,1~-z 
Applying A.M.> G.M., we have 


Ons)+ (Gy) +12) > VY(1l-z)(l—y)(1—-2z), the equality occu 
when 1-—x=1-—y=1-z,ie., when z= y =z. 
or, (354)8 > (1-2)(1—y)(1—2) 
or, gy > (1—2)(1—y)(1—2z). 
Therefore 8ryz < (1—x)(1—y)(1—z) < &, the equality occurs when 
G=Y=Z=5. 
4. If a,b,c be positive real numbers such that the sum of any two is 
greater than the third, prove that 
abe > (a+b — c)(b+c~—a)(e+a— b). 
Let us consider two positive numbers a + 6 — c,b+c—a. 


(arb—e)+(bte—a) 2 V/(at+b—c)(b+c—a) 
or, b> V/(at+b—c)(b+c—a). 
Similarly, c > V(b+c—a)(c+a—b), 
a> V(ct+ta—b)(at+b—c), 
Therefore abe > (a+ b-—c)(b+c— a)(c + a—b), the equality occuls 
when b+ c-a=ct+ta-—b=a+b-—e, Le., whena=b=c. 
5. If n be a positive integer, prove that 


1g 3.7.11....(4n~1 ; 
V4n+1 ~ 5.9,13....(4n41) < Fran 


If r be a positive integer, we have 
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(arti)ye(r=3) slit) oes (4r + 1)(4r — 3) 
or, 4r —1> \/(4r + 1)(4r — 3) 


4r—1 4r—3 
OF 4r+1 > 4r+1° 


Taking r = 1,2,3,...,n and multiplying, we have 
3.7.11....(4n—1) 1 
5.9.13...(4n+1)> Vandi’ 

Again, if r be a positive integer, we have 


Gr) t (art). dr —1)(4r +3) 


4r+1_ [ar 
OTs gr—17 Y 4r—1° 


Taking r = 1,2,3,...,7 and multiplying, we have 


5.9.13....(4n+1) 4nt3 
3.7.11...(4n—1) 7 V3 


3.7.11....(4n—1) 3 
or < an+3° 


» 5.9.13....(4n41) 


1 _3.7.11....(4n—1) ; 
Therefore Tei <5.913...(dntl) < \/ a3" 


6. If a,b,c be positive real numbers and abc = k?, prove that 
(1+ a)(1+b)(1+c) >(14+4)°. 
(1+a)(1+ 6)(1+c) =1+ a+ Lab + abe. 
We have 2a > Vabc and 2ab> Va?b2c?, the equality occurs in both 
cases when a = b =c. That is, Sa > 3k and Nab > 3k?. 
Therefore (1+a)(1+ 6)(1+c) >1+3k+ 3k? + k° 
or, (1+a)(1+6)(1+c) > (1+), the equality occurs when a = b=. 


7. If a,,a2,...,a5 be positive real numbers, prove that 
(a +a2+---+a5 > (a +a2 i ( ag+aqtas )3 
5 = 2 3 


Let us consider two positive numbers 2 ea teaten with associ- 
ated weights 2 and 3 respectively. 


2 ajytap +3 agtagtas 
Then — 


> [(aabe2)2(sstestes )3}1/5 the equality 
occurs when aire, = sateares 


or, (sutezt=-tas )5 > (sute2 )2(gatoatas 3 the equality occurs 


when aaen i Sates Os | 
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8. If a1,a2,...,a, be n positive real numbers, prove that 


(4 Faat- tan yr > On (quteee ann yest, 


Let b= “tert ten-1 Tet us consider two positive numbers 
a, with associated ‘weights nm — 1 and 1 respectively. 
Then {nvUb+1-an > (b"-1.a,)/", the equality occurs when 


n—1 


OF, (ate2tetan yn > an 


b and 


= On 
(22824 tan — a eee 


9. If a and 6 are positive rational numbers and a > 6, prove that 


a®* < (a+ b)2t+%(a — b)9-°. 


Let us consider two unequal positive numbers >i, >44 with associ. 
ated positive rational weights a + b and a — 6 respectively. 


Then (a+b). ate Has (Ayr 1. —1)a- b)1/2a 


1 

or; (3)"* > pHa ace 

or, q24 < (a + b)**?(a = b)e-°. 
10. {fa > 0 but £ 1 and z, y, z are rational numbers in descending order 
of magnitude, prove that a*(y — z) + a¥(z — x) + a*(x — y) > 0. 

z—y>OQOandy—z>Osinceezr>y>z. 

Let us consider two unequal positive numbers a*, a? with associated 
positive rational weights y — z and x — y respectively. 

Then {y~z)a*+(2—y)a* S > [a 2(y—2)+2(e—y)]1/(2—2) 


w—z 
or, (y — z)a® + (z — y)a” > (x — z)a¥ 
or, a*(y — z) + a¥(z— 2) +a7(z—y) > 0. 


Theorem 1.4.5. If a be a positive real number, not equal to 1, and %! 


are positive rational numbers, then 
a®—1. a¥—1 
& a Yy 


Proof. Since a > 0 and # 1,a7 >0 and #1, 


Let us consider two unequal positive numbers a” and 1 with associated 
positive rational weights y and z — y respectively. 


Then yerteny)d [a*¥,1}1/2 


or, ya” +x2—Yy> xa¥ 


if > y. 
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or, y(a® — 1) > z(a¥ — 1) 


a™—1. a¥—l1 
x > y 


or, , Since zr > 0,y > 0. 


Theorem 1.4.6. If a be a positive real number, not equal to 1, and m 
be a rational number, then a™—1>or< m(a— 1), 


according as m does not or does lie between 0 and 1. 
Proof. Case 1. Let m > 1. 


Since a > 0 and #1,a" >0 and £1. 

Let us consider two unequal positive numbers a™ and 1 with associ- 
ated positive rational weights 1 and m — 1 respectively. 

l.a™+(m—1).1 

Then "> [a™ 1] /™ 

or,a” +m-—1>ma 

or,a™ —1>m(a-1). 
Case 2. LetO0<m<1l. 

Let us consider two unequal positive numbers a and 1 with associated 
positive rational weights m and 1 — m respectively. 

.a+(1—m).1 

Tha “Se > a™ 1 

or, m(a—1)>a™—1 

or,a” —1< m(a-—1). 
Case 3. Let m < 0. Then1—m>1. 

Since a > 0 and #1,+ >0 and £1. 

By Case 1, (2)!-™ -—1>(1—m)(3 -1) 

or, 2~_1> (1—m)+4 

or, a” —a > (1—m)(1—a), sincea > 0 

or,a” >1—m+am 

or, a” —1>m/(a-1). 


This completes the proof. 


Deductions. 
1. Let z > —1, but # 0 and m be a rational number. Then 
(l+x)">or<1l+mz 
according as m does not or does lie between 0 and 1. 
[Take a = 1+2. Then a >0 but # 1] 


2. Let « <1, but 40 and m bea rational number. Then 
(l1—2)"™>or<1—msz 
according as m does not or does lie between 0 and 1. 
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[Take a = 1-2. Then a > 0 but #1.] 


3. If a and 6 are unequal positive numbers and m is a rational number 
then ma™- 1(a—b) > or <a™—b™ > or < mb™” (a — b), according ag 
m does not or does lie between 0 and 1. 


z a k = ¢. Then k > 0 but #1. Again take k = B Then k > Q but 
1. 


Worked Examples (continued). 
11. If n is a positive integer, prove that (1+ ma war)" t* > (1+ 4)". 


Let us consider n +1 positive numbers 1+ 4+,1+ 4,---,14 + (n 
times) and 1. Applying A.M.>G.M., we have 


ea = (1+i)ah 


Ona) ee) 


or, (1 + aa > (1 + 2)", 
Alternative method 


Leta = 1+ and m = ~7;. Then a > 0 but # 1 and m is a rational 
number and 0 = m <1. We have 


(1+ 2)=4 -1< -3,.(4) 


or, (1+ 2)" <14+—4 wi 

on (12) <a 

Le. (1+ =37)"t? > (14 4)". 
Note. Let u, = (1+ )n Then uni1 > uy for all n € N. This shows 
that the sequence {un} is a strictly increasing sequence. 
12. If n is a positive integer, prove that (1+ dyn (14 a1)". 


Let us consider n+ 2 positive numbers 1 — 
(n+1 times) and 1. Applying A.M.>G. M., we 
(n+1)-(1- 347) +1 1) 2th 


or, (245)"t? > 


1 
1 sy lo 


1 
n+1 nt+1> ? 
hav 
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Alternative method 


Let a = 1-5 and m = 241. Then a > 0 but 4 1 and mis a 


rational number and 0 < m < 1. We have 


_1)26 _ nt+1 1 
(ie) LB 


n+l 
n 1 
BiG) lee 


or, (<5)"*? < (ath)? 
1\n+1 1 
or, (ee ok > ere ee 
Note. Let u, = (1+ 2 )n+1, Then un41 < uy, for all n € N. This shows 
that the sequence {un} is a strictly decreasing sequence. 


13. If a and b be positive real numbers and a be a rational number, 
prove that 

a%b'-* <aat+(l—a)b if0<a<1, 

a%b'-* >aat+(l—a)b ifa>lora<0. 


Leta #b,k=a/b. Then k>0 but £1. 
Therefore k* —1> or < a(k —1), according as a does not or does 
lie between 0 and 1. 


or, (¢)* -1> or <a($—-1) 
or, b(¢)* — b> or < a(a— Bb) 


or, a%b'-* > or < aa+(1—a)b, according as a does not or does lie 
between 0 and 1. 


Whena=b, a%b'-*=aa+(1—a)b. 
14, Let uz, ue,-+-,UnjV1,V2,°"*,Un be all positive real numbers and a 
be a rational number, prove that 

ute, % + usugt—% +--+ + utuh-® < (uy +2 +++ +Un)* (v1 +02 + 

+++ Un)1~%, ifO<a<1; 

usut—% an usu)? Sheil yueyl—@ > (uy + ug +--+ + Un)* (vy + 02+ 
“> +4,)1-% ifa>lora<0. 

The equality occurs when u; = Av; for some non-zero real 4. 

Let A=uytugte-:+Un, B= t,t + Un. 
Case 1. Let 0<a<1. We have 
al a), the equality occurs if uj: v1 = A: B 


=o 
(4 )*(B)1-* < Ba+ %(1—a), the equality occurs if ug: v2 =A:B 
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(4p)%(¥p)I-0 < “nat Ya (1— a), the equality occurs ifu,:u, = 4 :B 
a -—a Q,,,1-@4.... ay 1-o 

Therefore uySyy Sue en <a+(1l—a), the equal. 
ity occurs when (u) and (v) are proportional 

or, utyl—% + usvgl-@ +++» + umn * S (ty + ta + +++ Un) (y, 4 
v2 +-+++U,)!~@, the equality occurs when (u) and (v) are Proportional 
Case 2. Let a>1lora<0. 

Proceeding as in Case 1 the result is obtained. 


15. If a and b be unequal positive real numbers and m be a rational 
number, prove that 


m m ° ° 
a+b" > or < (2¢)™, according as m does not or does lie between 


0 and 1. 


Let 942 =k. Since a 4b, ¢ #1 and : #1. 
Then (2)" —1> or < m(% — 1) according as m does not or does lie 
between 0 and 1; 


and (2)"™—1> or < m(2 — 1) according as m does not or does lie 
between 0 and 1. 


Therefore 274" —2>0r< m/(2¢* — 2), according as m does not 
or does lie between 0 and 1 


or, 42" > or <2 

or, +2" > or < k™ 

or, 742" > or < (s42)m 
0 and 1. 


according as m does not or does lie between 


Theorem 1.4.7. If a1,a2,...,@, be n positive real numbers, not all 
equal, and m be a rational number, then 


a" taa" ttan” or < (Suteattan Nae 
according as m does not or does lie between 0 and 1. 
Proof. Let k = Ute tan Then $1 
not all of them are equal to 1. 
Let 1 <i<n. Then 


(¢)™ =o OFS m( a 1) according as m does not or does hie 
between 0 and 1. The inequality reduces to an equality if  =1. 

Considering n such relations for ; — 1,2,.... and aati that: all of 
them are not equalities, we have ae 


’ iD pater = are all positive and 
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BI" + (BM Ho + (BI — n> or < (B+ Ett Pay, 
according as m does not or does lie between 0 and 1 


a mig mo... mm 
or, M1 —ta2 tan n> or < m(n—7) 


km 
™m ™m eas m 
or, 21-12 tan” ot tan Sor<n 
a Mig mote m ves * 
or, a Sa: 2 2—> or < (Mta2t--tan + tan)\™ according as m does 
not or does lie between 0 and 1. 
Theorem 1.4.8. If a1, a2,...,a, be positive real numbers, not all equal, 
P1,P2,---;Pn be positive real numbers and m is rational, then 
piai™+p2a2™+---+pnan™ p1ait+p2a2+---+pnan \m 
pitpat-+pn > or < ( pitp2t-+Pn ) : 


according as m does not or does lie between 0 and 1. 


Proof. Let q; ,i=1,2,...,n. Then gi +g2+°:>+ gn =1. 


—___ Pi 
~ pitpet+-+Pn 
Let qia1 + qoa2 +---+Qna@n = k. Then 


er pe “ are all positive and not all of them are equal to 1. 
Let 1 <i<n. 


Then (41)™ —1 > or < m(¢ — 1), according as m does not or does 
lie between 0 and 1. The inequality reduces to an equality if 4 = 1. 

Therefore g;(¢)” — qi > or < mqi(4 — 1), since qi > 0. 

Considering n such relations for 7 = 1, 2,...,n and noting that all of 
them are not equalities, we have 

au(B)™ + aa( SB)" ++ tan G)™ — (Ga + 240° + In) > OF 


< m[usrtaeeettintn — (q) + g2 + -7> + Qn)|, according as m does 
not or does lie between 0 and 1. 


or, gar” +anag™ +t dnGn™ 4 > or < m(1—1) 


or, gay” +qga27 + tdnan™ ceed 

or, qia1™ + qoag™ +°°°+ Qnan™ > Or < (q1a1 + g2@2+°°*+ InOn)™ 
pray” +p2a2™+:--+pnan™ p1ai+p2a2t--tpnan \m ‘ 
or, papa Epa > or < ( ery te )™, according 
as m does not or does lie between 0 and 1. 

Corollary. If a1,a@2,.--,;@n be positive real numbers, not all equal, and 
91; 92;---,Qn be positive real numbers such that qi +q2+-:-+4n = 1 and 
m is rational, then q1a1™ + 9242” + °° + Qnan™ > or < (qia1 + q2a2 + 
+++ qndn)™ according as m does not or does lie between 0 and 1. 
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Worked Examples (continued). 
16. If a,b,c be unequal positive real numbers such that the sum of any 
two is greater than the third, prove that 


—1 1 1 9 
bte=a + cta-b + atb=e > atbte" 


b+c~a>0,cta—b>0,a+b—c> 0 and they are unequal. 
Then hea ee) ee > [ieokeralt(ere—b)+(atbme))y 
a ee 1 1 9 
Ts btema tT cta-b + atb—c 7 atbte’ 
17. If a and b are positive real numbers and a + b = 4, prove that 
1 
(a+ 4+)? + (b+ 4)? > 2%. 
(a+ 4)? +(b+2)? =(a? +B) + (a7? +b-%) +4. 
We have ane > or < (2t2)™, according as m does not or does lie 
between 0 and 1. 
2 2 
Let m = 2. Then *+2 > (2+¢%)?, the equality occurs when a = b 
or, a? + b* > 8. 
Let m = —2. Then a 4b > (242)~?, the equality occurs when a=} 
or, a2 +b°-? > t 
Therefore (a + 1)? +(b+%)?> 23 the equality occurs when a = b. 


18. If a,b,c be three positive real numbers in harmonic progression and 
n be a positive integer greater than 1, prove that a” +c” > 26". 


Since a,c are unequal positive real numbers and n > 1, 


™4+c" atc ‘ 
Since a,b,c are in H.P,, 444 = 2 
a c 5° 


-1,,-1 
ate ate\—1l 7: cae 
But 2 > ( 2 )~*, since a,c are unequal positive real numbers. 


1 ak 
Therefore ; > (*$*)~*, ie, 42 > 5, 


Therefore from (i) a” +c" > 2p". 


19. If a1, @2,.-.,@n are unequal positive real numbers in A.P., show thet 
ty,iy...44> 2n el 
a1 a2 an ai+a,,’ 


= eee 
+ wee ~1 
We have Sy A ten > (4 +a +eutea 1 
nr 


es = 7 
Cn i ce a eer ee 
Sj : Q\+ae+--+a,° 

ce 41, 42,-..-,4 n 

In 1,42; ) n are in A.P,, O1 tag e+ +a, = artenlt, 


Therefore 3 + a; ++: +2> on 


ai+a, ‘ 
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1.5. Application to the problems of maxima and minima. 


Let 21, 22,.-.,2n be n positive real numbers. Then 
ae. , ie aes et 
(miteat tin)” > ¢122...%n, the equality occurs when 2) = 22 =--- = 
nis 


1. Let 21,22,...,2n be n positive real variables such that their sum 
21 +22 +-::+2Zn is a constant, k. Then 


(£)” > £122...2y- 


Therefore the mazimum value of 212%2...2n occurs when 21 = 22 = 
-= 2, = = and the maximum value is (£)". 


2. Let 21,22,-...,Z2n be n positive real variables such that their product 
£12q...£n is a constant, k. Then epteet tte > kn, 


Therefore the minimum value of 71 + 22 +-°-:- + Zp, occurs when 
StS Ss = A and the minimum value is nk!/™. 


Let 21,22,--.,Z%n be n positive real numbers and m is a rational 
number other than 0 and 1. Then 
zy" +09" 4--4+0n™ zytr2+---+2_\m 
a > or < ( : jee 


according as m does not or does lie betwen 0 and 1. The inequality 
reduces to an equality if z] = 72 = ++: = Zn. 


1. Let 21, 22,...,2n be n positive real variables such that 41 +22+---+ 
In, = k, aconstant, and m is a rational number other than 0 and 1. Then 


ay" +02"4+--ttn" > (£)™ when m > 1, or m < 0; 
n nr 


Th 


a7 bey tp ten™ < (F)™ when0<m< 1. 
= —\n 


Therefore when m > 1 or m < 0, the minimum value of 21” + 22™ + 


_k rae 
-+++2,™ occurs when 2] = 22 ='': = Zn = ; and the minimum value 


is n( 
And when 0 < m < 1, the maximum value of 21” + 22" +-+++2,™ 


; 3 k 
occurs when 2, = 22 =:*: = Zn = ~ and the maximum value is n(=)™. 


2. Let 11,22,...,2n be n positive real variables such that 21™ + 22™ + 
‘--+2,™ =k, a constant, and m is a rational number other than 0 and 


1. Then 


IV 


(Ze teatten ym when m> 1; 


(gite2t ten ym when 0<™m< 1; 
nr 


alr Slr slr 
IV IA 


(gateet-ten)m when m < 0. 0. 
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Hence (£)}/m > ( fatzetten ) when m > 1; 
(£)i/m < (mtt2t-ttn) when 0<m<1; 
and (£)!/m < (zite2t-t2n) when m < 0. 
nm — n 


Therefore when m > 1, the maximum value of 71 + Z2+-..4 t, 


occurs when 2] = 22 = ++: = tn = (£)!/™ and the maximum ie ig 
ky1 

n(E)Vm, 
And when 0 < m < 1, or when m < 0, the minimum value of 7; +2,4 
-+ Zn occurs when y= 22 = °° = In = (E)i/m and the minimum 


value is n(% yee: 


Theorem 1.5.1. Let a1,Q2,...,@n}/1,82---,8n be all positive ratio. 
nal numbers and let 21, 22,...,2n be n positive real variables such that 
Biz, + Bote +---+ Bndn is a constant. Then the maximum value of 
111 49%? ... 27%" Occurs when 


Biz, _ B2x2 _ ,,. — Bna®n 

a1 ae an” 
Proof. Let us consider n positive numbers Paz. , B ee oe Baza nin with as- 
sociated positive rational weights a1, a@2,. On “respectively, "Then 


ory P171 + arg. PREZ 4... Orn Paz eee 
aa stan = > {( 22) (F222 )o2 .. - (Bate om | oy Fag ton 


. Biz1 _ Bete _ |, Buin 
the equality occurs when “> = “2? =--- =". 
k x i B n n 
Hence (sa7) a > of Ba yon ( £2 )o2 -- (Ba 9 py BQ%? 2.6 En 


where k = 8121 + Bot +---+ Butn: 


Therefore the maximum value of 21%'x22%?...2,%" occurs when 


Pes = Poza =e = Buin and the maximum value is 


Biritfert2t:-+hnEtn \Sa; 
(Pazsctbasacttlatn )Ba. (aa )on (gaan... (gaan 


Theorem 1.5.2. Let a1, @2,...,Q@n3 81, B2,...,B, be all positive T& 


tional numbers and let 21,22,...,%, be n positive real variables such 
that 2)%22%?...2n°" is a constant. Then the minimum value of 
B21 + Boxe a a + Bn&n occurs when Pits = aa at Bntn 

1 2 An 


Proof. Proceed as in the previous theorem. 


Worked Examples. 

1. Find the greatest value of a*b* where a and b are positive real numb 
satisfying a + b = 10. Determine the values of a,b for which the great 
value is attained. 


2 b3 ers 


est 
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Let us consider two positive numbers 3 with associated weights 2 
and 3 respectively. Then 


2.243. 
a IG )? (yes the equality occurs when $= g 


That is, (42)° > ab or, a2b? < 3456. 
rae the greatest value is 3456 and this is attained when 7 = 
$= oth = 2 ie, when a = 4,5 = 6. 
2. Find the maximum value of (x + 2)5(7 — x)* when -2 <2 <7. 
t+2>0,7~2>0and (r+2)+(7-2) =9. 
Let us consider two positive numbers ate , = with associated 
weights 5 and 4 respectively. Then 


t244 7-2 
eli tr > [(=*)>(G2)4}"/9, the equality occurs when af? ts 


4 
or, 5°44 > ( + 2)5(7 — 24. 
Therefore the maximum value is 5°44 and the maximum is attained 


2 _ 7-2 _ (2+2)+(7-2) _y ; = 
when ute = = rq = 1, 1¢., when z = 3. 


3. Find the greatest value of (22 + 1)°(y + 2)? when 2+ y = 3 and 
-i<a<5. 
Here 22 +1>0andy+2=5-2>0. 


Let us consider positive numbers 22++ 
3 and 2 respectively. Then 


,y +2 with associated weights 


Cees) > [(23¢4)3(y + 2)7]'/%, the equality when 2441 = y + 2. 
or, 97(22)8 > (22 + 1)3(y + 2)?. 
Therefore the greatest value is Se and this is attained when 


2r+1 — Getiretyr?) — 11 je. when 2 = My = = d. 


th 
4. Find ra minimum value of ee when @, y are positive real numbers 
satisfying the condition x7y° = 48. 


Let us consider positive numbers 324 2¥ with associated weights 2 and 
3 respectively. Then 


2p )+3F) > [(82)2(2)3]1/*, the equality occurs when 32 = 22, 
or, 32 + 2y > 10. 
Therefore the minimum value is 10 and this is attained when 


32 = *y = [(32)?.(72)3])' = 2, ie., when c= $,y = 3. 
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1.6. Standard inequalities. 


1.6.1. Holder’s inequality. 

Let @1,02,...,@n;4, ba, .. On; hil. n be all POSitiye 
real numbers and a,f,...,A ‘be positive rational pate such tha 
a+P+---+\=1. Then 

athe ...1d + agb8... +... +a%b8...1% < (a1 +a2+-+-+an)% 
bots st bn)Po. (tlt th), 
the equality occurs when (a), (b),---, (1) are proportional. 

Proof. Let A = ay tagt-::+@n,B = hh + bo tee + | ee eae 
tle +t---+l,. 


b+ 


Let us consider Seg numbers 4, a, veey a with associated pog. 
tive rational weights a, G,..., A respectively. 

Then (a)? ae p< < a(4) + BB ) +++: +A(B), the equality 
occurs when a, : b,: a =A: Bb A 

Similarly, ey. =e Me AB)+bR) + -+2(#), the equal 


<a 
are Besse ob: 


ome 


ity occurs when az: be: 


an bn bn an 
(29) (8).. (4) < al 2p) +B (tp) +----+ACp), the equality occu 
when @n:b,:-:::l,=A:B:--'i LD. 
axp? D+axv8. [A+.. ide ape a hay 
a ee 
Therefore Ts . <a+B8+---+4, the equality 
occurs when (a), (b),. oy ace Soropertiounl: 
or, ab? ...12 caeeP +++ + a%b8 1 < AX BE... D, since 
a+tBt+...¢A=1. 
or, agbf...ld+ agp... +--+ a%b8 P< (a, tag +--+ 
An)%(b1 + bo +++++bn)?... (ly +lg+-+-:+1,), the equality occurs whe 
(a), (b),..., (U1) are proportional. 


This completes the proof. 


Particular cases. 
(i) Let a1,@2,.-.,@n} 61, 62,...,bn be positive real numbers and A\# be 
positive ational numbers sunk ae A+p=1. 

Then a} by +a3bh +-+-+anbR < (ay +a2+-+--taq)(by tbo tba)” 
the equality occurs when (a) and (b) are proportional. 


(ii) Let p > 1,q > 1 be rational numbers such that 1 as 1=1. 


Let us consider positive real q, 
p numbers af,ab,...,aP; bg, bg, .. sf 
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Then (af)?/P(b)°/8 + (a§)1/P(b2)1/9 + «++ + (ah) /P(bR)/9 << (at + 
a? +-+-+ af, )1/? (64 +b3+---+b%)!/4, the equality occurs when (a) and 
(b) are proportional. 

or, (a1bitazb2+--+Gnbn) < (af taht --+ah)/P(bi+b$+- --+b4)1/9, 
the equality occurs when (a) and (b) are proportional. 


In particular, if p = 2,q = 2 then (a,b; + agbz +--- + anb,)? < 


(a? + a3 +---+a2)(bj + bf +--++ 62), the equality occurs when (a) and 
(b) are proportional. This is Cauchy-Schwarz inequality. 


1.6.2. Jensen’s inequality. 


Let a@1,@2,...,@, be n positive real numbers and 7,s are positive 
rational numbers. Then 


(ay” +427 +--+ +a,")/" > (a1° + a2°+-+:+a,°)2/8, ifr <s. 
In symbols, G,(a) > G,(a) if0 <r <_s, where G,(a) = (a," + ag” + 
editcels An”). 
Proof. Let A = a1" + a2” +---+an". 
Then Oy” 4 927 4... 4 On” =land 0< aa” <1 fort = 1) 2.5.5..54% 
2 > 1 and therefore (4i-)s/r = a for i=1,2,...,n 
or, aj° < AS/7-1.4;" for i= 1,2,...,n 
Therefore (a,° + a2°+++++an°) < AS/™l(ay”™ +aq™ +---+ an") 
or, (a1° + a2° +--+ + an) < (a1” +42” +--+ +ay7)5/7 
or, (a1° + a8 +--+ +an5)/8 < (ay™ +aQ" +-*- tan"). 
This completes the proof. 
Corollary. a," + a2” +--++4n" > or < (a1 +a2+---+an)" according 
asQO<r<lorr>tl. 


If0 <r <1, then by the theorem, we have G,(a) > Gi(a) and 
ifr > 1,G,(a) > G,(a). 


1.6.3. Minkowski’s inequality. 


Let a1, @2,...,@n; 01, 02,..-,bn be all positive real numbers and r is 
& positive rational number. Then 

(a1 +g” + +++ + an") 7 + (bx +2” ++++ + bp”)/7 

> [(a1 + 1)” + (ag + 2)” + +++ + (Gn + bn)"]!/", when r > 1; 

(ay” + ag” +--+ + an") /7 + (by” + bo” +++ +n")1/7 

< [(a1 +1)” + (ag + bo)” ++°+ + (an + bn)"]!/", when O<r< 1; the 
equality occurs when (a) and (b) are proportional. 
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Proof. Let A’ — (ay” tao’ +++-+an"), Br = by" + be" +--. 45 7 
Let us consider positive numbers a, 4 By theorem 1.4.8, 


A(B)r+B(41)r Atty pen 
sli 0 RNA SS Bs 
AG 2(—48) when r > 1. The equality occurs when 
a,:b5=A:B 
A(AY + BAY 5 (ay ty 
Oo ajy+b] \r 
. Ate = (GSB). 


axe A(22)r4B(*2)r ; 
Similarly, aaa (ate), the equality occurs when Ap : 


bo =A:B 


A(22)r4p(on)r os ie oe 
AAG (Sette), the equality occurs when a, :b, = A: B 


(a1 +61)" +(a2+b2)"+--+(an+bn)” 
Therefore, as > (at 1 tera (an +bn) , the equality occurs 


when (a) and (b) are proportional 
Or, (A + B)" > (a1 + by)" + (a2 + bo)” lie (an + by)" 
or, (a1” tag” +---+an")2/7 +(b,7 +b2” +--+ ba tt Alay +61)" + 
(a2 + bo)” ee aA a (Qn + bn)T}/". 
The inequality sign is reversed when 0 < r < 1. 
This completes the proof. 
Note. The theorem can be generalised to a finite number of sets. 


Let @1,d2,...,@Qnjb1,62,...,6n;  ... jl,le,...,ln be all positive 
real numbers and r is a positive rational number. Then 

(ay” + ag” +++ +n)" + (by” + bo” + +++ + bg") H+ + (+ 
Ig” treet dn™) 1/7 > [(ar + br t+ $1)" + (ap + bg $e++ +h)” +--+ 
(an + bn +++ +ln)"]2/", when r > 1; 

(a7 tag” +-+>+an7)/™ + (br + bo” +e + OAT) Hee E(t 
lo? tees tn") < (ar tbr +++ +h)" + (ag tbe +++: +h) +--+ 
(an ton tees thn)”, when 0<r <I, 


The equality occurs when (a), (b),..., (1) are proportional. 


Worked Examples. 
1. If a1, b1; 42, 62; a3, b3 be positive real numbers, prove that 


(ayaza3 + by b2b3)* < (a1? + by*)(ag3 + by3)(a33 + b3°). 


By Holder’s inequality, 
a1 %a2"a3? + by %b2"b3” < (a, + bi)“ (az + b2)4 (a3 +63)7, where a, BY 
are positive rational numbers such that a + B+y=1 


. 3 73, 3 1 
Let us consider a1°, bi)”; a2°, be 53°, b;° and leta=8=Y=3°' 


INEQUALITIES 31 


Then a,a2a3 + b1bob3 < (a;3 + b,)1/3 (a3 + bg*)1/3(a,3 ae by?) 1/3 
or, (a1@2a3 + bybab3)* < (a1? + by*)(a23 + by?) (a33 + 33). 


2. If a,b,c, d be all positive real numbers, prove that 
(at + b¢ + ct + d*)? < (a2 + B34 c3 4 d3)4. 
By Jensen’s inequality, G,(a) < G,(a) ifr >s>0. 
Taking r = 4 and s = 3, (at +b++ct+d*)¥/4 < (a3 +63 +2 +43)1/3 
or, (a4 +b4+c*+d*)3 < (a3 +B3 +3 + d3)4. 
3. In a triangle ABC, a? + b? = c’. Prove that C is an acute angle. 
By Jensen’s inequality, (a9 + b%)!/3 < (a? + b?)!/2 
or, c? <a*+6?. 


Therefore C is an acute angle. 


4. If a,b,c be all positive real numbers and a® + b? + c? = 1 show that 
(a +3)? + (b+ 4)% 4+ (c +5) < 343. Discuss the case of equality. 


By Minkowski’s inequality, 


(a3 +b? +.c3)1/3 + (33 4.43 +.58)1/3 > [(a +3) + (b+-4)3 + (c+5)3]}/3, 
since here r= 3 > 1. 


The equality occurs when $ = b = %. 
or, [1+ (216)!/3]3 > (a+ 3)3 + (b+ 4)3 + (c+ 5)8 
5)? < 343. 


or, (a+ 3)? +(b4+4)34+ (c+ 
The equality occurs when $ = 
since a? + 6? +c? = 1. 


5. If al/3 + 61/3 + ¢l/3 = (127)!/3, show that (a + 1)1/3 + (b+ 8)1/3 4 
(c + 27)1/3 > 7. Discuss the case of equality. 

By Minkowski’s inequality, 

(a1/3 + b1/3 + ¢1/3)3 4 (11/8 + 81/3 4 971/3)3 < [((a+ 1) ey (b+8)2/3 
(c+ 27)1/3)]8, since here r = 3 

The equality occurs when $ = b= = a. 

or, 127+216 <[(a+ nus + (b+ 8)1/3 + (c+ 27)1/3]8 

or, (a+1)/3 4 (b+8)/3 + (c+ 27)'/8 > (343)1/8 

or, (a+1)/3 + (b+8)1/3 + (e+ 27)¥3 > 7. 


The equality occurs when ¢ = 2 = %, ie, whena = 32,b= 22 c= 
127 


it since a'/3 + bt/3 4 el/3 = (127)1/3, 


$2 HIGHER ALGEBRA 


Exercises 1B 


- Ifa,b,c be positive real numbers, prove that 
(i) a*+b44c4> abc(atbto), 
a+b+c\3 b+c\2 
(SS) Sats)’, 
ave a b c 
(iii) b sm c + ao 3 
(iv) (a7b+ b?c + ca) (ab? + re + ca?) > 9a?b?c?, 


9 ENGR! na RS ye” SS 
OD) ere aa pe Aes 


— a 


* _b- Cc 3 N: 
(vi) Fie I a + Gib > gq) unlessa=b=c 


(vii) (ab + be + ca)(ab- + be 1 4+ ca™') > (a ++ 0)”. 


2. If a,b,c be all positive real numbers and a + b+ c= 1, prove that 
; 1 1 
(i) 324 


———— i 


[aa db eo ot 
(ii) (a+ 4)? 4+ (b+ 4)? 4+ (c+ 4)? > 333, 
(iii) (1+ a)(1+b)(1+c) > 8(1-—a)(1—b)(1 —- Cc). 


[Hint. (iii) ita late)elete) > /(a+ b)(c+a), ie., > (1 —c)(1—-))] 


3. If a,b,c be three positive real numbers such that the sum of any two is 
greater than the third, prove that 


a2+b2+c2 ~ 2? 


(ii) (a+b+c)? > 27(a+b-—c)(b+c—a)(c+a—b), 
(iii) abe > 8(s — ae — b)(s —c), where 2s =a+b+c, 
. a 

(iv) b+c—a gar ee - pea —c ae 


(Hint. (iv) Let b+c—a = 2,ct+ta—b=y,a+b-—c=z. Thenz>0,y> 0,2 >9 
and a = 4(y+2),b=3(z+2),c= 5(x+y)]. 


A. a,b,c, d are positive real numbers. Prove that 
(i) a® + b§ +. c§ +. d® > abcd(a? + b? + c? + d?), 
d d 
(i ii) (abetete iS > ab( =" y, 


(ii) (1+a*)(1+ b4)(1 + c*)(1 + d*) > (1 + abed)4, 
(iv) 4(a* + b§ +c4+d*) > > (a+b+ce+d)(a? +63 +24+@8)2 16 


a?+b?+c? b7+-c2 +? c#4+dq24942 d2+. 2467S +d. 
(v) a+b+c + b+c+d + c+d+a + a wa +b = Zee 


abcd, 
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5. If a,b, c,d be all positive real numbers and s = a+b+c+d, prove that 
(i) 8labed < (s — a)(s— = —c)(s—d) < S1s4 


— 256 ? 


es 16 
geet ee Vas eas tee 


[— 


q 
6. If n be a positive integer > 1, prove that 

(i) (2#4)" > nl, 

(ii) nm” > 1.3.5---(2n—1), 

(ii) 27 >1+n.2-V/?, 


_. 1.3.5+(2n-1)_ 1 
(iv) “946-2 > 2Jn 


(Hint. (iv) #2 > /n(n-1), ie, =) > /2=. | 


7. If n be a positive integer, prove that 


(i) 1 2 13.5--(2n-1) 1 
1) O7nt1 ~~ 2.4.6--2n Vani? 


ae 1 
Gi). ar ae te ee 
(iy: <=) SS 


(Hint. (iii) Take a = 1— =; and m= 2%. Thena™—1>m/(a—1). ] 


8. lfsn =1+45+4+---+ 2, prove that 

(i) sn > AR, ifn >]; 

(ii) n+s, >n(n+ a ifn > 1; 

ve n—S8n \n—-1 1. 

(iii) (7S a) > ~, ifn > 2. 
{Hint. (ii) Consider n positive numbers 1+ 1,1+ gy 1+ 4, Apply A.M > G.M. 
Strict inequality occurs ifn > 1. 

(iii) Consider n — 1 positive numbers 1 — i, 1- 3 wyl- =. Apply A.M > G.M. 


Strict inequality occurs if n — 1 > 1.] 


9. (i) If a1,a2,...,@n be all positive real numbers and ai@2...dn = k” (k> 
0), prove that (1+ a1)(1+a2)...(1+4@n) > (1+4k)” 


(ii) If 2; >a > 0 fori=1,2,...,n and (x1 — a)(t2 —@)... (tn — a) = k™ 
(kK >0), prove that 21%2...%n 2 (a+k)”. 
10. A and G are the arithmetic mean and the geometric mean respectively of 
n positive real numbers a1, @2,...,@n. Prove that 

(i) (1+.A)" > (1+ai)(1+42)...(1+@n) > (1+ G6)"; 

(ii) if k > 0,(k +A)" > (k+a1)(K+a2)...(k+an) > (k+G)". 
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i b,c Ary three positive real numbers in harmonic progression. Prove that 
mote b> 4. 


12. ai,42,...,a, aren positive real numbers in arithmetic progression, Prove 
that 


(i) Q1Q2...A@n < (saten)n, (ii) a? + a2 +---+a2 > n( tan )2, 


13. a1,42,...,@, are n positive real numbers in harmonic progression. Proye 
that 

* 2nai0a a 2a1Gn \n 

(i) @1 tag+-+++an > iat, (ii) a1a2...@n > (ae) 


14, (i) If 3s =a+b+c+d where a,b,c,d and s—a,s —b,s —c,s—d areal] 
positive, prove that abcd > 81(s—a)(s—b)(s—c)(s—d), unlessa =b=c=qg 

(ii) If (n — 1)s = a1 + a2 +--+ +n where a; and s — a, are all Positive, 
prove that aia2...an > (n—1)"(s — a1)(s — a2)... (8 — an). 


[Hint. (i) S-P 4s) +(s"4) > 8/(5 —b)(s — c)(s — d) 
=>a> */(s —b)(s —c)(s —d). Equality occurs ifb =c=d. 


Consider 3 other similar inequalities.] 


15. (a) If a1, a2,...,@n be all positive real numbers, prove that 

(i) (a1 tazt-+++an)\(2-+H+---+3) 27’, 

as +a2+:+Gn yn +aq+:: nmi\n— 

(ii) (a 7 a ) > a1a2 (% eres > ‘+a ) a 

(iii) (@{ +aZ+---+a7)? > n?-*(at+a5+---+a%)?, where p, q are rational 
numbers and 0 < p < q. 

(b) If a1,@2,...,@n be all positive real numbers, S,, = af + ay +°:'+ 
arm, Pm = D01@2...4m (the sum of the products taken m at a time) prove 
that (n—1)!.S5m > (n—m)!.m!.Prn. 


[Hint. (b) a? tay +--+ +an > m(aiaz..am), af +a +--+. +a™,, 2 
m(aja3.-.€m+1),--- Consider “cm such inequalities and add. R.H.S.=m.Pm. Each 
a occurs n—-le,,_1 times in the sum in L.H.S. So We ee Sa m.Pm.] 


16. If ai1,@2,.--,@n be all positive real numbers and s = a; + a2 +--:+4m 
prove that 
2 

A s Tt 

(i) $—@l + s— a ae ae s— aes n—I>? 

as $= a2 s—a 

(ii) ( n—1 Ge n—1 ) “? ( aii a @142...4n, unless a; = ag = +++ = On: 
(Hint. (i) Consider Corrie a ae sa (= co S=92 +o+.4 S=On) and usé 
15(a)(i). 


17. If a and 6 are postive rational numbers, prove that 
ath? > >(4 atbyoth 5 > a’h?, 
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18. If a,b,c be positive rational numbers, prove that 

(i) (atthe te” yatbte > a®b’ce Su atbteyatb+e 

(ii) athe’ > (fF) OF? (bke )(b+e)/2( eta )(eta)/2 > (atbteyatbte 

(iii) (a+ b)*(b+c)*(c +a)’ < {2(a+b+c)}*t*+< unless a =b=c. 
19. If n be a positive integer > 1, prove that 

(i) n™ > (SE)"*1, 

(Hi) 27) > (me yrrnceyr(astyet. (ay, 

(iii) (7B) FY? > 1.97.33 on™ > (BEL )A(n+1)/2 

(iv) tatoo tek >}. 
20. If a > 0 but $ 1 and z,y,z are rational numbers in ascending order of 
magnitude, prove that a*(y—z)+a¥(z—2)+a7(x—y) <0. 


21. If ai,a2,...,@, be n positive rational numbers and s = a1 +a2+---+4n, 
prove that 


Gyaltas vsaan” =(2)*, 
(ii) Gorda 9 fe aly ea —1)*" < (n-1)°, 


(iii) (F821 (582 oa... (fn on <( 8)? 


22. If the perimeter of a triangle remains constant, prove that the area of the 
triangle is greatest when the triangle is equilateral. 


23. Prove that in a triangle ABC, R > 2r, where R is the circum-radius and 
r is the in-radius of the ae and RF = 2r if the triangle is equilateral. 


[Hint. R = aoe and r = are: where A is the area of the triangle.] 


24. Prove that the minimum value of x? + y? + z? is (£)? where x,y,z are 
positive real numbers subject to the condition 2x + 3y + 6z = c, c being a 
constant. Find the values of x, y, z for which the minimum value is attained. 


25. Find the greatest value of xyz where x, y, z are positive real numbers and 
(i) a? +y?427=12; (ii) cy +yz+ ze = 27. 

26. If p and q are positive real numbers, prove that the least value of p? sec? 6+ 

q° cosec? @ for different real values of 6 is (p+q)?. 

[Hint. p? tan? 6 + g? cot? 6 > 2pq.] 

27. If p and g are positive rational numbers, prove that the greatest value of 

cos”? § sin?4 for different real values of 6 is (pigyPta" 


[Hint, Consider positive numbers cost 8 aint with weights p,q respectively. Apply 
A.M. > G.M,] 
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28. Prove that the minimum value of x? + y? + z” is 27, where x,y,z are 
positive real variables satisfying the condition 1+ +d: 


29. Prove that the least value of x + 2y + 4z is 4/3, where 2, y, 2 are POSitiye 
real numbers satisfying the condition z?y*z = 8. 


30. If x,y,z are positive real numbers and x? + y’ + z’ = 12, prove that the 
minimum value of x? + y? + z3 is 24 and the maximum value of + y+ 2 igg 
31. Prove that the greatest value of a7b° is 3, where a, are positive reg) 
numbers satisfying the condition 3a + 4b = 5. 

32. If a and b are positive constants, prove that the greatest value of 


(a — x)(b— y)(br + ay) is 3a?b? where x,y are real numbers satisfying the 


conditions 0 < z <a,0 <y <b. Find the values of z,y for which the greatest 
value is attained. 


33. Find the greatest value of the following. Determine in each case the value 
of the variables for which the greatest value is attained. 


(i) (2x + 5)9(5 — x)? when —3 <2 <5; 

(ii) (32 + 1)(1 — 22) when -4 <2 < 3; 

(iii) (2 + 1)(y+ 2) when 22 +y=1 and -l<a2< 3; 

(iv) xy(1 — 22 — 3y) when rz > 0,y > 0,24 4+ 3y < 1; 

(v) 27y3(6-—x—y) when z>0,y>0,r+y< 6; 

(vi) zy(1 — 2? — y?) when z > 0,27 + y? <1l,y > 0; 

(vii) cyz when z > 0,y > 0,2 > 0 and zry+ yz+ zz = 6. 
34. If ai,bi,c; be all positive real numbers, use Holder’s inequality to prove 
that 

(i) (1 + a14)(1 + a2*)(1 + a3*)(1 + a4*) > (1 + aia2a304)*; 

(ii) (a1* + b1*)(a2* + b2*)(aa* + b3*)(a4* + b44) > (a1a20304 + bi b2b3b4)'; 
35. If a,b,c,p,q,7r be all positive real numbers, use Holder’s inequality to prove 
that 

(i) (a?p? + b2g3)5 > (a® + b5)?(p® + 99). 

(i) (a2p? + 02g + cPr9)® > (0° 40° 4 c8)2(pF 4 98 4 78)3, 
36. If a,b,c,p,qg,7r be all positive real numbers, prove that 

(i) ((at ot tet) t+ (ot tat tr*)t}* > (a3 +p) 8 + 69493) $ 4 (3 41)5P 

(ii) [(a3 + p?)1/3 + (08 +. 93)1/3 + (8 +1r3)1/3)3 5 Ga5eao w+atn 
37. If a,b, c,d be all positive real numbers, prove that 


(a? +b? +c? +d’)? > (a? + BF 4 84 d3)?, 


2. COMPLEX NUMBERS 


2.1. Introduction. 


It follows from the properties of real numbers that the square of a 
real number is never negative. Consequently, the elementary quadratic 
equation x? + 1 = 0 has no solution in the system of real numbers. 
Introduction of a new type of numbers, called complez numbers, has 
made it possible to provide solutions of the equation z? + 1 = 0 and also 
of the more general type of equations 

aoz” + a;2"-1+---+a, =0, 
where do, @1,..-,@n, are real numbers. 


2.2. Complex numbers. 
Definition. A complex number z is defined to be an ordered pair of real 
numbers (a, b) that satisfies the following condition (i) and the following 
laws of operations (ii) and (iii) 
(i) (a,b) = (c,d) if and only if a = c,b = d (condition of equality) 
(ii) (a,b) + (c,d) = (a+c,b+d) (definition of addition) 
(iii) (a,b).(c, d) = (ac — bd, ad + bc) (definition of multiplication). 
Of the ordered pair (a,b), the first component a is said to be the real 


part of z and is denoted by Ri z and the second component 8 is said to 
be the imaginary part of z and is denoted by Im z. 


Theorem 2.2.1. Addition of complex numbers is commutative. 
This says that if z1, z2 be complex numbers then z, + 22 = 22+ 21. 
Proof. Let z, = (a1, 61), 22 = (a2, ba). 

Then 21 + zq = (a1 + G2, b1 + b2), 22 + 21 = (G2 + a1, b2 + br). 

But a1 +a2 = ag +01, b, +b2 = b2+b1, since addition of real numbers 
is commutative. 

Therefore z1 + zo = 22 + 21. 


Theorem 2.2.2. Addition of complex numbers is associative. 
This says that if z, z2,z3 be complex numbers then 
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(zy + 22) + zg = 2 + (22 + 23). 


Proof. Let 41> (a1, bi), 22 = (a2, ba), 23> (a3, b3). 
Then z; + 22 = (a, + @2,6, + be), 22+ 273 = (a2 + a3, 62 + b3), 
(21 or 22) +23= [(a1 = a2) + ag, (di + b2) + 63, 
zy + (zo + 23) = [a, + (a2 + a3), 61 + (b2 + bs)]. 
But (a; + a2) + a3 = a; + (a2 + 3), (61 + ba) + bs = by + (be + 63), 
since addition of real numbers is associative. 
Therefore (z1 + 22) + 23 = 21 + (22 + 23). 


Theorem 2.2.3. Multiplication of complex numbers is commutative. 
This says that if z1,z2 be complex numbers then 21.22 = 22.21. 
Proof. Let z, = (a), 61), z2 = (2, b2). 

Then 21-22 = (aa. = bi be, ay be + bi a2) 

2921 = (a2ay = bob, aob; + bay). 

But aja2g = 4201, b1 be = bob, ay be = boa, bi a2 = aob,, since multi- 
plication of real numbers is commutative. 

Therefore a1a2 — b)b2 = aga, — bob, a, be + bjaq = agbi + b2a1, since 
addition of real numbers is commutative. 

Therefore 21.22 = 22.21. 


Theorem 2.2.4. Multiplication of complex numbers is associative. 
This says that if z,2z2,z3 be complex numbers then (2z).z2).z3 = 
21.(Z2.23). 
Proof. Left to the reader. 
Theorem 2.2.5. If z1, 22,23 be complex numbers then 
21.(2o + 23) = 21.22 + 21.23. 

Proof. Let 24> (a1, 61), Z2 — (a2, be), z3 = (a3, b3). 

Then 21.(z2 + 23) = (a1, b1).(a2 + a3, bz + b3) 

= [a1 (a2 + a3) — bi (b2 + b3), a1 (bo + bg) + bi (ag + a3)] 

= [(a1@2 — b1b2) + (aya3 — b1b3), (a1 bg + bja2) + (a,b3 + b,a3)| 

= (a1a2 — 6162, a1b2 + bi a2) + (a,a3 — 6163, a;b3 + bj a3) 

= (ai, b;).(a2, bo) + (a1, bi).(a3, b3) 

= 21.29 + 21-23. 


The complex number (0,0) satisfies the following properties— 
(i) (a,6) + (0,0) = (a,b) for all complex numbers (a,b); 

i } ] 

(ii) (a, 6).(0,0) = (0,0) for all complex numbers (a, b) 


(0,0) is said to be the zero complex numb as 0. 
Thus z = 0 is an abbreviation for z = (0 0). er and it is denoted by 
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The complex number (1,0) satisfies the property — 
(a, b).(1,0) = (a, 6) for all complex numbers (a, b). 
(1,0) is said to be the unit complex number and is denoted by 1. 


Negative of a complex number z,, denoted by —zj, is defined to be a 
complex number z2 such that z; + z. = 0. 
Let z, = (a1, 61), 22 = (ag, be). 
Z+2zg2=0 > (a1 + ag, by + be) = (0, 0) 
=> a, +a2 =0,b, + bo =0 
> a= —ay, be = 6). 
Therefore z2 = (—a 1, —b;). 
Thus —(ay, bj) = (—aj, —by). 


Subtraction. Let z;, z2 be two complex numbers. z, — 22 is defined to 
be the complex number z; + (—zz). 
Thus (a, 61) — (a2, b2) (a, 61) + [—(az2, ba) 
(a1, b1) + (a2, —b2) 
(ay — a2, by aad bo). 


i} 


ll) 


Multiplicative inverse of a non-zero complex number z,, denoted by 
z,*, is defined to be a complex number z2 such that z.z2 = 1. 
Multiplicative inverse of the zero complex number is not defined. 


Let 21 = (a1, 61), 22 = (G2, ba). 
Then z}.22=1 => (a1a2 — by be, a,b2 + ab) = (1, 0) 
=> 8102 —b1b2 = 1, a ,b2 + agqb; = 0. 


Therefore a2 = =r, be = aayht- 
Since (a, 61) 4 (0,0), a2, 62 both exist. Therefore 
(a1, bi)" i res : nithe ). 


Division. Let z,,z2 be two complex numbers where z2 is non-zero. = 
2 


is defined to be the complex number 21.29 Pi 
Thus {21:51) (a1,61).(a2,62)~*, provided (a2, bz) # (0,0) 


(aa,b2) ~ 
= (21,01). (Stiga ages?) 
— (&1a2+b,b2 —a,b2+b)4 
ree ( az2+bo* ? ee 
Theorem 2.2.6. If the product of two complex numbers be zero, then 
at least one of them is zero. | 
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Proof. = 21 = (a1, 61), z2 = (az, bp) be two complex numbers such that 
2123 = 
Then (a; a2 — bbg, abo + aay = (0,0). 
Therefore aja2 — bjb2 = 0... ... (i) 
aj be + bia2 = a | nee (ii) 
Let z2 40. Then ag? + bp? 40. 
Multiplying (i) by ag and (ii) by by and adding, we have 
a;(a" - by”) = 0. 
Multiplying (i) by bz and (ii) by a2 and subtracting, we have 
bi (a2? + by”) = 0; 
Consequently, a; = b; = 0. Thus z2 40> 2, = 0. 
By similar arguments, z; 4 0 > z2 = 0. 


The complex numbers of the form (a,0) having imaginary part 0 are 
of special interest. For such complex numbers 

(a 1,0) + (a9, 0)= (a, + @2,0) and (a1, 0).(a2, 0) = (a1@2, 0). 

It is evident that the operations of addition and multiplication for 
such complex numbers take the form of arithmetic addition and multi- 
plication for real numbers. 

The complex number (a, 0) is identified with the real number a. We 
write a = (a,0). In particular, 0 = (0,0). 

The complex numbers of the form (0, b) having the real part 0 and the 
imaginary part non-zero are of special interest. Such a complex number 
is said to be an imaginary number. For such complex numbers 

(0, 61) + (0, bo) = (0, by + bo) and 
(0, b;).(0, b2) = (—bibe, 0). 


The sum of two imaginary numbers is imaginary and the product of 


two such numbers is real. 
In particular, the complex number (0,1) is said to be the imaginary 


unit and it is denoted by 1. 
Thus 7.7 = (0, 1).(0,1) = (—1,0) = ~1. 


Also (0,6) = (0, 1).(6, 0) = (6, 0).(0, 1). 
Hence (0,6) can be expressed as ib or bi. 


3. Normal form. 


The complex number (a, b) can be expres - 
Again, (0,6) = (0, 1).(b, 0) = 6 0). (0,1), iced ae 
Therefore (a, 6) = (a,0) + (0, 1).(b,0) = (a, 0) + (b,0).(0, 1) 
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=a+ib or a+ bi. 

Since (a, b)+(c,d) = (a+c,b+d), (a+bi)+(c+di) = (at+c)+(b+d)i. 

Since (a, b).(c,d) = (ac — bd, ad + bc), (a + bi).(c + di) = (ac — bd) + 
(ad + be)i. 

It is observed that the sum and the product of two complex numbers 
a+ i and c+ di take the same form as the sum and the product of two 
real binomials a + bi and c+ di (treating i as real) if we take care always 
to replace i? by —1. 

For example, (2 + 3¢).(3 + 7) = (2.3 — 3.1) + (2.14 3.3) 

= 3+ 11i, by definition. 
The ordinary multiplication gives 
(2+32).(3+7) = 2342443.314 342 
= 641127-3=311i. 
The quotient ate where (c,d) 4 (0,0) can be computed as 


at+bi _ (at+bi)(c-di) __ (ac+bd)+(—ad+be)i _ actbd 4. xadtbe ; 
ctdi — (c+di)(c—di) ~ c2+-d2 = ct4d2 T “tygz * 


2.4. Geometrical representation. 
Just as real numbers are represented as points on a line, complex 
numbers (which are also ordered pairs of real numbers) can be represented 


as points on a plane. 
With respect to a given rectangular co-ordinate system in a plane, 


the complex number z = a + bi can be represented by the point with 
co-ordinates (a, b). 

The first co-ordinate axis is called the real aris and the second co- 
ordinate axis is called the imaginary azis. 

The plane in which this representation is made is said to be the com- 
plez plane, or the Gaussian plane, after the name of Gauss, a celebrated 
German mathematician. 

The origin represents the zero complex number. The points on the 
real axis represent all real numbers of the form (a, 0) and the points on the 
imaginary axis, other than the origin, represent all imaginary numbers 
of the form (0, b). 


2.5. Conjugate of a complex number. 
Let 2=a+bi be a complex number. The conjugate of z, denoted by 
2; 18 defined to be the complex number a — bi. 


aie when z= a+ bi. 
fometrically, the point Z is the reflection of the point z in the real axis 
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Properties. 


a) = 2 provided 2 # 0. 
+ 


Z = 2(Rl z),z-—Z = 2i(Im z) 


1 
2 
3 
4. 41-22 = 21.29. 
5 
6 
7 .Z is purely real. 


The proofs are immediate. 


2.6. Modulus of a complex number. 


Let z = a+ bi be a complex number. The non-negative real numbe, 
Va? + b? is said to be the absolute value or the modulus of z and is 


denoted by | z |, or mod z, or mod (a+ bi). 
Geometrically, mod z is the distance of the point z from the origin 


in the complex plane. In general, | z; — z2 | is the distance between the 
points z, and zz. It is also evident from the definition that 


| 21 — 22 [=| (a1 = a2) + (b1 = bo )i = V (a, = a2)? + (db; — b2)?. 


Since | z | is a real number, the statement | z, |>| z2 | has a meaning. 
But the statements like z; > za, z, < zg have no meaning unless 2,7 


are purely real. 


It follows from definition that | z |=| Z|. 
Also 2% = (a + bi)(a — bi) = a? +B? =} z |?. 


Theorem 2.6.1. The modulus of the product of two complex numbens 
is the product of their moduli. 


Proof. Let 213 =ayt byt, 22 =aq+ bot. 
Then 222 = (@1@2 — byb2) + (ayb2 + by a9)i. 


Therefore |z1 zg] = \/(a1a2 ~ bbe)? + (a1b5 + by a2)? 
= V017a2? + by “bo” + a12by” + by 2092 


= 4 (a1? + by?)(ag? + bp?) 


=| 2) I| 22 |. 
Alternative method. 
2 pees 
| 2122 |"= (21%2)(21%2) = (2122)(A%) = (x1 41)(29%) =| 2 Pl zal 


Therefore |z1 2a] = |z;[|zaI, since |2122|, |z1|, |2o| are each non-negati® 
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Theorem 2.6.2. The modulus of the quotient of two complex numbers 
is the quotient of their moduli. 


Proof. Left to the reader. 
Theorem 2.6.3. (i) | z |> (Rl z), the equality occurs when z is a 
non-negative real number. 
(ii) | z |= (2m z), the equality occurs when z = iy with y > 0. 
Proof. (i) Let z = x + iy. Then | z [= \/x? + y? and Ril z =z. 
Clearly, /z? + y? > x. The equality occurs when y=Oandz>0. 
(ii) Proof left to the reader. 


Theorem 2.6.4. Triangle inequality. 


If z1, 22 be two complex numbers, then | z; + z2 |<| z1 | + | ze |, the 
equality occurs if (i) one or both of 21, z2 be zero, 


or (ii) = is a positive real number. 


Proof. | z, + z2 |?= (z1 + 22) (21 + 22) 
= (a1 + 22)(@ + 2%) 
= 212] + 2922 + 2122 + 22921 
=| zy |? + | zo |? +2RI (z129), since z2Z = 2122 
<| 21 |? + | 22 |? +2 | 21 | Z|, since Riz <| z| 
<| 21 [? + | 22 |? +2 | 21 |] 22 |, since | 23 |=| ze | 
= (| 21 | + | 22 1)’. 


Therefore | z, + z2 |<] 21 | + | z2 |, since | z1 + 22 |, 21 |,| ze | are 
each non-negative. The equality occurs when 2122 is real and > 0. 


i.e., when either (i) one or both of z1,z2 be zero 
or, (ii) 2,Zz is positive real which implies 


a: om Soe 2h == 212 
z 18 positive real, since = zal?" 


Note. This inequality can be extended to a finite number of terms. 
[zat 2g-+++ 2m [S| zi | +] 22] +--+] an]; 
the equality occurs if the ratio of every two non-zero complex numbers 
be positive real. 
Corollary. | Z1 |=| Za+ (21 — 22) <| 22 | i | 21 — 29 | and 
| 22 |=| 21 + (ze — a1) [S| ar | + | 21 — 22 |. 
Therefore | z; | — | zo |<] 21 — 22 | and | z2 | — | 21 [<| 21 — zg |. 
Combining, we have || z1 | — | 22 ||<| z1 — 22 |- 
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Worked Examples. 
1. If 21, 22 be two complex numbers prove that 
[zit+z2[?+)2—2|? = Ala [2 + | 22 |?). 


| Zy+ 22 f= (21 + 22)(Z1 + Z2) (z1 ai za)(@ + 72) 
zyzq + 2122 + 2221 + 2% 
| zy |? +2122 + 2221+ | 2 [?, 


ll 


(zy — 22)(H — 2) 
2yZ1 — 2122 — 2221 + 202% 
| 21 |? 2122 — 2a21+ | ze [?. 


Z1 — 2 |?= (z, — z2)(z1 — 22) 


Therefore | z} + zo |? + | 21 — 22 |?= 2(] #1 |? + | 22 [?). 


2. If a and b are complex numbers show that 
la+ Var —62|+|a—Va?—0 |=|a+6/+]/a—5]. 
Let 2; = a+ Va? — b?, zy =a— Var — PP. 
(| 21 1+ | 22 [)? =| a+ Va? FP + | a Va? 8? P 
wed Peay ee 
= ja+Va2—B |? +|a— Va? — 6b? |? +2 | b? |, 


= 2|a|?4+2| Va? — 6? |? +2| 0? |, since }utu|?+fu-vf 
= 2|u? | +2}? | 


2(ja |? +|b|?)+2|a?—b? |, since | u |?=| u? | 
jat+ob|?+]a—b|? +2] (a+b)(a—8) | 
la+b|?+[a—b |? +2| (a+) || (a—8) | 
(J|a+b|+|a—b)?. 


Therefore | z; | +] z2 |=|a+6|+|a—6 |, since both sides are 


non-negative. 
3. z is a complex number satisfying the condition | z — 2 |= 2. Find the 
greatest and the least value of | z |. 

We have || z | — | 2 [I<| z — 3 |. Therefore | z | —| $ |< 2 

or, |r — 2 |< 2, where | z |=r. Clearly, r > 0 in this case. 

This implies —2r < r? — 3 < 2r, since r > 0. 

r? —Ir-3<0=> (r-3)(r+1)<0s50<r<3, since r > 0. 

2 a 

r+ 2r—320=> (r+ 3)(r—1) >0>r>1, since r > 0. 

Therefore 1 <rs<3. The greatest value of | z | is 3 and the least 
value of | z | is 1. 
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2.7. Polar form. 


Let 2 = a + bi be a complex number. In the complex plane z is 
represented by the point whose Cartesian co-ordinates are (a, b) referred 
to two perpendicular lines as axes, the first co-ordinate axis being called 
the real axis and the second the imaginary axis. 

Taking the origin as the pole and the real axis as the initial line, let 
(r,6) be the polar co-ordinates of the point (a, b). Then a=r cos 0,b = 
r sin 6. 

Geometrically, r is the distance of the point (a, b) from the origin. r 
is said to be the modulus of the complex number z. 

For every point other than the origin, r > 0. For the point (0,0), 
r = 0. Thus every non-zero complex number has a positive modulus. 

6 is the angle made by the radius vector through the point (a,b) with 
the real axis. @ is called an argument or an amplitude of z. 

@ cannot be determined for the zero complex number. 

Consequently, a non-zero complex number z is represented in the form 
z=r (cos 6+ sin 6). 

This is called the polar form or modulus-amplitude form of the com- 
plex number z. 

As @ is indeterminate for the zero complex number, the zero complex 
number has no polar representation. 

For a non-zero complex number z, @ has infinitely many values dif- 
fering from one another by a multiple of 27. 

If z= r(cos 6+ sin @),r is determined from the relations r cos 6 = 
a,r sin 9 = b giving r = Va? + b? and @ is determined from the relations 
cos =", sin 6 =?. 

All values of 6 are expressed as Arg z (or Amp z). If a be a value of 6 
satisfying the relations cos 0 =", sin 6 =? then Arg z (Amp z) = a+2nz7, 
n being an integer. 

The principal argument (amplitude) of z, denoted by arg z (amp 2), 
is defined to be the angle 6 which satisfies the inequality -t <0 < x. 


For example, Sx is an argument of the complex number —7 but it is 


hot the principal argument because 0(= 3m) does not satisfy the relation 


— < 9 < x. The principal argument of —i is -% and Arg (—i) = 

2 t+ 2nm, or —% + 2mm, where n and m are integers. 

oe An argument of the complex number a + bi is to be determined 
0m the relations cos 6 ==, sin 6 =? simultaneously and not from the 


Single relation @ = tan—1 5, 
a 
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Worked Examples. 
1. Find mod z and arg z and express 2 in polar form, where 


(i)z=-1+i, (ii) z=1-14. 
(i) Let -1+i=r (cos 8+ isin @). Then r cos O= ~Lrsing =, 
We have r? = 2 and therefore r = V2. 


Therefore cos 9 = ey and sin 6 = a and these determine 9 = 
3r ; 


Therefore mod z = /2 and arg z = =. 

Hence —1 + i = /2(cos 3% +i sin =f). 

(ii) Let 1-2 =r (cos 0 +i sin 8). Then r cos 6 = 1,r sin@ =~) 
We have r? = 2 and therefore r = /2. 

Therefore cos 6 = 75 sin d= - and these determine 9 = —2, 
Therefore mod z = /2 and arg z = =a. . 
Hence 1 ~ i = /2(cos (~F) +4 sin (—])). 


2. Express —1 — i in polar form. 

Let -—1—-i=r(cos9+isin @). Then r cos @ = —1,r sin 6 = ~1, 

We have r? = 2 and therefore r = V/2. 

Therefore cos 6 = — J sin O= 5. These determine 0 = =. 

Hence —1 —i = /2(cos 3 +i sin 22), 

Note. Here 9 = 27 does not give the principal argument of —1 —i. Te 
principal argument is —$2. Using the principal argument, the polar fom 
of -1—z is V2[cos (—37) +isin (—34)]. 

3. Let us recall the definition of tan ~!z, when z is a real number. 
Iz is the unique angle @ satisfying the relations 
(i)tan?d=a and (ii) =e eee 5: 

We shall now show by examples that an argument of the complet 
number z = a+ bi = r (cos 8 +i sin 9) cannot be determined from the 
relation 6 =tan~12, in general. 

(i) Let a =1,6=1. Thenr = V2 and cos 6 = Jz, sin 0= 

The arguments are 7 + 2k7, where k is an integer. 

Here tan—!2 =tan-!1 = a. 


tan ~ 


Hence tan~! 2 gives an argument of z, 
(ii) Let a= —1,6=1. Then r = V2 and cos 6 = ~z,sin 9 = # 
The ar eval ae + 2k, where k is an integer. 

Here tan’? =tan7*(—1) = —4, but —= is not an argument of % 


a 
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Hence tan~! e does not give an argument of z. 


(iii) Let a = —2,b=0. Then r = 2 and cos 6 = —1, sin 6=0. 
The arguments are 7 + 2k7, where k is an integer. 

Here tan~!2 = tan7'0 = 0, but 0 is not an argument of z. 
Hence tan~! 2 does not give an argument of z. 


i ta=—l1,b=-1. — ee i poe a 
(iv) Le ; = Then r = V2, cos 6 FR Sin 6 Ti 
The arguments are —{* + 2k7, where k is an integer. 

Here tan~!2 = tan711 = 7, but 4 is not an argument of z. 
Hence tan~* 2 does not give an argument of z. 


4, Some important complex numbers and their polar forms with principal 
argument. 

(i) l=cos0+7sin0, modl=1, arg1=0O; 

(ii) t=cos }+72sin $, modi=1, argi=$; 

(iii) -l=cos 7+ sin 7, mod(-1)=1, arg (—1)=7; 

(iv) —t=cos(—}) +7 sin (—4), mod (—2) = 1, arg (-7) = —3. 
Theorem 2.7.1. Let z1,22 be two non-zero complex numbers. If 6; 
be an argument of z; and 62 be an argument of z2 then @ + 62 is an 
argument of 2129. 

Proof. Let z1 = r1(cos 0, +7 sin 6,), z2 = re(cos 02 +7 sin 62). 
2122 = 1r112|(cos 6,cos 62—sin 6;sin 02) + % (cos @;sin 62+sin 6,cos 62)] 
= r1T2[cos (0; + 62) +i sin 6; + 2)]. 

This shows that 0; + 92 is an argument of 2122. 

Note. The theorem does not hold, in general, if the principal arguments 
be considered. That is, arg(z,z2) #arg z1+arg 22, in general. 


For example, let z; = 1 — 7, z2 =7,z3 = —1 +41. 
— 3 
Then arg 2} = —7, arg 22 = 5, arg 23 = 7. ; 
; - = Be 
2122 =1+i, 2923 = —1 — i, arg (2122) = F, arg (2223) = —f. 


Here arg (z,z2) =arg z,+arg 22, but arg (z2z3) #arg zo+arg 23. 
Theorem 2.7.2. Let 21,22 be two non-zero complex numbers. If 6, 
be an argument of z, and 62 be an argument of zz then 6, — 62 is an 
argument of a 
Proof. Let z, = r1(cos 0; +7 sin 9;), 22 = 1T2(cos 62 +7 sin O2). 

2. — 11 cos 6)+7 sin 0, 


22 T2 cos 829+7 sin 02 
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= A (cos 6; +i sin 1 )(cos 62 — i sin 2) 
= 7+ (cos 81Cos 2+sin 6,sin 62) +4 (sin 6,cos 2—cos 4)sin 6) 
= £1[cos (8; — 62) + sin (6, — 02) 

This shows that 6, — 62 is an argument of roe 


Note. The theorem does not hold, in general, if the principal arguments 
be considered. That is, arg (2) Aarg z1—arg 22, in general. 


For example, let z, = 1—i,z2 =i,z3 = —1 +7. 
= _ 2 _ 3x 
Then arg 2] = —7, arg z2 = 5; arg 23 = 1° 
Hei] -j7, He 7 ee A\yo—g. 
Berl=1,3 1s Ss = mz, arg (2) T 


Here arg (21) =arg z,—arg za, but arg ( 21) #arg 21—arg 23. 


Theorem 2.7.3. If 21,22 be non-zero complex numbers, then 


arg (2122) =arg 2,+arg 22 + 2k7, where 
k = 0 if —a <arg z1+arg z2 <7, 
k = 1 if arg z,;+arg z2 < —7, 
k = —1 if arg z1+arg z2 > 7. 
Proof. Let z; = r1(cos 6, +7 sin @;), z2 = r2(cos 62 + 7 sin 02), where 
—7 <6, <1,-27 < G2 <7. Then arg z; = 64, arg 22 = G2. 
212g = 7172{cos (6; + 62) +i sin (6, + 2)]. 
6, + 62 is argument of z1z2. But 6; + 62 may not be the principal 


argument. 
arg (2122) = 9 + 62 + 2km where k is an integer such that —7m < 


6, +629 +2knr <7. But —27 < 6, + Og < 2Qr. 
Three cases arise. 
(i) If —7 <0, + 62 <7, then k = 0. 
(ii) If m < 0; + @ < 2m, then —m < 0, + 02 — 27 <0. 
Therefore k = ~1. 
(ili) If -24 < 6, + 02 < —7, then 0 < 6, + 6, +20 <7. 
Therefore k = 1. — 
Theorem 2.7.4. If 2,22 be non-zero complex numbers, thet 
arg (21) =arg 21—arg 22 + 2km, where 
k = 0 if —m <arg z1~arg zg < Tr, 
k=1if arg 21 —arg Z2 < 7; 
k = —1 if arg 21—arg 22 > rr. 
Proof. Left to the reader. 
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Worked Examples (continued). 


5. Find arg z where z= 1+i tan SF 


Let 1+7 tan S = r(cos §+i sin 9). Then r cos § = 1,rsin 6 =tan 
We have r? see? 3= and this gives r = —sec $7, since sec 2 < 0. 
Therefore cos 0 = eog de an , sin 8 = —sin SE 


These determine 0 = 17+ a, Since @ > 7,6 does not give the principal 
argument. 


Therefore arg z = 0 — 2n = —2, 


6. Find arg z where z = 1+cos 20+isin26, 3 <0< %. 
Let z = r(cos ¢+7sin ¢). Then r cos ¢ = 1+cos 20,r sin ¢ =sin 20 
We have r? = (1+cos 20)?+sin? 26 = 4 cos? @. 
This gives r = —2 cos @ since cos 8 < 0. 


Therefore cos ¢ = +9828 — —cos 9 and 


—2 cos 


sin @ = nee = ~—sin 0 =sin (7 + 6). 
These determine $=7+0.3 <0< 4% >#egc ¥. 
As ¢> 3” arg zZ#o. 
Therefore arg z = ¢ + 2k7, where k is an integer such that —7 < 
b+ 2kr <7. 
Clearly, k = —1 and arg z= 6-27 =O—T. 
7. Prove that arg z—arg (—z) = +7, according as arg z > 0 or < 0. 
Let z= r(cos 9+isin 0), where —7 <O <r. 
Then arg z = 9 and —z = —r(cos @ +i sin 6) 
=r [cos (r+ 6) +i sin (7+ 8)]. 
x +6 is an argument of (—z). Let 6 = 7+. 
Case I. Let arg z > 0. Then 0 <@< and therefore m<27+0< 2r, 
le, T< b < 2r. 
As ¢ > 7, ¢ is not the principal argument of (—z). 
arg (~z) = 6+ 2km where & is an integer such that —1 < 6+ 2ka <a. 
Clearly, k=-] and arg (—z) = o- Qn =O—n7. 
Hence arg z—arg (—z) = 7. 
Case IT. Let arg z <0. vue —n <@ <0 and therefore 0 < <n. 
Therefore arg(—z) = d=7+8. 


Hence arg z—arg =. =—T, 
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2.8. Integral and rational powers. 
Let 2 be a complex number and n be an integer. 
We define (i) 29 =1, 
(ii): 22°" git n> 0, 
(iii) 2-" = (z71)" ifz £0 and n > 0. 
The laws of indices for complex numbers 
(i) 2" zt = min 
(ii) (z™)" = 2™, 
(iii) 2y™.22™ = (z1z2)™ _ 
hold when m,n are integers, with proper restrictions on z, 21, 22 in cage 
of negative index. 


Let z be a non-zero complex number and gq be a positive integer > 1, 
Then there is a non-zero complex number w such that w? = z. The 
existence of such a w and its non-uniqueness will be discussed later, 


Definition. Let z be a non-zero complex number and gq be a positive 
integer. Then z!/% is a complex number w such that w! = z. w is said 


to be a qth root of z. 


Definition. Let z be a non-zero complex number and r be a positive 
rational number, say r = = where p,q are positive integers, then 


(i) 27 = 2P/9 = (zM/9)P, (ii) 2-7 = (4). 


Theorem 2.8.1. De Moivre’s theorem 


When n is an integer, positive or negative, and @ is a real number 
(cos +i sin 8)" =cos né +i sin n0; 

when n is a fraction, positive or negative, and @ is a real number 
cos n? +7 sin né is one of the values of (cos 9+ sin 4)". 


Proof. Case I. Let n be a positive integer. 

The theorem holds for n = 1, since (cos +i sin 6)! = cos 0+ sin 0= 
cos 19+z7 sin 10. 

Let us assume that the theorem holds for n = m., where m is a positive 
integer. 

Then (cos 6 +7 sin 0)™ =cos m0 + i sin mé. 

Therefore (cos 6 + sin 0)™*) = (cos m6 +i sin m0) (cos @ +7 sin @) 

= (cos m#cos #—sin mésin 6) + i(cos mésin 6+sin mécos 6) 

=cos (m+1)8+isin (m+ 1)8. 

This shows that the theorem holds for n = m+ 1 if we assume it to 
hold for n = m. And the theorem holds for n = 1. 
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By the principle of induction, the theorem holds for all positve inte- 
gers 7. 
Case 2. Let n be a negative integer. 

Let n = —m, where m is positive integer. 

Now (cos # +7 sin #)” = (cos 8+ sin 6)-™ 


— 1 
~~ (cos 64% sin @)™° 


= ——_!| __. by case 1 


cos m@+i sin m@? 
_ cos m9—i sin m#) 
~ (cos m0+i sin m8)(cos mO—i sin m@) 


= cos mé —i sin mé 
= cos (—n)@ — i sin (—n)@ 


= cos nf +i sin né. 


Case 3. Let n be a fraction, positive or negative. 
Let n = p/q where p,q are integers and g > 1,p may be positive or 
negative. 
Since (cos ee +7 sin Beye =cos pf) +17 sin pé, by case 1 
= (cos 6+ 7% sin 8)?, by case 1 or case 2, 
it follows that cos 22 + i sin 2 is one of the values of (cos 6 +4 sin 6)?/9, 
i.e., cos n8+% sin n@ is one of the values of (cos +7 sin 0)”. 


Corollary. When n is a positive or a negative integer and @ is a real 
number 
(cos 8 —7 sin 8)" =cos né — i sin n6; 
when n is a fraction and @ is a real number 
(cos n@ — i sin n@) is one of the values of (cos @ — 7 sin 0)”. 
This follows from the relation 
(cos 6+ isin 0)~1 =cos (—@) +7 sin (—#) =cos @ —i sin 6. 
Note. The generalised form of De Moivre’s theorem states that if n be a 
real number and @ is real, (cos nO +1 sin n6) is a value of (cos 6+i sin 6)”. 


2.9. Roots of a complex number. 


When nis a fraction, positive or negative, De Moivre’s theorem states 
that (cos nO + 4 sin nO) is one of the values of (cos ?+ i sin 6)". It is 
hatural to ask how many values of (cos +1 sin 6)" do exist in that case. 


We have the following theorem in this respect. 
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Theorem 2.9.1. If z be a non-zero complex number and n be a Posit 
integer then there are n distinct values of 2°". 


‘ _ <7. 
Proof. Let z = r(cos @ + isin 9), wherer > 0,-7<OS7 
Let 2/" = w = p(cos ¢ + isin ¢)- - 
This implies w” = z and therefore p™(cos nd +7 sin NO) = r(cos g . 
2 sin 6). . - 
This gives p™ cos n¢ = 7 cos # and p” sin ng = 7 sin G. 
We have p™ =1, ie., p= %/r where yr is the positive nth root of r. 
y ars ok 5 
and nd = 9 + 2km, where k is an integer. Therefore ¢ = 24? , 
Hence w = %/r(cos 2ke+6 4 7 gin akn te) where & is an integer, 
Te 


ive 


For different values of k, we get different values of w and this suggest, 
that there are infinitely many values of z!/”. 


We now prove that these are not all distinct. 
Let zm denote the value of w corresponding to k = m, ie, z, = 
Y/r(cos 2™et8 4 j sin 2met?), 


We prove that only n values 2p, 21,.--;2n—1 are distinct and every 
other value of w (as & runs through all other integers) takes one of these 
distinct values. 


To prove that zo, 21,.-.,2Zn—1 are distinct, let us assume the contrary 
that zp = zy whereO <p<n—1,0<q<n—landp>g. 

Zp = Zq implies 2pr+9 — dan té = 2s7, where s is an integer. 

That is, 2—* is an integer, which is a possibility only when p = 4, 
since p — gq < n. This proves our assertion. 


Let z; be any value of w where ¢ is other than 0,1,...,n—1. 


By division algorithm there exist integers \ and yz such that t = nAth, 
whereO<u<sn-l. 


—_— 7 2tr+é@ * 4 2tn+¢@ 
Therefore z; = %/r(cos “T** +i sin #4+#) 


= Yr|cos (2Am + 2#T4®) + i sin (2A + 2HE+E)) 
— nn 2 +8 , at 2unt+é 
= Yr(cos “2 +isin t**) = Zp. 


Since 0 < # < n—1, it follows that there are only n distinct value 
of z!/" and they are 


n 2ka+@ ote 2ka+9 
Yr(cos “T +isin “"*"), wherek=0,1,...,n—1. 


Note 1. They have the same modulus and their arguments are 


6 an, 9 4n 1 8 .,, 2 
min tment ars (2m— 2E) 4 oe. 
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Note 2. The value corresponding to k = 0 is called the Re nth 
root of z. The principal nth root of z is Yr (cos 2 - 47% sin &), where 
r =mod z,@ =argz (principal argument). 


Theorem 2.9.2. If z is a non-zero complex number and m,n are positive 
integers prime to each other, then ( gi/n)\m = (2™)U/n, 

Proof. Let z =r (cos @+isin 9), where —t <6 <7. Then 

(2/")™ = (i/r)™[cos +2 + 7 sin zkntOim, where k=0,1,...,.n—1 


=(¥r)"[(cos ¥ +i sin 2)u*]™, where w = cos 2% +i sin 2 


= Yr™[cos me +12 sin MO }yskm where k = 0,1,...,n—1. 
ae = Yr™Icos 2krsmé +% sin 2kttmé) 
ee mé +i sin m8 }.yk, where w = cos 27 +7 sin 4 
and k = 0, 1,...,n- i 
Since m and n are prime to each other, the numbers 0,m,2m,..., 
(n — 1)m when divided by n, leave the remainders 0,1,2,...,n —1 in 


some order. Therefore as k runs through the values 0,1,2,...,n—1, the 
two sets of values of w*” and w* are same. 


Therefore Gyan = (2™)U/n, 
Note 1. The n numbers in either set are the values of z™/". 
Therefore 2”/" = %/r™[cos (2henb Ben ae rey teu 


= Yr™(cos [(2ka +8) 7) +3 sin [((2k7 + 6)™]), where k = 0,1,...,n—1. 


Note 2. If z is a non-zero complex number and m,n are positive integers 
prime to each other, then . = oe — [(4)"]* =(z-™)n, 

Also z—@ = (4)% = [(4)2]™ = (z7")™. 
Note 3. If z is a non-zero complex number and m, n are positive integers, 
then (z1/")™ 4 (z™)1/", in general. 


For example, let z=1,m=4,n =6. Then 


(2™)1/n — 16 = cos 2k2 2x +isin 28", where k = 0,1,...,5. These have 
six distinct values. 
(zi/n)m — (¢)4 = cos 4724" + isin 444", where r = 0,1,...,5. 


These have three distinct sales: 


Theorem 2.9.3. If z is a non-zero complex number and p,q,m,n are 

positive integers where f = @ with gcd(m,n) = 1, then zP/a — 2m/n 

Proof. Here np = qm. Let w = 2?/%. Then w = (z1/2)?, by definition. 
w" = {(zl/9)\p}n — (gl/a)pn — (z1/a)jam = {(zi/a)q}™ — zm 
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Therefore w = (z™)/" = (z1/")™, since gcd(m,n) = 1 
= zm/n, 

Therefore z?/¢ = 2™/n, 

This completes the proof. 


Note. The theorem gives a method for evaluating z?/4, where P,q are 
Positive integers not prime to each other. 

2P/a — (zn)™ = (2m)1/n. where 2 = @ and m,n are positive integers 
prime to each other. " 

For example, i¢ = (i8)4, by definition. [art. 2.8] 

And also i= i3 = (43)?= (é2)3, by the theorem. 

It follows that i= has three distinct values. 


It is worthwhile to note that (i4)# has six distinct values. 


2.10. nth roots of unity. 


When the complex number is 1, the roots are of special interest. They 
are called the nth roots of unity. 

When z = 1,mod z = 1 and arg z = 0. Therefore by the previous 
theorem, the n nth roots of unity are 


cos akm + j sin 2kn where k=0,1,...,n —1. 

They have the same modulus 1 and their arguments are 
0,22, 40... (2m — 2), 

Geometrically they represent points Pp, P;, Po,...,P,—1 in the com- 
plex plane such that OPH = OP, =-:. = OP,1 = 1 and 
LPpOP, = LP,OP, =--+ = LPn-1OPy = 22. 

Therefore Po, Pi, P2,..-, Pn—1 are the vertices of a regular polygon. 


cos oa +7 sin 28 is purely real if and only if 2h is an integer. Since 


0< k<n-1,% is an integer if and only if k = 0, 3. 


If n be odd, there is only one real nth root of unity, corresponding to 
k = 0 and the real root is 1. 


If n be even, there are two real roots corresponding to k = 0, g. 
The real roots are 1 and —1. 


Again the roots corresponding tok =r andk =n-—r are 
arn * os 2r7 2ra te ae 2rn . 
cos “= +i sin “5 and cos “" —i sin ™ respectively. 


They are conjugate as well as reciprocal to each other. 


When n is odd, the roots can be exhibited as 
1,cos 242 +4 sin 22", where k= 1,2,..., 25}. 


When n is even, the roots can be exhibited as 
2kr 


+1, cos kn +i sin =~, where k= 1,2,...,2—1, 
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When 7 is odd, x” — 1 can be expressed as the product 


(n—1)/2 - 
(x — 1) Ala [(z@—cos =" —7 sin 24*)(g — cos 24" —i sin 74*)) 
(n—1)/2 
= (x1) J (x? — 22 cos ohn +1). 


When n is even, x” — 1 can be expressed as the product 


n—2)/2 
2_4)' 1, [(2 — cos 


(n—2)/2 
=(x?—1) M1 [(z? —2z cos =e +1). 


2kn gs it 2kr 2kn ‘ ate 2kr 
nw ~i sin 22*)(x—cos #7 +i sin =*)| 


Let us denote cos oa +7 sin an by w. Then the nth roots of unity 
are w*, where k=0,1,...,2—1. So the roots are 1,w,w*,...,w?71. 


Let z be an arbitrary non-zero complex number r(cos 6 +i sin 9), 
where -7 <@9< 7. 


The n nth roots of z are 


x/r(cos 2ke te +7 sin akr +o) where § = 0,1,...,n—1. 
= yr(cos 2+ sin £)(cos 4% +7 sin 24) 


= Yr(cos £43 sin 2)w 


= zw* where zp = */r(cos £ +7 sin &), the principal nth root of z. 


k 


Thus all the nth roots of z can be expressed as 2, zoW, Zow*,..-, 
zqw"—! and they can be obtained by multiplying the n nth roots of unity 
by the principal nth root of z. 


Note. If ,/z denote the principal square root of z then the square roots 


of z are +,/z. 
If ¥/z denote the principal cube root of z then the cube roots of z are 


Vz, wz and w? Wz, where w = cos 2% +7 sin 2. 


Worked Examples. 

1. Find the cube roots of 1. 
Let x = 11/3, The polar form of 1 is cos 0+ sin 0. 
Then x = (cos 0 +3 sin 0)1/3, 


There are three distinct values of x and they are cos _ +2 sin 2Rr 
where k = 0,1,2; i.e., (cos 22+ sin 2%)*, where k = 0,1, 2. 


Let w = cos 2A +i sin Br Then x = 1,w,w?. 
Hence the cube roots of 1 are 1,w,w*, where w = cos a +7 sin an 
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2. Find the cube roots of —1. 
The polar form of —1 is cos 7 +4 sin 7. 


1/3 
There are three distinct values of (—1) /3 and they are 
cos 2#7+7 +4 sin akatn where k = 0, 1,2. 


a + i sin 22, 
1.€., o 3 +7 sin z c05 eee sin 7, COS x 


Rag sin = —itv3i 
Note. The principal cube root of —1 1s cos 3 +4 sin 3 =O 


3. Find the fourth roots of 1. 
Let « = 11/4, 
Then = (cos 0+i sin 0)!/4 
(cos 24" +4 sin 2m), where k = 0,1, 2,3 
Se 2 a: sin 2x) , where k = 0,1,2, 3 
= 1,i,i2,%3, since cos 2% +i sin 4 =i. 


II 


4, eran t+aett+e% +e? +2+1=0. 


(x8 +25 404423 +2? +241)(2-1) =27-1. 
The roots of x’ —1=0 are eS 288 +2 sin 2kr where k = 0,...,6, 


ie., 1,a,07,...,0°, wherea=cos tt i sin 22, 


Excluding 1 (since 1 is the root of x —1=0), the roots of 7° + 254 
ct +a3+a?+2+1=0area,a”,...,0°, wherea=cos 4 +i sin %, 


5. Find the sum of 99th powers of the roots of the equation 2’ —1=0. 


The roots of 7 -1=0 are cos 2% +i sin 7 r= 0,1,2,.. . 6. 
Let a = cos cs +7 sin an Then the roots are 1, a,a’,.. ae 


1+ a9 +... + (a5) = lo = 0, since 0997 = 1 and a® 41. 
6. Find the roots of the equation z” = (z + 1)", where n is a positive 


integer > 1. Show that the points which represent them in the z-plane 
are collinear. 


Let w ==. Then z=—h.. =(z4+1) os y"= 
Therefore w = cos abn +12 sin 2kn where k= 0,1,2,...,n—-1. 
Therefore z = cee TG sin BEL where k = 1,2,...,n—1 

= 1 cos ais sin & 

~ 2i sin B® (cos +i sin Bt) = 27 sin 


=—}-— cot *, wherek=1,2.,, aes 


The points represented by n — 1 roots lie on the line x = —} which 
is parallel to the imaginary axis, 
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7. Find the product of all the values of (1 + )8. 
(1+i)5 = [V2(cos 2 = +4 sin 2)|§ = [4(cos +i sin m)]§. 
There are five distinct values. They are 


VAlcos *2+7 +; sin zkrtn) where k= 0,1,...,4 


= W/4[cos % +i sin 3](cos a +i sin an where k = 0,1,...,4. 
The product = 4(cos § +74 sin 7)°(cos 4 +i sin 2p. JOr1+2+3+4 — _ 4, 


8. Prove that Vi + /—i = V2. 
i=cos > +isin}, —i =cos(—4) +isin(—4). 


Qk Qkr 
The square roots of 7 are cos ahr +e +12sin ont a where k = 0,1. 


The principal ener: root is cos } + isin } (corresponding to k = 0). 
That is, Vi = cos$ +isin% = = 


: Qkn—-=  . . Qkn-F 
The square roots of —i are cos “7 + isin =, where k = 0,1. 


The principal square root is cos(—4) + isin(—4)(corresponding to 


k =0). That is, /—7 = cos(—4) + isin(—4) = re 


Therefore Vi + /— = 1% +43 ari = V2. 
9. Prove that Yi+ ~/—i = 2cos 3; Where n is a positive integer > 1 
and °/z is the principal nth root of z. 

i=cos 7+i sin %. -i=cos(—%) +7 sin (—4). 

Vi=cos +i sin 2. Y-i = cos (-#) +i sin (-Z) = 


- aos 2 2n 
cos 5 —i sin =. 
Therefore Vi+ 7%/—i=2cos =. 


2n 


2.11. Some applications of De Moivre’s theorem. 


1. Expansion of cos n@,sin n@,tan n@ when n is a positive integer and 
@ is real. 

When n is a positive integer, by De Moivre’s theorem 

cos nO +i sin nO = (cos 6+7 sin 6)” 

= cos"@+" CO, cos*—) 6i sin 8+" Cp cos"~? 61? sin? 6+" C3 
cos*~3 9 73 sin? @4---+ 7" sin” 

= (cos*@ —" Cy cos"~?6 sin?6 +" Cy cos*-46 sin*6+---) + 
i("C, cos"~! 6 sin 6 —" C3 cos"? Asin® 6 apes) 
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Consequently, cos n@ = cos” 6 —" C2 cos”~? 6 sin? 9 +” Cg cog? ~4 9 
- 4 
sin"@—~--.. and 


sinn@ =" Cy cos"-! Osin 6 — Cz cos"—3 6 sin? 6+" Cs cos”—* O sind g__ : 


If n be even, the last term in cos n@ and sin n@ are (—1)"/2 gan 


6 
and (—1)("-2)/2n cog @ sin™-1 9 respectively. 


If n be odd, those are (-1)-/2n, cos 6 sin"~* 6 and 
(—1)-D/2n sin” g respectively. 


Hence tan ng — Sinn? 
cos né 


& "C, cos"-1@ sin 6—"C3 cos"—34 sin? 6+... 
~ cos™ 8—"C_ cos-2 @ sin? 64+"C4 cos"—-4 6 sin? 9g... 
__"Cy tan 6—"C3 tan? 9+--- 
~~ 1-"C, tan? 64+"C,4 tant 6—-..° 
If n be even, the last term in the numerator is (—1)-2)/ 2ntan™-1 4 
and that in the denominator is (—1)"/? tan” 6. 


If n be odd the last terms are (—1)("—))/2 tan” 6 and 
(—1)(*-1)/2n tan™-1 6 respectively. 


2. Expression for tan(@, + 02 +--+-6,), where 61,02,...,0, are real. 


We have (cos @1 +7 sin @,)(cos62 +i sin 62) --- (cos 6, +7 sin6,) 
= cos(@ + 2 +--»+6n) +i sin(O, + 2 +--+ +6n). 

Therefore cos(0, + 62 +---+6n) +i sin(O, + 62 +---+6,) 

= cos 6;(1+7% tan 6,)cos 62(1+1 tan 62)...cos 6,(1+4 tan 6,,) 

= cos 9, cos 92---cos@n(1 +i s; +i? s2+---+%i" s,), where 
5, = Ltan 61, so = Ltand, tan62,s3 = NtanG, tan 6p tan 63, 

We have cos (0; + 02 +---+6,) = cos 6; cos 62... COS O,(1 — 52+ 
$4 —...) and 

sin(9, + 62 +--++9n) = cos 61 cos 62... cos 0, (5; — 53 + S5 —...): 


Hence tan(@; + 62 +---+6,) = neat 


If n be odd, the last term in the numerator is (—1)@-D/ 2 5, and that 
in the denominator is (—1)("-))/2 5 _, 


If n be even, those are (—1)("-?)/2 5 | and (-1)"/2 5, respectivly. 


3. Expansion of cos” @ in a series of multiples of 9 when n is a positive 
integer and @ is real. 

Let z= cos 0+7 sin @. 

Then 2” = cos n? +i sin n6,2—-" = cos n§ —i sin né. 

2" +27" =2cos n8,2" —27-" = isin nd. 
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We have (2 cos 6)" = (x + +)" 

= +" Cya"} 2 +" Coa"? 34... pn Cn-10.sea + + 

or. (2" 0s" 0) (ah oe) Chat? a) ae. 

= 2 cos nf +” C.2cos(n — 2)8 +” Co.2cos(n — 4)0 +... 

The expansion of (a + i)n contains n + 1 terms. If n be even, there 
is a middle term which is free from z. If n be odd, there are two middle 
terms, one containing x and the other containing - 


The last term in the expansion of (2cos 0)” is a constant if n be even 
and is a term containing cos @ if n be odd. 


4, Expansion of sin” @ in a series of cosines or sines of multiplies 6 
according as 7 is an even or odd positive integer. 

Let x = cos 6+i sin @. 

Then 2+ + =2 cos 6,2 —1 = 2: sin 6. 


a+ = 2 cos nO, 2” — + = 21 sin n@. 


Case 1. Let n be even. 

We have (2i sin 6)” = (2 — 1)" 

— yr_n Cir"? 7 Coxz™—4 oe ee |) a a 1 

(2" + 3)" Ci(a"-7 4 Sh) +. 
2 cos n8 —" C;.2 cos(n —2)0+--- 

Since n is even, the expansion of (x — +)” contains a middle term 
which is free from z. 

The last term in the expansion of (27 sin 6)” is a constant. 


Case 2. Let n be odd. 
(2i sin 0)" = («-—2)r 
= gr_n Cix2"-2 47 Coxz"—4 eect Cn-1-se2 _ + 

or, 24(—1)*-)/? sin” 6 = (2” — +) -" C(x"? — sh) +--- 

= 2isin nO —" C\ 2i sin(n—2)0+--- 

Therefore 2"-1(—1)-/2 sin” 6 = sin nO —" Cy sin(n — 2)6 
+" Cosin(n — 4)6—--- 

Since n is odd, the expansion of (x — a)" contains two middle terms 
of opposite signs, one containing x and the other containing 1. 

The last term in the expansion of 2.-1(-1)™-)/2  gin™@ jig 


n—i 


(—1)"3 "Cn=1 sin @. 


Il 


II 


Note. The methods discussed in 3 and 4 can also be used to express 
sin” § cos” @ in a series of sines or cosines of multiples of @, when m,n 
are positive integers. 
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Worked Examples. 


1. Use De Moivre? a0 tan? OES 
; e ttani 
lvre’s theorem to prove tan 50 = 1-10 tan? 6+5 teat : 


hae 

We have cos 56+ sin 59 = (cos +14 sin @)° 

= cos 54+ 5c¢, cost 6i sin 6 + 5c2 cos? 67? sin? g 

+  5e3 cos? 673 sin? 9+---+47° sin? 6 

= (cos® @ — 10cos? 9 sin? @+5cos @ sin* 6) 

+ 4(5cos*@ sin @—10cos?@ sin* 6 +sin° 6). 
Therefore cos 58 = cos® 6 — 10.cos? @ sin? + 5cos Osin* 6), 
sin 98 = 5cos*@ sin @ — 10cos?@ sin? @ + sin’ 0. 


. . « 5 
Hence a 5cos*@ sin9—10cos* 6 sin? 6+sin® 6 
fen o0 cos> 6—10 cos? @ sin? 6+5cos 6 sin* 6 


- 5tan 6—10 tan? @+tan® 6 
1-10 tan? 6+5 tan*6 ‘ 


2. Prove that cos 50 = 16 cos® @ — 20cos?@ +5 cos @. 
From Example 1, cos 50 = cos® @ — 10cos? sin? 6+ 5cos @ sin’ 4 
= 1° —10¢3(1 — +t?) + 5t(1—t?)?, where t = cos 6 
= +¢° —10¢3(1 — t?) + 5¢(1 — 2t? + t4) 
= 16t° — 20t3+5t 
= 16 cos? @—20 cos? +5 cos 0. 
3. Expand cos’ 6 in a series of cosines of multiples of 0. 
Let z = cos 8+ sin @. Then x” + +. = 2 cos né. 
(2 cos 6)’ = (x +4)" 
=2' + 72° + 2109 + 35a 4+ 35.24+21.4474445 
= (27 + 4) 4+ 7a? + Js) + 21(29 + 3) + 35(a + 4) 
= 2 cos 70+ 7.2 cos 50+ 21.2 cos 39+ 35.2 cos @. 
Therefore cos’ 6 = (cos 70+ 7cos 58 +21 cos 39 +35 cos 6). 


4. Expand sin* @ cos? @ in a series of cosines of multiples of 6. 
Let zc =cos 0+ sin @. Then x++4=2 cos 6,x2 — + = 21 sin @, 
a” + <5 = 2 cos n@, a*~ + =2i sin n@. 

(24 sin 0)4(2 cos 6)? = (x — 5)*(2+ 4)? = (2? — 4,)?(2 — 4)? 

= (xt -2+ 2)(z*—2+ 3) 

= (x6 + 45) — 2(a* + 2) — (2? +3) +4 

— 2 cos 66 —4cos 40 — 2 cos 2044. 


Therefore sin* @ cos* 6 = 35(cos 60 — 2cos 49 — cos 20 +2). 
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Exercises 2A 


1. z, and zg are complex numbers. Prove that 
(i) 222+ 222 $2| 2 || 22 |, 
(ii) | 1— Free |? — | 21 — 20 [?= (1- | a1 |?)(1— | 22 |?), 
(iii) | 1+ Free |? + | za — ze [P= (14 | 22 [?)(A+ | 22 |”). 


2. z1 and z2 are two non-zero complex numbers. Prove that 


() laqqt Tai !S 2 
(ii) 2 | 21 + 22 {> (| 21 | + | 22 |) lien t Paik 


3. Prove that for a complex number z, | z |> yall Riz | + | Imz |). 
[Hint. Let z = a+ ib. Use the inequality Jere > (loltleD )? 1] 


A. 21,22 are complex numbers and w = ,/z122. Prove that 
| 21] +| 22 (=I 2US2+w(+|3t2-w|. 
(Hint. (| 2222 +w|+| 22 —w)? =| 22 4w P+] 22 -—w/? 
+2 | H5*2 |? = 2| “tee |2 42) w |? +2 | 25%2 |?, since [a+b |? +|a—6/? 
=2]}a|? +2|6|?.] 
[Note that \/2122 # \/z1.,/z2, in general. 
5. 21,22 are complex numbers such that |z1 — 3z2| = |3 — z1Z2| and |z2| 4 1. 
Prove that |z1| = 3. 
6. 21, z2 are complex numbers such that z1 + z2 and z122 are both real. Prove 


that either z1 and z2 are purely real, or z, = 22. 


7. 21,22 are complex numbers such that =a is real. Prove that the points 


representing z,; and z2 in the complex plane are collinear with the origin. 


8. z is a variable complex number such that the ratio = is purely imaginary. 
Show that the point z lies on a circle in the complex pine: 


9. z is a variable complex number such that an amplitude of aa is =. Show 
that the point z lies on a circle in the complex plane. 


10. z is a variable complex number such that mod 2 : zt k. Show that the 
point z lies on a circle in the complex plane if k # 1 od z lies on a straight 
line if k = 1. 

11. e is a variable complex number ie that |z| = 2. Show that the point 
z+ 1+ lies on an ellipse of eccentricity 4 in the complex plane. 


12. Find the complex number z with the least positive argument that satisfies 
the condition |z— 5i] < 4. 
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13. z is a variable complex number such that | z ~ » |= 3. Find the ere 
and the least value of | z |. “Heat 


14. Three complex numbers 2, 22,23 are such that 21 + 22 +23 = 0 
| 7 [=| z2 |=| z3 | . Prove that they represent the vertices of an equilate.” 
triangle in the complex plane. ™ 


15. If 21, 22, z3 be three complex numbers such that 217 +b 2g? 237 ~ 2125 
2223 — 2321 = 0, prove that ; 
| 21 — 22 |=| zo — 23 [=| 23 — 21 |. 


16. Prove that three complex numbers 21, 22, 23 will represent the vertices of an 


Stree: triangle in the complex plane if and only if —+— + moat woz es 
[Hint. Let zg — 23 = a, etc. Thena+$+7=0 and therefore &+ 2 +F=9, 
la] = 2] = I9| => aa = BB =77 =k, say. Then A+54+2=0. 


Conversely, < + a + . =0> 0? = fy > 8 =afy> la|? = lapry|. | 


17. The roots of the equation z? + pz +q = 0, where p and gq are complex 
numbers, are represented by the points A,B on the complex plane. If OA = 
OB and ZAOB = 28, where O is the origin, prove that 

p* = 4q cos? p. 


18. (i) Two complex numbers 21, z2 are such that | z1 [=| z2 | and amp x, 
amp 22 differ by 7. Prove that z1 + z2 = 0. 


(ii) Two complex numbers 21, z2 are such that | z1 + z2 |=| 21 — 22 |. 


Prove that amp 2, and amp 2g differ by > or 3m 


19. Find mod z and amp z (principal amplitude) where 


: J3i 14a 
(i) z= cera (ii) z= oa 


(iii) z=1l+itan@, [<@<m 
(iv) z=1+icot 0, 0<0<7 
l+cos 9+7 sin 0 


(v) * =1—cos 9+i sin 0? 0<O0<n 
: __1+sin 0—i cos 0 
(vi) z ~1+sin 0+7 cos @? 0<O0<n 


(vii) z=1+cos 20+i sin 20, 5<O0<_m 
(viii) z=1+cos 20-7 sin 20, 5<0<_a 
(ix) z=1-cos 0(cos 0+i sin 0), 0O<O0<7 
(x) z=1-sin O(sin 0+7 cos 6), a <0 nm, 
20. If |z| = 1 and amp z = 4 (0 < 8 < n), find the modulus and the princip® 


amplitude of 


; 1-—z os 2 ose 2 . 2 
(i) 12? (ii) 1-2)? (iii) Ta) (iv) Toe: 
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21. If cos a+cos 6+cos y=0 and sin a+sin B+sin y= 0, prove that 
(i) cos 3a+ cos 38+ cos 3y = 3cos(a+ B+ ¥), 
(ii) sin 3a+sin 36 +sin 3y = 3sin(a+ 6+ 4), 
(iii) cos? a + cos? § + cos? y = sin? a + sin? B+sin?y = . 
(iv) cos(B + 7) + cos(y + @) + cos(a + 8) =0, 
(v) sin(8+) +sin(y + a) +sin(a + 6) =0. 


22. If =cos a+72 sin a,y = cos B +i sin B,z = cos y+i sin 7 and 
ct+ytz = xyz, prove that 


cos(B — y) + cos(y ~— a) + cos(a — 8) = —1. 


23. If n be an integer, prove that 


1+sin 6+i cos @\n _ 
Cees 6-1 cos 3) = cos(** ~n@) +7 sin( 3 — n@). 


24. If z=cos +7 sin @ and m is a positive de prove that 
2m _ e oe mm 
(i) ae =itan m@ (ii) (L+z)™+(1+4)™ =2™41 cos™ % cos ™. 
25. If 2cos 9 = 2+ + and @ is real, prove that 
2cos n§ = rc” + 4.,n being an integer. 


26. If 2cos @ = t prove that 


l+cos 76 _ 7,3 2 2 
"Geos 0: = (t —t* — 2¢+1)°. 
[Hint. Let = cos 9+% sin 6. Thenz++=¢ and toe. 8 = = 3, (2 )?] 


27. If a=cos 2 — +1 sin 2% 7, and if p is prime to n, prove that 
ere sere = 0. 


28. If n be a positive integer and (1+z)" = pot+piz+poz?+--:+pnz", prove 
that 


(i) po—potpa—-:: = 2"/? cog BE, 

(ii) pi ~p3+ps—::: = 2"/? sin 2m 

(iii) potpatpat-:) = 2772 42-2/2 cos BE, 
(iv) pot+pstpet-:- = 2(2"-)+ cos 2), 

(v) prtpatprt::: = 2(9"-1 4 cos @=2)m), 

(vi) potpstpates: = 3(2"-? + cos Mtn), 


[Hint. (iv)-(vi) Put z = 1,2 =w,z =w? successively. 
3(po + p3 + pe + °° Jaret titty 
3(p. + pa + py +++) = 2" +w2(1 +H)" +w(1 +w)”, 


3(p2 + ps + pg +++) = 2" +w(1+w)” +w?(1+w?)”] 
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2 If a, 8 are the roots of the equation ? —2t+5=0 and n isa Positj 
integer, prove that 


(ota)? —(a+ 8)" 


“ep = 2"-lsin nd cosec”™ o, where a is a real numbe; Se 
isfying * oth cot @. 
30. If a, #8 are the roots of the equation (27+ 2t+4 = 0 and m isa POSitivg 
integer, prove that 

Aa BY a2" eo 


31. If a, B,-y,5 are the roots of the equation t4#4+274+1=Oandnisa POSitivg 
integer, prove that 


(i) a? + p24 7?" +. 62" = 4cos 22% ann 
(ii) a2ntt + pnt} 4. G aiaar = ele = 0. 
32. lfm bea positive integer and s,, be the sum of jes pene of the roots of 
the equation 2° + 2° + 1=0, prove that sam = 6cos “4 
33. Solve the equations 
(i) 23+8=0, (ii) 2° +23 +274+1=0, 
(iii) o24+22?4+4=0, (iv) 2®+2°+1=0, 
(v) ot 4 (a —1)* =0, (vi) 2° =(2+4+1)8, 
(vii) 2®©+4+22°+2=0, (viii) (ec +1)® =(x-1)°. 
34. Show that the solutions of the equation 


(1+2)?" + (1 —2)*" =O are 
eg a ce Lee ee 


35. Show that the solutions of the equation (1+ 2)?"t! — (1—2)?""! =0 
are xc=0,+t1 tang 47° seal Wy epee 


36. Show that the solutions of the equation (1+ 2)” 
x =i tan , where 


ep = OLA Zin re ae 
= ioe L241. n-—1 


37. Find all values of 
G) (-nY4, i) 28, Gil) CaM, Gv) (994, 


—(1—2z)" =Oar 


, if n be even . 


38. (i) Show that the product of all the values of (1 + Vi)! is 8 

(ii) Show that the product of all the values of (/3 + is +3 Bi. 

(iii) Show that the sum of the squares of all the values of (V3 + i)? is 0. 
39. In a triangle ABC, prove that 


a® cos 3B + 3a”b cos(2B ~ A) + 3ab? cos(B — 2A) +88 cos 3A= > 
where a, b, c, A, B, C have their usual meanings. 
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40. Prove that 


(n—2)/2 
: — Tt 2 2k 
(i) 2*—-1=(2°-1) L [x — 22 cos = +1], if n be an even positive 
integer. 
Deduce that sin 4 sin 34 sin 34 --.sin Jon. Jy 
2 (n—-1)/2 2k 
(ii) 2*-1=(¢—-1]) Ae [x? — 2x cos = +1], if n be an odd positive 


integer. 


Deduce that sin % sin x sin Sn -++sin 12" = sis ; 
Al. Prove that 

. (n-2)/2 9 2k+1)4r 

(i) 2 +1= RL [x° — 22 cos eatin +1], if n be an even positive 
integer. 

Deduce that sin 7 sin 3m sin St sin a = wet 


/2 (2k + 1)x 
n 


” (n—3) 
(ii) 2° +1= (x +1) ZH [x — 22 cos 


positive integer. 


+ 1], if m be an odd 


H om of. On os. St ot. Tr _ 1 
Deduce that (i) sin 4 sin [j sin 3} sin 7 = y 
- us 3a 57 ix _ 3 

(ii) cos 7 cos {4 cos 73 cos TE = j¢- 


42. Prove that 


(i) 2& +y® =I (2? — 2ay cos = +y*),r = 1,3, 5,7. 


3 
(ii) 28-224 cos 49+1= II [x — 22 cos (6+ S)+1 
r=0 
P) 


3 
(iii) 2*+ 4 —2 cos 40= [e+ = — 20s (0 + *)] 
r=0 


(Hint. Divide both sides of (ii) by «*.] 
3 
(iv) cos 4¢—cos 48 = 8 TI [cos ¢ — cos(8 + >I. 
r=0 
[Hint. Let  =cos ¢+% sin ¢ in (iii).] 


A3. Prove that 


; _ 4 tan 6-4 tan? 0 
(i) tan 46 —1—6 tan? 6+tan* 0? 


(ii) cos 70 = 64 cos’ @ — 112cos” 6 + 56 cos* 6 — 7 cos 9, 

(iii) cos® @ = 4,(cos 68+6 cos 46 +15 cos 26+ 10), 

(iv) cos® 6 = =, (cos 86+ 8 cos 68 + 28 cos 40 + 56 cos 26 + 35), 
(v) sin 70 =7sin 0 —56 sin? @ + 112 sin 6 — 64 sin’ 8, 


(vi) 2% sin?9@ = sin 960 —9 sin 70+ 36 sin 50 — 84 sin 30 + 126 sin 0. 
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2.12. Exponential function. 


When z is real the infinite series 
l+r+ 5484... 
H ‘ zr os * 
converges for all z and the sum is denoted by e*. e* is a function of a 
real variable x defined for all x. This is called the exponential function 
of a real variable z. 


For a complex variable z = x + iy, the exponential function of z 
written as exp z, is defined by exp(r+iy) =e*(cos ytisiny), ~ 

This definition agrees with the real exponential function when ; ;, 
purely real. 

When z is purely real, y = 0 and exp z = e*(cos 0+ sin 0), Le,, 
exp xz = e*. 

When z is purely imaginary, z = 0 and exp z = (cos y +7 sin y), 
i.e., exp(iy) = cos y+ sin y. 

Since e* > 0 for all real z,e*(cos y+ sin y) represents a comple, 
number in polar form, e7 being the modulus and y being an amplitude 
of exp z. 

Since e* # 0 for any real number z, exp z is a non-zero complex 
number for any complex number z. 


Let u + iv be a non-zero complex number and let its polar represen. 
tation be r(cos 9+ sin 6). Since r is positive, log r is real and r can 
be expressed as r = e!°% 7, 

Thereforeu+iv = e!& "(cos 6+ sin 6) 
= exp (log r + 76). 

Thus when u + iv is a given non-zero complex number, there exists 
a complex number z = log r +726 such that exp z = u+ iv. This means 
that the range of the exponential function of z is the entire complex plane 
excluding the origin. 


Properties. 
1. exp z1.exp z2 =exp(z1 + z2), where %1,Z2 are complex numbers. 
Proof. Let z] = 21 + ty, 22 = Zo + iyo. 
Then z) + 22 = (41 + 22) + i(y, + Y2). 
exp z1 = e"1(cos y, +7 sin y1),exp zo = e*2(cos yo +2 sin yo): 
exp 21. eXP 22 = e**(cos y1 +7 sin y,)e™2(cos yo +1 sin y2) 
= e™*2lcos(y: + yo) + ¢ sin(y, + ye) 


= exp|(z, +29) + iyi + ya)] 
= exp(z1 + 22). 
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2. ere = exp(z) — 22). 


Proof. Since exp 22 is a non-zero complex number, er - is defined. 
Let 2) = 2) + 2Y1, 22 = Lo + typ. 
Then 21 — 22 = (41 ~ 2) +: t(y1 — yp). 
exp 21 = e"!(cos y; +7 sin y,),exp z2 = e”? (cos yo +7 sin yg). 


exp 21 = et1—T2 cos yi+7 sin yi 
exp 22 cos y2+i sin y2 


= eTi—72 [cos(y1 — yo) +4 sin(y1 = y2)] 
= exp((z1 — 22) + i(y1 — y2)] 
exp(z1 — 22). 


Corollary. = > = exp(—z). 


This follows from the property since exp(0) = 1 


3. If n be an integer, (exp z)” = exp(nz). 

This follows from the property 1 and the relation (exp z)~! = 
exp(—z). 
Note. If @ be real and n be an integer, it follows that (exp 16)” = expin#, 
i.e., (cosé +isin@)” = cos n6+isin n@. This is De Moivre’s theorem. 


4. If n be an fraction say p/q, (exp z)” has q distinct values but exp(nz) 
is unique. In this case, exp(nz) is one of the values of (exp z)”. 


Note. If @ be real and n be a fraction, it follows that (expin@) is one 
of the values of (expi0)", i.e., cosn@ + isinné@ is one of the values of 
(cos @ + isin @)”. 


5. If n be an integer, exp(z + 2nat) = exp z. 
This follows from the property 1 and the relation exp(2n77) = 1. 
This states that exponential function is periodic with period 2771. 


Note. A complex function f is said to be a periodic function on its 
domain D c C if there exists a non-zero constant w such that for all 
integers n, f(z + nw) = f(z) (*) holds for all z € D. If no submultiple 
of w satisfies the relation (*), then w is said to be the period of f. 


Let w be a non-zero complex number. Then there always exists a 
complex number z such that exp z = w. 

By the property 5, exp z = w => exp(z + 2nnt) = w, where n is an 
integer. 

Thus for a non-zero complex number w there exist infinitely many 
complex numbers z such that exp z = w. 
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Worked Examples. 
1. If a, 8 be real, find the sum 


(i) cosa + cos(a + 8) + cos(a + 28) +-:: to n terms; 

(ii) sina + sin(a + B) +sin(a+ 28) +--+ ton terms. 

[Here the angles are in arithmetic progression with the first term 
and the common difference B] " 

Let cn = cosa + cos(a +B) +--- + cos(a+n-— 18), 

Sn = Sina + sin(a + 8) +---+sin(a+n-— 16). 
Then cy, + is, = expia + expi(a+ B)+---+expilatn— 18) 
= (exp ia) [1 + (expi8) + (expif)? +--- + (expig)"—}] 


= (exp iq) [——SexP 72)” 1— . teenie") 


= (cosa + isin a)(* —cos nB—isin np) 


1—cos B—isin 8 


= os 1—cos nf—isin nf)(1—cos 8+isin B) 
= (cos [eecesn a seine All cos ita 808) 
(cos a + isin a)[ (1—cos )?-tsin? B | 
2 8B 
= (cosa + isin a)[2 sin? nb —i2sin 2 np cos nb | [ee 
sin? = 


= (cosa + isina)(—2isin 22 PY (cos 2 2B + isin 28 zs sin 2) 
[<2 (cos 8 —1 feonig seti5) 
4 sin? ’ 


sin 28 a ; — 


sin 37 WoL in 28 = 
Paeenees ="in d [enale + *5*)] and sp = # [sin(a + 2). 
2 


2. Find all complex numbers z such that exp z = —1. 
Let z= 2+ ly. 
Then exp z = —1 implies e*(cos y+i sin y) = — 
Therefore e” cos y = —1l,e” sin y=0. 
We have e* = 1 and cos y= —1,sin y= 0. 
z=-1>7=0, 
cos y= —1 and sin y=0 => y = (2n + 1)m, where n is an integer. 
Therefore z = (2n + 1)771. 


3. Find all complex numbers z such that exp(2z + 1) =i. 


exp(2z + 1) =i implies e***> (cos 2y +7 sin 2y) =i. 
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Therefore e?"*4 cos 2y = 0, e?*+! sin 2y = 1. 


We have e**t! = 1 and cos 2y = 0,sin 2y = 1. 
eti-jloagr= —3, 
cos 2y = 0 and sin 2y = 1 > y = (4n+ 1)4, where n is an integer. 


Therefore z = —} + (4n + 1)7i. 


4. Solve exp z = 14 V3. 
Let z = x-+ ty. 
Then exp z= 1+ V3i implies e*(cos y+i sin y) =14 V3i. 
Therefore e7 cos y = 1,e* sin y = V3. 


We have e” = 2 and cos y = 3, sin y = v3 
These determine x = log 2 and y = 2n7 + 3» where n is an integer. 
Therefore z = log 2 + (2nm + $)i. 


2.13. Logarithmic function. 


Let z be a non-zero complex number. Then there always exists a 
complex number w such that exp w = z. 


w is said to be a logarithm of z. 


Again exp w = exp(w + 2nzi), where n is an integer. This shows 
that if w is a logarithm of z, then w + 2n77 is also a logarithm of z. 


This means that “logarithm of z” is a many-valued function of z. 
This is denoted by Log z = w + 2naz. 


Of the many values of logarithm of z, a particular one is called the 
principal logarithm of z and is denoted by log z. 


Since z is a non-zero complex number, z has a polar representation. 
Let z =r(cos 6+% sin 0),—m <6 <7 (a polar form with amp z). 


Let w = u+ iv be a logarithm of z. Then exp w = z. This gives 
e“(cos v+i sin v) =r(cos 6+7 sin 6). 

Therefore e“ cos v=rcos 6,e“sin v=rsin 9. 

We have e“ =r and cos v = cos 9,sin v = sin 6. 


These determine u = log r and v = 8 + 2nm, where n is an integer. 
Therefore w = log r+1(0+2nm),-m <O< 0 
ie, Log z = log r+i(0+ 2nz) 
log | z | +i(arg z+ 2nz). 
The principal logarithm of z, denoted by log z, corresponds to n = 0. 


Therefore log z = log r+i0,-~7<O<n0 
log | z[ +2 arg z. 


H 


Il 
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Note 1. Log z has been expressed as Log z = log r+ 16 + 2naij, Wh 
if] 7 th . . . . t ; €re 
1s the principal argument of z and n is an Integer 


An equivalent expresion is Log z = log r+ ia+ 2pz7t, where q jg an 
argument of z and p is an integer, since a = 2mm + @ for some intege, m 


The difference in these two expressions is to be noted. 

The first expression gives the p.v. of Log z(i.e., log z) when =) 
but the latter does not give log z when p = 0. 

Therefore in order to find log z (the p.v. of Log z) we shall necessarily 
stick to the polar representation of z with principal argument. 
Note 2. From the definition of Log z it follows that 

(i) exp(Log z) =z for allz40 and 

(ii) one of the values of Log(exp z) is z, the other values being 
z+ 2n7i,n being a non-zero integer. 

The principal logarithmic function is the inverse function of the 


exponential function and 
(i) exp (log z)=z for all z 4 0; and (ii) log (exp z)=z for all z €¢. 


Worked Examples. 
1. Find Log z and log z, where 
(ij) z=1, (ii) z=-1, (iii) z=i, (iv) z= 1. 


(i) 1=1(cos 0+i sin 0). (polar form with principal argument) 
Log 1 = log 1+7(0+ 2n7), where rn is an integer. 

Therefore Log 1 = 2nm and log 1 = 0. (corresponding to n = 0) 

(ii) —1=1(cos 7+7 sin 7). 

Log(—1) = log 1+ i(47 + 2nz), where n is an integer. 

Therefore Log (—1) = (2n + 1)mi and log (—1) = zi. (corresponding 


to n = 0) 
(iti) i= 1(cos> +7 sin $). 
Log i = log 1+4(} + 2nm), where n is an integer. 
Therefore Log 1 = (4n + 1)3% and log i = 24. 
(iv) —i=I1fcos= +7 sin =). 
Log(—t) = log 1+4( + 2nr), where n is an integer. 
Therefore Log(—z) = (4n — 1)F% and log(—i) = i. 
Note that Log(—7) can also be expressed as ( + 2n7)i. 
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2. Express Log(z + iy), (2, y) 4 (0,0), in the form A+B where A and 
B are real and find log(« + iy). 


Since & + ty is a non-zero complex number, it has a polar representa- 
tion. Let r+ iy =r(cos +7 sin 0),—-7< O< 7. 

Then r =mod(z + iy) and 6 = arg(x + iy) (principal argument). 

Let Log(x + iy) = u+iv. 

Then exp(u +iv) =x+iy =r(cos 0+ sin 6) 

or, e“(cos u+i sin v) =r(cos +i sin 6). 

This gives e“cos v=r cos 6, e“sin v=r sin @. 

We have e** = r? > e* =r > u=log r = } log(z? +-y?). 

Since e” = r, we have cos v = cos @,sin v = sin 0. 

Therefore v = + 2nz, where n is an integer. 

Hence Log(x + iy) = ut iv = $ log(x? + y”) +4(8 + 2nz). 

Therefore A = } log(x? + y*) and B = 6+ 2nn =Arg(z + iy). 

The principal logarithm of x + iy corresponds to n = 0 (since @ is the 
principal argument). 

Hence log(x + iy) = $ log(z? + y*) +4 arg(x + iy). 


3. Find Log z and log z, where z=1+7 tan 0,5 <@< rn. 
Let z=r(cos +i sin ¢) Thenr cos 6=1,r sin ¢=tan 0. 
We have r? = sec” @ and this gives r = ~sec 0 since sec 6 < 0. 
Therefore cos ¢ = —cos @ and sin @ = — sin @. 
These determine ¢ = 7+ 8. 
As oa < ¢ < 27,¢ is not the principal argument of z. 
arg z= @—27 =O-T. 


Hence Log z = log(—sec 0) +1(0 — + 2nm), where n is an integer 
and log z = log(—sec 0) +i(@ — 7). 


Properties. 


1. If z1,z2 be two distinct complex numbers such that z,z2 4 0, then 
Log z1+Log z2 =Log(z1 22). 
Proof. 2122 #0 > 2 #0, 22 £0. 
Let z; =11(cos 6; +i sin 91), 22 = 7T2(cos 62 +7% sin 43). 
Then zz: = r1r2[cos(O, + 42) +4 sin(A1 + 42)]. 
Log z} = log r, +i(@,+2nm), where n is an integer ; 
Log z2 = log rot+i(62+2mm), where m is an integer ; 
Log (z122) = log(rirz2) + i(01 + 82 + 2pm), where p is an integer. 
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Log 21 +Log z2 = log m1 + log ra + (6, + 42+ 2n7 + 2mr) 
= log(rirz) + i(01 + 92 + 297), where q = n, 
Since p and gq are arbitrary integers, Log z1+Log z2 =Log es 
2), 


Note 1. If z, = zo, Log z1+ Log 22 = 2log 71 + 2(2 6, + Ang 
n is an integer; and Log z1z2 = 2log 71 + i(2 61 + 2pm), where Where 
integer. Ps 


The set of the general values of Log z,+ Log z2 is a proper subs 
the set of the general values of Log 2122. Xt of 
Hence Log z1+ Log zo $ Log 212 if z1 = 22. 
Note 2. log z; + log z2 is not necessarily equal to log(z, 22). 
For example, let z) = 1, z2 = —1. Then 2,22 = —i. 

\z| = Is |za| = 1, |z z2| — 1, arg 21, = 5) arg 22 = 7, arg (Zz) zp) = 4 
log z1 = Fi, log zg = wi and log(z1z2) = — Gi. 
Hence log z; + log z2 = 3n4 # log(z122). 

2. If z; and z2 be two distinct complex numbers such that z,z2 40, they 

Log z1—Log z2 =Log a 

Proof. z1z2 #0 > z, #0,z2 #0. 


Let z1 = ri(cos 0; +7 sin 01), z2 =72(cos 62 +7 sin 02). 
Then a = 7 [cos(1 = 62) +4 sin(; = 62)|. 


Log z1 = log 7) +1(01 + 2nm), where n is an integer ; 
Log z2 = log r2+1(82+ 2mm), where m is an integer ; 
Log 2 = log()+12(0, — 42+ 2pm), where p is an integer . 


Log z1— Log ze = log rj — log ro + i(0; — 02 + 2nm — 2mr) 
= log(=1) + 4(91 — 62 + 2q7), where q=n—™. 
Since p and q are arbitrary integers, Log z;—Log z2 =Log - 
Note 1. If 2; = z2, Log z,— Log z2 = 0 and Log 2 = Log 1 = dnt, 
where n is an integer. Hence Log z1~ Log zg # Log ah 


Note 2. log z; — log 22 is not necessarily equal to log 2. 


For example, let z; = —1, z2 = ~i. Then = = —-i. ‘4 

Z1| — 24\=—-5' 

Jax] =1, [zo] =, [2)=1, arg =a, arg 22=—%, arg(h) =~? 
deal oo Ie hy es ee 
log 21 =7t log z2 = —Fi and log(2) = — Fi. 


Hence log 21 — log z2 = iF log(2). 
3. If z #40 and m be a positive integer, Log z™ 4 mLog Zz. 
Proof. Let z = r(cos +7 sin 6). 
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Then z” =r™(cos m@+i sin m 6). 
Log z = log r+i(9+ 2nm), where n is an integer; 
Log z™ = log r™ + i(mO + 2pm), where p is an integer. 
mLogz = m log r+i(mé+2mnz) 
= log r™ +1i(m@+ 2pi7), where p; = mn. 
Since p is arbitrary and p, is a multiple of m, each value of m Log z 
is a value of Log z™ but not conversely. 


So the set of values of m Log z is a proper subset of the set of values 
of Log 2™. Therefore Log z™ #4 mLog z. 


For example, let z = i,m = 2. 
2 Log z = 2 Logi = (4n + 1)zi, where n is an integer. 
Log z? =Log(—1) = (2k + 1)mi, where k is an integer. 
Each value of 2 Log i is a value of Log i? but not conversely. 
Hence Log i? 4 2 Log i. 
4. If z #0 and m be a positive integer, Log zgi/m — + Log Zz 
Proof. Let z =r(cos 0+ sin @). 
Then z!/" = w%/r(cos 2kn=e +1 sin 242+8), where k = 0,1,...,m-—1. 
Log z = log r + i(@ + 2nm), where p is an integer; 
Log z¥/™ = + log r + i(242+2 + 2p), where p is an integer 
_ “1 @ 2(k+ 
= log r+i[5+ 2 tmP) a), 
Since 0 < k < m-—1 and p is an arbitrary integer, k + mp is also an 
arbitrary integer. Let k + mp = q. 
Then Log z!/™ = 2 log r+ u(t + 297), where q is an integer and 
1 Logz = = log r+ i(£ + 227), where 7 is an integer. 
Therefore Log z1/™ = 2 Log z. 


Worked Examples. 
1. Verify that Log(—i)!/? = }Log(—*). 


—i=cos(—3) +7 sin(—4). 


$Log(—i) = 4[(2nm — 5)i] = (nt — *)i, where n is an integer. 
k 
Two values of (—i)/? are cos ahr t +4 sin “5-2, k=0,1 


ie., cos(—F) +7 sin(—4), cos 3E +i ‘sin SE, 


us 
4 
Now Log, leos(— 7) +4 sin(—%)] = (2mm — 7)i, and 
Log [cos 3% <7 +7 sin n 3] = (Qpn + 3)i = [(2p + 1) a — |i, where m, p 
are integers, 
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The values of Log (—i)!/2 can be exhibited as (nw — 7)t, where np; ig 
an integer. Hence Log (—i)!/? = 4Log(—‘). 


2. If z is real prove that i log => = 7 —2tan‘z, ifx>0 
— —7 —2tan~!2, ifx <0. 
Case 1. Let x > 0. 
Let r+ 7% =r(cos 9+i sin 0),0 <6 < %. Then & = rcos 9,1 ~ 
rsin @. Therefore cot @ = z. 


=t = log 08 9-isin @ — log[cos(—20) + isin(—2 4)}. 


cos @-+isin @ 


0<@< 5 => -1 < -20<0=> —26 is the principal argument. 


Therefore ilog 2 ae = i(—20)i = 28 ... (i) 


cotd =x => tan(? -O) = 2. O<0< 5 > 0< 5-8 < FE and 
therefore tan(% — enum eeaen 12 


*—26=7-2tan! 


From (i) ¢log 55 


Case 2. Let x < 0. 
siccel ce 6+7 sin 0),5 <@<7. Then coté@ =z. 


tii = log[cos(—24) + zsin(—2 4)]. 


5 <O< 4 > —20 < -26< —-17 30 < —204 20 < 1 > —264 Oris 
the principal argument. 
Therefore t log 575 = 1(—20 + 21)i = 26 — 2r ... (ii) 


cotd=x=> tan({—-@)=2. 5 <0<mT7>-t<-0<-F5-F< 


= —@ <0 and therefore tan(} ~ 0) = x gives $ -@ =tan-1z. 


log == 


From (ii) ilog ==! = —2(4 — 0) = —m — 2tan7! a. 


paw 
Case 3. ral x = 0. 
log = ae = ilog(—1) = i(mi) = = —7 —2tan—'z. 
3. Prove that sin[i log a—# = ey 


Note that (a,b) 4 (0,0), because otherwise anv is not defined. 


Let z= ot and let a+ib=r(cos +7 sin 0),-17 <0 <7. 
Then a=rcos 0,b=rsin @. 
Therefore z = S891 82% = cos(—26) + i sin(—2 6). 
arg z may not be equal to (—26); arg z = —26 + 2k, where k is 8 
integer such that —7 < —26 + 2kn <r. 


Therefore log z = (—20 + 2km)i, where —1 < —26 + 2kn <1. 


Hence sin(i log z) = sin(—2k7m + 20) = sin 26 = Bab, 
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4. Express Log [Log (cos 9+ sin 6)](0 < 6 < m) in the form A+ iB, 
where A and B are real. 

Log (cos +7 sin 6) = (8+ 2n7)i, where n is an integer. 
Case I. Let n > 0. Then 8+ 2nz > 0. 

mod [(9 + 2nm)i] = 6 + 2nz and arg [(0 + 2nm)i] = £. 

Therefore Log [Log(cos @ +7 sin @)] =Log [(6 + 2nz);] 

= log(9 + 2nm) + (2km + 5), where & is an integer. 

Case II. Let n < 0. Then 6+ 2nmr < 0. 

mod|[(@ + 2nm)i] = —(9 + 2nm) and arg [(6 + 2nm)i] = —F 


Therefore Log (Log(cos @+7% sin 6)] =Log[(@ + 2n7)i] 
= log[—(6 + 2nm)] + (2km — %)i, where k is an integer. 


2.14. Complex exponents. 


If a be a non-zero complex number and z be any complex number, a” 


is defined by 
a* = exp(z Log a). 


Since Log a is many-valued, a” is a many-valued function. The prin- 
cipal value of a? corresponds to the principal logarithm of a. 
Let a =r(cos 0+% sin 0),-7 <0< 7; and z=2+ iy. 
Then z Log a = (x + iy)[log r+i(2nm + 0)], where n is an integer 
= [x logr — y(2nn + 6)] + i[x(2nz + 6) + y logr]. 
Therefore a2 = e% ler—¥(2n7+8)[cos{a(Qnz + 6) + y logr} + 
i sin{z(2nn7 + 6) + y logr}|, where n is an integer. 
The principal value of a? corresponds to n = 0. 
The p.v. of a? = e* °€7—¥9[cos(z0 + y logr) +7 sin(z6 + y logr)] 
= exp[(z + iy) (log r + 70)] 
= exp(z loga). 


Particular cases. 
1. Let a be a positive real number and z be a complex number zx + iy. 
Then r = a, 6 = 0. 

a? = gtttv — et loga—2nry/eos(2Qnrx+y loga)+i sin(2nzxz+y loga)|, 
where n is an integer. 
The p.v. of a? is e* °€4/cos(y loga) +4 sin(y loga)}. 


In particular, if a = e, then 
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et tty = et —2nny [cos(2nmx + y) +i sin(2nmx + y)], where n jg 
integer. Therefore e*+i¥ has many values. 


The p.v. of e™+!v = @2 (cos y +i sin y) = exp(z + iy). 
Thus e* is a many-valued function and the principal value of e jg exp 
z. 
2. Let a be a negative real number and z be a complex number z +i 
Then a = rcos §+% sin 6, where r= b= —a and 0= 7. 


attty — et logb—(2n+1)ny [cos (2n+1)rx+y log b}+2 sin{(2n+1)re4 
y log b}], where n is an integer. 
The p.v. of a?+#¥ = et losb—"y(cos(ra + ylogb) +4 sin(ax + y log b)] 
= e* 18 lcos(y log b) +4 sin(ylogb)].e~7¥(cosmz +i sin mz), 
The p.v. of (—1)***¥ = exp{(z + iy) log(—1)] 
= exp[(z + iy)77] 
= e "4%(cos rz +i sin 72). 
Hence the p.v. of a*+*¥=(the p.v. of b***¥),[the p.v. of (1)? 49). 


3. Let a be a positive real number and z = z, a real number. 
Then r = a,0=0,y = 0. 


a® = e® !°8*(cos(2nrxz) +7 sin(2nmz)], where n is an integer and the 
p.v. of a® = e® lea, 


a* has infinitely many values having the same modulus e7!°E, In the 


complex plane they are represented by points on a circle whose centre is 
the origin and radius is e*!°8¢, 


Subcase (i). Let x be an integer. 


Then cos(2n7z) +7 sin(2nmx) = 1 and a? is the unique real number 
et loga ; 


Subcase (ii). Let z be a rational number t, where p and q are integers 
prime to each other (gq > 1). 


Then cos( #82P) +t sin("22) has only q distinct values and they 
correspond ton =0,1,...,q—1. 


Therefore a@ has only a finite number of values. 
The principal value of a is e4 !°S? (corresponding to n = 0). 
Subcase (iii). Let x be an irrational real number. 


Then sin(2n7z) # 0 for all integers n 4 0. Therefore a® has infinilé 
number of values, all of which excepting the principal value are non-Ié 
complex numbers. The principal value of a® js et log. 
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4. Let a be a negative real number and z = z, a real number. - 


Let a= —b, whereb>0. Thenr=6,0=7,y=0. 
at = e* '°8 *cos(2n + 1)rx +7 sin(2n + 1)rz], where n is an integer. 
The p.v. of a® is e* 18 *[cosrz +i sin ra). 
Now the p.v. of (—1)? = exp[z(z72)] 
= (cos mz +i sin 72), 
Hence the p.v. of a* =(the p.v. of 6*).[the p.v. of (—1)?]. 


5. Let a=cos +1 sin 6, where 0 is real and z = z + iy. 
Then a = (cos 6+% sin 0)*+v 
= exp((z + iy) Log (cos 6+ sin 0) 
= exp((x + iy)(2nm + 8):] 
= exp(—y(2na + 6) + 2(2nz + 6)i] 
= e ¥2nn+9) [cos 2(2na +6) +4 sin «(2nn + 4)| 
= e¥ ATE aicos(¢ Arg a) +3 sin(z Arg a)]. 
Hence the p.v. of (cos 9+sin @)*+* 
=e ¥ *84lcos(x arg a) +i sin(x arga)]. 
5a. Let a= cos 9+ sin 0, where @ is real and z = z, a real number. 
Then a® = (cos 6+7 sin @)* = [cos z(2n7 + 0) +i sin z(2n7 + 6)], 
where 7 is an integer 
and the p.v. of (cos 6+7 sin 6)” = cos(z arg a)+i sin(x arg a), where 
a=cos +12 sin 0. 
Subcase (i). Let x be an integer. 
Then (cos 6+ sin 9)? = cos 20+ sin x6. In this case (cos 6 + 
i sin 6)" has only one value. 
Subcase (ii). Let x be a rational number ©, where p and q are integers 
prime to each other (q > 1). 
Then cos(2nm + 6)= +7 sin(2nm + 0)® has only q distinct values. 
So in this case (cos +7 sin 0)" has only a finite number of distinct 
values and cos 29 +% sin x6 (corresponding to n = 0) is one of these. 
The principal value of (cos 6+7 sin 6)a is cos(* arga)+2 sin(“ arga), 
where a = cos 641 sin 6. 
Subcase (iii). Let x be an irrational real number, then (cos 8+% sin 6)? = 
cos x(2n7 +6) +isin x(2nm +), where n is an integer and cos + + 
t sin z@ (corresponding to n = 0) is one of these values. 
The principal value of (cos +2 sin 0)” is cos zarga+i sin rarga, 
where a = cos 6+ sin 0. 
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Thus if a = cos 9 +i sin 0, where -7 <9 7, 
2, eo 
(i) the principal value of (cos 9+% sin @)¢ is cos FO+% sin F@ 
P,q are positive integers prime to each other; 


(ii) the principal value of (cos @ +1 sin 0)” is cos 26 +4 sin x6, j¢ 
See: rn z be 
utational. 


» Where 


Examples. 
1. if x,y be real, 
1*t¥ = exp|(x +iy)Log 1|=exp[(x + iy) (2n77)|, where n is an integer 
=e2""¥[cos 2nxz + isin 2nrz]. 
In particular, if y = 0, then 
1° = [cos 2nxz +isin 2n72], where n is an integer. 


(i) If x be an integer, [cos 2n7z + isin 2nma] = 1 for all n. Therefore 
Le 


(ii) If x be a rational number “ where p,q are integers prime to each 
other (q > 1), [cos 2n7.2 +isin 2n7.®] has q distinct values. Therefore 
there are q distinct values of 1° in this case. 
(iii) If x be an irrational number, 17 = [cos 2n7xz + isin 2n7z], wheren 
is an integer. 

Since z is irrational, sin2n7z # 0 for all integers n # 0. For n=0, 
sin2n7x = 0 and cos2n7z = 1. Therefore there are infinite number of 
values of 1” of which one is real and all others are non-real. 


2. If x,y be real, 
(—1)°*'Y = exp[(x + ty)Log (-1)] 
= exp[(z + iy)(2n + 1)i)], where n is an integer 
= e @n+))¥/cos (2n + 1)ra +isin (2n 4 1)rz]. 
In particular, if y = 0, then 
(—1)* = [cos (2n + 1)ra + isin (2n + 1)rz], where n is an integer. 
(i) If x be an integer, [cos (2n + 1)rz +isin (2n+ 1)ra2] = +1 according 
as x is even or odd. Therefore (—1)* = +1 according as x is even OF odd. 
(ii) If z be a rational number #, where p,q are integers prime to each 
other (q > 1), [cos (2n + 1)r.2 +isin (2n + 1)n.F] has q distinct values: 
Therefore there are q distinct values of (—1)* in this case. 
(iii) If 2 be an irrational number, (—1)* = [cos (2n + 1)rz + 7si0 (2n+ 
1)ra], where n is an integer. 
Since = is irrational, sin(2n + 1)ra ¥ 0 for all integers n. Ther® 
there are infinite number of values of (~1)* all of which are non-re™ 


fore 
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Properties. 


1. If 21,22 and a are complex numbers where a + 0, 
a”) .q72 4 q7itz2 | 
but (the p.v. of a*1).(the p.v. of a?2) = the p.v. of a#1+2, 


Proof. a™ = exp(z, Log a) 
= exp[zi(log a+ 2nmi)], where n is an integer; 

a*2 = exp|z2(log a+ 2mmi)], where m is an integer; 

a +72 = exp[(z; + z2)(log a + 2pmi)| 

= exp[(z1 + z2) log a + 2p(z, + z2)ri], where p is an integer. 

a*1.a72, =  explz(log a+ 2nzi)]. exp[zo(log a + 2mzi)| 

exp[zi (log a + 2nmi) + zo(log a + 2mzi)] 
= exp((z1 + z2) log a+ 2(nz) + mze)ni]. 


When m,n,p are arbitrary integers, the set of complex numbers 
p(z, + z2) is a subset of the set of complex numbers nz, + mz2, but 
not conversely. 

Therefore a7!.a72 4 a71 +2, 

But the p.v. of a7! = exp(z; log a), the p.v. of a?? = exp(zg log a) 
and the p.v. of a”1+?2 = exp[(z1 + z2) log al. 
Therefore (the p.v. of a**).(the p.v. of a7?) = the p.v. of a71+72. 


2. If z,a and b are complex numbers and ab # 0, (ab)* = a”.b”, but the 
p.v. of (ab)? # (the p.v. of a”).(the p.v. of 6”). 


Proof. a* =exp(z Loga), 6? = exp(z Log )), 
(ab)? = exp|z Log(ab)]. 
exp[z Log (ab)] = exp(z Log a+ z Log b) 
exp(z Log a). exp(z Log b). 
Therefore (ab)* = a’.b’. 
The p.v. of a? = exp(z log a), the p.v. of b* = exp(z log b) and the 
p.v. of (ab)? = exp(z log ab). 
But log ab # log a + log a, in general. 
Therefore the p.v. of (ab)* # (the p.v. of a*).(the p.v. of 67). 


3. If a and z are complex numbers and a £0, 
Log a* = z Log a + 2nzi, where n is an integer. 


Proof. Let z=x+iy,a=r(cos 9+i sin 0), where -7 <0 <7. 
Then z Log a = (2 + iy)[log r+ i(9 + 2mz)|, where m is an integer 
= clog r—y(2mm + 0) +1[z(2ma + 8) + y log 7]; 
and a? = e® ls r—¥(2m7 +9) eos{x(2mm + 0) +y log r} +7 sin{z(2max + 
9) + y log r}J. 
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Hence Log a* = [x log r—y(2mm+6)]+i[x(2mr+6)+y log > 
where n is an integer Fon 


= z Log a+ 2nz1. 


Worked Examples. 
1. Find the general values of 2’. 


4° 


ll WW 


exp(i Log 1) 

exp[i(2na + $)i], where n is an integer 
= exp[—(4n4+1)5] = e Gute, 

Note. The values of 7’ are all real. 


2. Find the principal value of (1+ 7)' 
1+%4= V2(cos% +i sin $). 
Log (1+i) = 3 log 2+i(2na+ 4), where n is an integer and log(1+) = 
4 log 24 3. 
Hence the p.v. of (1+ %)* exp|i log(1 + 7)] 
exp[—% + (log 2)i] 
e~ 4[cos(3 log 2) + isin(4 log 2)). 


I 


3. Show that the ratio of the principal values of (x + iy)¢*” and (2 - 
iy)*—®?, where x, y, a,b are real, is 


(i) cos2(blog r + a0) + isin2(blog r+ a@), where r = |z + iy|, 6 = 
arg(x + ty) #7; 


(ii) e~?°*[cos(2blog r) + isin(2blog r)], where r = |x|, arg(x + iy) =7. 


Let 2 + iy = r(cos 0+isin 6),-7 <@0< 7. Thenr = |x + iy 
6 = arg(z + iy). « —iy=r(cos 6—isin 6) = r[cos(—6) +isin(—9)]. 

arg(x — iy) = —@ provided 0 # m. If 6 = 7, then arg(x — ty) =7. 
Case 1. 6 = arg(x+ iy) #7. 


The p.v. of (x + iy)?t® = exp[(a + ib) log(x + iy)] 
= exp[(a + ib)(log r + 76)] 


= exp[(alog r — 68) + i(blog r+ a6)}. 


The p.v. of (x — iy)?~® = exp|(a — ib) log(x — iy)] 
= exp[(a — ib)(log r — i6)] 


= exp[(alog r — b6) — (blog r + a6)}. 
The ratio = exp[2i(blog r + aé)] 
= cos 2(blog r+ a) + isin2(blog r+ a6). 
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Case 2. 6 = arg(z + iy) = 7. 
The p.v.of (x + iy)?* = exp[(alog r — br) + i(blog r+ar)]. 


The p.v. of (x — iy)*~* = exp|(a — ib)(log r+ im)| 
= exp((alog r+ br) — i(blog r —ar)}. 
The ratio = exp[—2bm + 2iblog r] 
= e**[cos(2blog r) + isin(2blog r)]. 


4. Discuss the reality of 24, where x, y are both irrational. 


Case 1. x > 0. 
z¥ = exp[y Log z] = exp[y(log x + 2nzi)|, where n is an integer 
= e¥ 67 /e0s nym + sin 2nyr}. 
For n = 0, sin 2nym = 0 and cos 2nyn = 1. sin 2nymr £ 0 for all n £ 0. 


Therefore z¥ has infinite number of values of which only one is real 
and all others are non-real. 


Case 2. x < 0. Let x = —t, where t > 0. 
z¥ = (—t)” = exply Log (—t)] = exp[y{log ¢ + (2n + 1)74}] 
= e468 t/cos(2n + 1)ym + isin(2n + 1)yr]. 


Since y is irrational, sin(2n + 1)yz is non-zero for all integers n. 


Therefore x¥ has infinite number of values all of which are non-real. 


2.14.1. Definition of Logaz, where a and z are non-zero complex 
numbers. 


We define Logaz = w such that z is any value of a”. 
We have a” = exp (w Log a). Therefore z =exp (w Log a). 
This gives Log z = w Log a 
= Log z 
or, WwW >= Ieee 
Thus w is a doubly infinitely many-valued function of z. 


For example, 
: (2n+1)7i P ; 
(i) Log;(—1) = Cmt1)E0? where m and n are integers; 
2 


(ii) Log.(1) = wiaet where m and n are integers; 


(iii) Log.(—1) — ee where m and n are integers. 
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Exercises 2B 


1. (i) If €xp z is positive real, prove that 
Im z = 2n7, where n is an integer. 


(ii) If exp z is negative real, prove that 
Im z = (2n+1)z, where n is an integer. 


(iii) If exp z is purely imaginary, prove that 
Im z= (2n+ 1)%, where n is an integer. 


2. Find all values of z such that 
(i) exp z=-2, (ii)expz=4i, (iii) exp Z=1+44, 
(iv) exp(2z + Z) =34+4i. 


3. If aexp(i0) + bexp(3i?) = c where a,b,c are all real, prove that either 
a+ b= +e, or b(b—a) =c’. 


4. Prove that 

(i) cos = + cos 3% u ™ 4 cog 3% 1 74 cos @ H ™ 4. cos i a 

(ii) cos 5 + cos 3% + cos 3% + cos 4% + cos 9% + co 
5. Find (i) Log4,log 4; (ii) Log (—4), log (—4); 

(iii) Log 4i,log 47; (iv) Log (—4z), log (—4?). 

6. Show that (i) log i + log(1 +72) = log 7(1+ 2), 

(ii) log ¢ + log(—1 +7) 4 log i(—1 +3), 

(iii) Log(1 + i)? # 3 Log (1 +4) but log(1 + 2)° = 3log(1 + 4). 
7. Express in the form A+iB where A and B are real 

(i) log(sin +12 cos 0), O0<O0<F 

(ii) log(sin 6-7 cos 6), 0<0<f 

(iii) log(1 +7 cot 0), $<O<_a 

(iv) log(1 + cos 26+7% sin 20), 5 <O<7. 


8. Ifa >0,b>0 and z= 532s | show that 


1 2ab 


log z=i tan” =" ifa>b 
= i(m + tan? 724, ifa<b 


ae 
= 45 ifa = b. 


(Hint. Let z = r(cos 9+7 sin 6),-7 <6 <r. Then r = 1,cos 0 = 2gzn.sin 8° 
itr: Ifa > 6,0 = tan” 1 ab. Ifa<b,6é=n+tan7! pat. 


9. If x be real, prove that ilogtt =-—n7+2tan'a, if > 0. 


=n7+2tan7' a, ife <0. 
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itis 


10. If x be real, prove that ilogy = pane, 


11. Show that 


(i) if z be a non-zero complex number, Log 1 = —Log z but log} may not 
be equal to — log z; 2 


(ii) if a and z are complex numbers and a ¥ 0, a~* = 1/a” and also the 
p.v. of a~* = the p.v. of 1/a’. 


12. Find the general values and the principal value of 

(i) 27, (ii) 23, (iii) 27, vy (-1)¥, 

(v) 34, (vi) (-1)*, (vii) @Q 4), (viii) ost), 
13. Show that 


: - 4n+1 : 
(i) Logit = ae , where m,n are integers. 


o (2n+1 
(ii) Log2(—1) = Se, where m,n are integers. 


14. Show that 

(i) the p.v. of (+)* is equal to the ratio of the principal values of i‘ and 
(-i)'; 

(ii) the p.v. of (=*)* is not equal to the ratio of the principal values of (—i)* 
and 7’. 


15. Show that (i) \/i(-1+%) 4 Viv—-1 4%; (ii) fi. — 4) = Viv 7. 
16. Show that the ratio of the principal values of (1 +7)’~* and (1 — i)!** is 
sin(log 2) +2 cos(log 2). 
17. If a,b, x are real and |a + ib| = 1, prove that (a + ib)** is purely real. 
18. If z be a non-zero real number, prove that 
x’ =e ?""[cos(log x) +% sin(log x)], when rz > 0 
= e~@"+))" [cos log(—z) +7 sin log(—z)}, when x < 0. 
19. If a,b are positive real numbers and a” = b, show that the general values 
of z are given by 2 =p m,n being integers. 
20. If i? =i show that z is real and the general values of z are given by 


4m+1 
4n+1 


21. Find the general values and the principal value of i***Y where 2, y are real. 


Show that the principal value is purely real or purely imaginary according 
as x is an even or an odd integer. 


i , m,n being integers. 
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22. Find the general values of {o(cos p+i sin )]'* where o > 0, 7 < 
and z is a non-zero real number. Show that the points Tepresenting th Sn 
the complex plane are collinear. ma 


23. (i) Show that (\/2)¥? has infintely many values, all of which e 
Principal value, are non-real complex numbers. 
Show that the points representing them lie on a circle in the complex pla 
ne, 


XCepting the 


(ii) Show that (-V2)¥3 has infintely many values, all of which are n 
real complex numbers and the points representing them lie on a Circle in : ‘ 
complex plane. : 


24. Find the general values of [o(cos y+ sin 7)“*t*”], where og > Oise 
w <7m,u and v are real. . 


If u 4 0,v #0 show that the points represented by them lie on t 


hee ui 

lan. 

(u2 402) Quian. 
u 


gular spiral r =o .e= © in the complex plane. 


[ Hint. Let [o(cos py +i sin 7)]"+*¥ = p(cos ¢+i sin ¢). 
Then p = e¥ log c—v(QQnr+¥) 6 = y log o + u(2nm + w). 


u2z4y2 —v 
Therefore p = e% log o—(¢—v log o)v/u —g a eu 9%] 


2.15. Trigonometric functions. 


In Art. 2.12 we have seen that when y is real, 
exp(ty) = cos y+ sin y. 
Therefore exp(—iy) = cos y —i sin y. 


These relations determine cos y and sin y in terms of the exponential 
function. 


exp(ix)—exp(—iz) 


When z is real, cos x = sin z= = 


exp(iz)+exp(—iz) 
2 


When z is complex, cosine and sine functions are defined by 


exp(2z)+exp(—iz f (i )- =3 
€0S z == Sepltz) texp(-12) am P d sin z = Sxpliz)—expl ay 


22 
The other trigonometric functions are defined by 
__ sin z paeeeee | _ 1 __ cos 2 
tan Z2= G55 7) S€C Z=Bpp) cosec z eee cot 2=Sn az: 
Properties. 


1. When z is a complex number, cos? z+ sin? z = 1. 


t++ : t—1 
Proof. cos z =—5* and sin z = ai") where t = exp(iz). 


2 
Therefore cos? z+ sin? z= 1{(t+ 1)2 4 (f-2)2}=1. 
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2. If z1,Z2 be complex numbers then 


sin(z, + 22) = sin z, cos z2+cos 2, sin Ze, 
cos(z, + z2) = cos z1 cos Zz —sin z, sin zp. 


Proof. sin(zi + z2) 2 S*P 1(z1+2z2) ee —i(zitz2 


— exp(iz1).exp(iz2)—exp (—iz1). exp(—iz2) 


2 
titz—~- ; 
= ——5;*~*, where t; = exp(iz:), t2 = exp(iz2) 
_ t17tg?-1 
27 tyit2 
an (t1?—1)(t2?+1)+(t12+1)(t2?-1) 
4i t1t2 


_ (amg) Gate) | (ate) a-2) 
2a 2 2 “Qt 


= sin 21] COS 22+ COS 2] SiN Zg. 
e [i(z +22)]+ex [—i Z+z )} 
cos(z1 + z2) =~ 1 a (21 +22 
_ exp(izy ). exp(iz2)+exp (—iz1). exp(—iz2) 


tyte+ 7 
= Seage , where t; = exp(iz), to = exp(iz2) 


_ ty2t2?+1 
2 tit2 
(t,?+1)(t2?+1)+(t1?-1)(t2?—-1) 
4 tito 

1 1 1 1 

= (ti+z-) (te+q2) _ (ti-z) (t2—45) 
2 ° 2 2a °) 

= COS 21 COS 22 —SiN 2, SIN 2. 


3. sin(z + 7) = —sin z, cos(z +7) = —cos z, tan(z + mT) = tan z, 


sin(z + 27) = sin z, cos(z + 2m) = cos z. 


Proof. sin(z + 7) = sin z cos 7+ cos z sin 7 = —sin z 
cos(z +) =cos z cos —sin z sin 7 = —COS z 
sin(z+7) —sin z 
= OS = Zz 
tan(z + 7) cos(z+7) —cos z tan 


sin(z + 2m) = sin z cos 2m + cos z sin 2m =sin z 
cos(z + 2) = cos z cos 2m — sin z sin 27 = Cos z. 


Note. sin z and cos z are periodic functions of period 27; tan z is a 
periodic function of period 7. 
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4. lf z,y are real, 
sin(xc + iy) = sin x cosh yti cos x sinh y, 
cos(x + iy) = cos x cosh y—i sin x sinh y. 


Proof. sin(a + iy) —2Pli x+iy 5 —i(z+iy) 
= 6 (cos ert sin 2) 0" (cos et sin 2) 
2% 


e v —-B VoOo 
= sin x. te — cos £.23$— 


i 
= sin z cosh y+2 cos x sinh y. 
cos(x a iy) __©xp let iy)] +expl—s(o+iv)] 
_ e (cos z+i sin r)+e¥(cos z—i sin 2) 
_ 2 
=cos ¢.Ste —j sin 2. e— 
= cos x cosh y—i sin z sinh y. 
The right hand side expressions give the real and imaginary parts of 
sin z and cos z, when z is a complex number. 
It follows that 
| sin(z + iy) |? = sin? x cosh? y+ cos? x sinh? y 


= sin* x cosh? y+ (1 —- sin? xr) sinh” y 
= sin?x+4+sinh? y. 


| cos(a + iy) |? = cos*z cosh? y+ sin? x sinh? y 
= cos? cosh” y+ (1—cos? x) sinh? y 
= cos? +sinh’ y. 


Since sinh y increaes steadily with y, it follows that the functions 
sin z and cos z are not bounded in absolute value. But if x be real, the 
functions sin z and cos z are bounded in absolute value, as | sin = | and 
| cos x | are never greater than 1. 


5. When z is a complex number, 
sin Z = sin z, cos Z = Cos Z and tan Z= tan z. 


Proof. Let z = x + ty, where 2, y are real. 


sin x cosh y+ cos x sinh y. 

sin x cosh(—y) +74 cos x sinh(—y) 
sin z cosh y—i cos x sinh y 
sin z. 


sin z = sin(z + zy) 
sin Z = sin(z — ty) 


l 
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Similarly, cos Z = CoS Z and tan 7 —S22 — sin 2 (Sinz) { 


2.16. Hyperbolic functions. 


When z is real, the hyperbolic functions cosh 2, sinh z, ... are defined 
by 


zx —-=£ . tp ° 
cosh z =* xs » sinh g =S > tanh 7 =Sab2 


? cosh z 

sech x a cosech ¢ =——)— coth x — cosh 

cosh x? sinh zx’? sinh zx’ 
Properties. 


1. cosh? x — sinh? x = 1, sech?x + tanh? 7 = L, coth? x—cosech?x = 1. 
Proof follows from the definition. 

2. cosh(—x) = cosh 2, sinh(—z) = —sinh 2, tanh(—z) = — tanh z. 
Proof follows from the definition. 

3. cosh x > 1 for all real x. 


Proof. Considering two positive numbers e* and e~* and applying A.M. 
> G.M., we have 

ete ™ > Ve*.e—*, the equality occurs when e” =e”. 

or, cosh x > 1, the equality occurs when z = 0. 


4. For all real z, sinh x increases steadily with x and assumes every real 
value only once. 


Proof. “(sinh 2) = = cosh z. 


Since # (sinh x) > 0 for all real z,sinh zx increases steadily with z. 
Let ¢ be an arbitrary real number. 


sinh s =t > e7 —e7* = 2t 
or, e27 — 2¢ e* —1=0. 
Therefore e™ = t+vt?+1, since e? >0 
or,z = log(t+ vi? +1). 


Therefore for an arbitrary real t, x is a unique real number. 


When z is complex, the hyperbolic functions cosh z,sinh 2, ..... are 
defined by 
exp z+exp(—z) : __ exp z—exp(—z) __ sinh z 
cosh z = ; , sinh z= 9 , tanh z=cho 
eal =e ee — cosh z 
sechz=—+—, cosech z= Sang cothz=2 7° 
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Properties (continued). 


t . 2 5s, 2 2 — 1. 
5. When z is a complex number, cosh” z sinh” z 


1 
t 1 * t-—<= _— . 
Proof. cosh z= ams and sinh z = —;t, where t = exp 2 


2 een ey 
Hence cosh” z— sinh? z= 4{(t+ $)? — (t+ ¢) }= G41 
6. If z1, z2 be complex numbers, 
sinh(z; + z2) =sinh z; cosh z2+cosh z sinh 22, 


cosh(z, + z2) = cosh z cosh z2+ sinh z sinh 22. 


: exp (21+22)—exp(—21—22 
Proof. sinh(z; + 22) — &xp (21 +22) —exp(—21 22) : 
__ exp z1.exp z2—exp(—z1). exp(—z2) 
_ 2 


ii 
= a where t; = exp 21,t2 = exp 22 
_. ty2te?—-1 

2 t1t2 

__ (t12?—1)(t2? +1)4 (t1?+1)(t2?—1) 
~~ 4 tite 
(ti-e) (tz) 4 (ti+¢,) (t-%) 

2 7 2 2 7 2 
= sinh z, cosh z2+ cosh z, sinh 2. 


— 
— 


Proof of the second part left to the reader. 


7. When z is a complex number, 
cos(iz) = cosh z, sin(iz) =4 sinh z, 
cosh(iz) = cos z, sinh(iz) =i sin z. 
These follow from definitions. 
8. If z,y are real numbers, 
(i) sinh(# + iy) =sinh x cos y+i cosh z sin Y; 
(ii) cosh(x + iy) = cosh x cos y+i sinh z sin y. 


: . exp(xr+iy)— 23 
Proof. sinh(x + iy) = p(e-+iy xP r—iy) 
— (cos yti sin y)—e7*(cos yi sin y) 
: 2 


e” —e* 


= F— cos y + iste sin y 
= sinh £ cos y+ cosh = sin y. 
(ii) Proof left to the reader. 
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9. cosh z and sinh z are periodic functions of period 27i, tanh z is a 
periodic function of period 7i. 


Proof. cosh(z + 2k7i) = cosh z cosh(2k7i) + sinh z sinh(2k7i) 
= cosh z cos(2k7) +7 sinh z sin(2k7) 
= cosh z, if k be an integer. 
sinh(z + 2k7i) = sinh z cosh(2k7i) + cosh z sinh(2k7i) 
= sinh z cos(2k7) +1 cosh z sin(2k7) 
= sinh z, if k be an integer. 
It follows that cosh z and sinh 2z are periodic functions of period 277. 
cosh(z+k7i) = cosh z cos(km) +i sinh z sin(k7) 


= (-—1)* cosh z, if k be an integer. 


sinh z cos(k7) +4 cosh z sin(k7) 


sinh(z + kr) 
(—1)* sinh z, if k be an integer. 


I 


Therefore tanh(z + k7i) = tanh z, for all integers k and so tanh z is 
a periodic function of period 77. 


Worked Examples. 
1. Find all values of z such that cos z = 0. 
Let z= 2 + ty. 
Then cos z=0 =>. cos x cosh y=0 sas aes. “WD 
and sin z sinh y=0 oe. eee. °C) 


From (i) cos z = 0, since cosh y # 0. 

Therefore x = (2n + 1)5, where n is an integer. 

From (ii) sinh y = 0, since sin x = sin(2n + 1) #0. 
Therefore y = 0. 

Hence z = (2n + 1)3, where n is an integer. 


2. Find all values of z such that sin z = 0. 


Let z= 2+ iy. 
Then sinz=0 => sinzcoshy=0  .. ... (i) 
and coszsinhy=O .. ... (ii) 


From (i) sin 2 =0, since cosh y # 0. 
Therefore = nz, where n is an integer. 


From (ii) sinh y= 0, since cos s = cos nx #0. 
Therefore y = 0. Hence z = nz, where n is an integer. 
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3. Find the general solution of cos z = 2. 


cos z=2 
=>t+ é = 4, where t = exp(iz) 
=> t?~d4t+1=0. 


Therefore t = 2+ V3. 


When t=2+¥V3, iz = Log (2+V3) 

= log(2+ V3) + 2nzi. 
Therefore z = 2nn —i log(2 + V3). 
When t=2-—¥3, iz = Log (2-3) 


= log(2 — V3) + 2nzi. 
Therefore z = 2nm—i log(2— V3) 
= Inn+i log(2+ V3). 
Combining, z = 2nx +i log(2 + V3), n being an integer. 


4. Find the general solution of sin z = 2. 


sin z= 2 

=> t—+ = 4i, where t = exp(iz) 
=> t? — dit-1=0. 

Therefore t = (2+ V3)i. 


When t=(2+¥V3)i, iz Log (2+ V3)i 
= log(2+ V3) + (2na + 3)i. 
Therefore z = 2nn + {% — 4 log(2 + V3)}. 
When t=(2-—¥3)i, iz = Log (2—¥V3)i 
= log(2-— V3) + (2nm + £)i. 
Thereforez = 2nn+% —i log(2— V3) 
(2n + 1)x — {% ~i log(2 + V3)}. 
Combining, z = nm + (—1)"{F —i log(2+ V3)}, n being an integer 


5. Find the general solution of tan z = 2 +7. 
tan z = (2+2) 


ra er 

=> ot = i(2+ ip where t = exp(iz) 
+4 
— —2 

= P= 57 = 9 + Bi. 


Therefore 2 iz =Log(—4 f i) 
= Hog} +(2nn + 32 St )i, since | 2 + Lil= % 


principal amplitude of (-3 + a i) is sr. 


Therefore z =n + 8% + tlog 2 n being an integer. 


and the 
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6. Find the general solution of cosh z = —2. 
cosh z = —2 
>t+}=-4, where ¢ = exp z 
=>t?+4t+1=0. 
Therefore t = —2+ V3. 
When t=-2+¥V73, z = Log (-2+ V3) 
= log(2— V3) +.(2na+ n)i. 
Log (-2— v3) 
log(2 + V3) + (2nm + n)i. 
Combining, we have z = log(2 + V3) + (2n + 1)ai. 


When t=-2-V3, z 


7. Find the general solution of sinh z = 2%. 
sinh z = 2% 
=>t— F =4i, where ¢ = exp z 
=> t?-4it-1=0. 
Therefore t = (2+ V3)i. 
When t=(24+ V3)i, 2 Log (2 + V3)4 
log(2 + V3) + (2nm + 3)i. 
Log (2 — V3)i 
= log(2— V3) + (2nm + 3)i. 
Combining, we have z = log(2 + V3) + (2nm + 3)i. 


I 


When t=(2-V¥2)i, z 
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8. If tan(9+7 ¢) =tan 8+ sec B where 0, ¢, f are real and 0 < 8 < 7, 


show that e*? = cot 8 and @=nn+35+4+5. 


sin(6+id) __ sin B+i 
cos(@+i¢) ~ cos B 


or, c0s(9+i d)+é sin(O+i d) _ cos B+i sin B—1 


cos(0+i ¢)—i sin(O@+i¢) ~ cos B—i sin B+1 


or, 2xpi(etid) _ -? sin? 242: sin 2 cos 4 
» exp —7(0+% ?) 2 cos? z —2i sin z cos z 


2 
ae 2i sin 2 (cos 244 sin 2) 
or, exp 27(0+7 ¢) eee D(eae A ne) 


or, e~24(cos 20+% sin 20) =i tan $(cos B+ sin A). 


Therefore e~?? cos 20 = — tan B sin 3, e~??sin 20 = tan B cos f. 


We have e~*? = tan? g and this implies e~?? = tan g since tan § > 


0, ie., e?? = cot g. 
Also cos 26 = —sin £ and sin 20 = cos f. 
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These determine 20 = 2nz + 5 +f, ie. @=nw + my g 


9. If log sin(@ + if) = a +7 8 where 8, ¢, a, B are real, prove that 
(i) 2 cos 20 = e2¢ + e— 7? — 4e?, 
(ii) cos(@ — B) = e?* cos(6 + £). 
Let sin(@ + if) = p(cos ~ +7 sin ), where —7 <p <q. 
Then log sin(9 +7 ¢) = log p +1 and therefore a = log p g . =% 
We mia p cos yw = sin 6 cosh ¢, p sin yy = 008 6 sinh 6 
therefore p? = sin? @ cosh? ¢+ cos? @ sinh® ¢ = sin? 6 + sinh? d. 
2a = 2log p = log(sin? 6+sinh” ¢). 
Therefore e?* = sin? 9+sinh” ¢ = 3(1—cos 20) + (527% ya 
or, 4e?* = 2-2 cos 20+ 67% +e? —2 
or, 2 cos 20 = e2¢ + e~?? — de, 


. = i . eee. i 
Again, cos B — sin é cosh 2 sin B — cos osink g 


Therefore tan 2 tan 6 = tanh ¢ 
1+tan 8 tan 6 _ 1+tanh @ 


Ol, i tan B tan 6  1-—tanh ¢ 


cos(@—8) __ cosh ¢+sinh ¢ 


OF, os(@+8) — cosh ¢—sinh ¢ 
or, cos(@ — 8) = e”? cos(6 + B). 
10. If z = log tan({ + 8) where @ is real, prove that 
6 = —i Log tan({ + 75). 


Since @ is real, x is real. 


1+tan 2 
x = tan(Z + + £)= eal 


1-— —tan 5 


g@ _e*—1 
Therefore tan 5 =<2y] 


OF, 4y¢-1— “ez ee where ¢ = exp(*") 
y a i sinh Z sin 22 . 
o, St = — 2 = —#= tan? 
> ¢241 cosh $ cos 2 


2 1+tan iz 
or, &° =Trtan = 
or, exp(i 6) = tan(Z + iz) 


or, 0 = —i Log tan(Z +79). 
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11. Ifz=2+ ty, prove that 
(i) | sinh y|<| sin z|< cosh y; 
(ii) | sinh y |<| cos z|< cosh y. 
(i) sin z=sin(x+iy) =sin x cosh y +7 cos x sinh y. 


2x cosh” y + cos? x sinh? y * 


2 x) sinh? y 


Therefore | sin z |?= sin 
= sin? x cosh” y + (1 — sin 
= sin” x + sinh? y 
<1+sinh? y = cosh? y. 

Therefore | sin z |< cosh y, since cosh y is positive for all real y. 

|sin z [?= sin? x + sinh? y =| sin z |?> sinh? y 

or, |sin z|>| sinh y |. 

Therefore | sinh y |<| sin z |< cosh y. 

(ii) Similar proof. 


2.17. Inverse functions. 


1. Let z be a given complex number and w be a complex number such 
that sin w = z. Then w is said to be an inverse sine of z. 


sin w= 2 => cos w=4+VJ1— 2z?. 
Then exp(iw) = iz + V1 — z? 
or, w= —i Log(iz + V1 — z?). 
Since Log z is a multiple-valued function of z,w is a multiple-valued 
function. The values of w are denoted by Sin~!z. 


The principal value of w is obtained by choosing cos w = V1 — z? 
(the principal square root of 1 — z*) and taking the principal logarithm. 
It is denoted by sin~? z. 


Therefore Sin-+z = —i Log(iz + V1 — z*) 
and sin-+ z = —i log(iz + V1 — z?). 


2. Let z be a given complex number and w be a complex number such 
that cos w = z. Then w is said to be an inverse cosine of z. 


cos w=z=>>sin w=+V1- 2’. 
Then exp(iw) = z+iv1 — 2? 
or, w= —i Log(z tiv1 — 2”). 


Since Log z is a multiple-valued function of z,w is a multiple-valued 
function. The values of w are denoted by Cos~*z. 
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The principal value of w is obtained by choosing sin w = viz 


(the principal square root of 1 — z”) and taking the principal logarithm 
It is denoted by cos~? z. 


Therefore Cos—!z = —i Log(z £iv1 — 2?) 
and cos™! z = —i log(z + iv1 — 2?). 


3. Let z be a given complex number and w be a complex number suc}, 
that tan w = z. Then w is said to be an inverse tangent of z. 


tan w= z =o = = iz, where t = exp(iw) 
or, (1~iz)t?-—(1+iz) = 
t cannot be determined if 1 — iz = 0, i.e., if z= -7. 


Again, since t = exp(iw) # 0, therefore 1+ iz #0, ie., z#i. 
Therefore ifz#+i, 7? =H 


or, exp(2iw) = 


or, w=-—zi Log riz 


w is a multiple-valued function. The values of w are denoted by 
Tan! z. 


The principal value of w is obtained by taking the principal logarithm. 
It is denoted by tan™? z. 


Therefore Tan-1z = —4i Log ++ Liz» provided z # +i 


and tan-! z = —4i log te , provided z # +i. 


In a similar manner the inverse of other trigonometric functions can 
be defined. 


4. Let z be a given complex number and w be a complex number such 
that sinh w = z. Then w is said to be an inverse sinh of z. 


sinh w= 2z=>t— + =2z where t = exp w 
st=ztvVz22 +1. 
Therefore w =Log(z + Vz? +1). 


w is a multiple-valued function. The values of w are denoted by 
Sinh™*z. 
Therefore Sinh~!z =Log(z + Vz? +1). 
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5, Let z be a given complex number and w be a complex number such 
that cosh w = z. Then w is said to be an inverse cosh of z. 
cosh w=z=>t++=2z where t = exp w 


>t=ztvVJz2-1. 
Therefore w =Log(z + Vz? — 1). 
w is a multiple-valued function. The values of w are denoted by 


Cosh~'z. 
Therefore Cosh~!z =Log(z + Vz? — 1). 


6. Let z be a given complex number and w be a complex number such 
that tanh w = z. Then w is said to be an inverse tanh of z. 
tanh w=z> tt = z, where t = exp(w) 

or, (1—z)t-(1+2z)4 =0 

or, (1—z)t? -(1+z)=0. 

t cannot be determined if z = 1. 

Again, since t = exp(w) #4 0, therefore 1+ z #0, ie., z #4 ~1. 

Therefore ifz#+1, ¢? = 72 or, w= $§ Logi#. 

w is a multiple-valued function. The values of w are denoted by 
Tanh~!z. 


Therefore Tanh~'z = 5 Log;+#, provided z # +1. 


In a similar manner Cosech~! z, Sech~! z, Coth~! z can be defined. 


Worked Examples. 
1. Find Cos~1(2), cos~1(2). 
Let Cos~1(2) =z. Then cos z= 2. 
sin? z+cos? z= 1 gives sin z = +V3i. 
We have exp(iz) = cos z+i sin z=2+ V3. 
When exp(iz) =2—-V3,z = —i Log (2- V3) 
= —iflog(2— V3) + 2n7i] 
= nn —i log(2— V3) 
= Anna t+i log(2+ V3). 
When exp(iz) =2+73,z = i Log (2+ v3) 
= —-iflog(2+ V3) + 2nzi] 
Inn — i log(2 + V3). 
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Therefore Cos ~1(2) = 2nm+i log(2+ V3), 
and cos~!(2) i log(2 + V3). 
2. Find Sin-1(2), sin71(2). 
Let Sin71(2) =z. Thensin z= 2. 
sin? z+ cos? z=1 gives cos z= +V3i 
We have exp(iz) = cos z+i sin z = (24 V3)i. 
When exp(iz) = (2+ V3)i,z = —i Log (2+ V3)i 
= —illog(2+ V3) + (2nn + 1); 
= (2nm+ 5) —% log(2+ V3) 
= nn + {FZ —7 log(2+ y3)}. 


When exp(iz) = (2— V3)i,z = —i Log (2- V3)i 
= —iflog(2— V3) + (nn +2)j 
= (2nn + 3) —7 log(2—- v3) 
(2n + 1)m — {§ —74 log(2 + v3). 


Therefore Sin7'(2) = nx+(-1)"{3 —i log(2+ V3)}, 
and sin-1(2) = %—i log(2+ V3). 


I 


3. Find Cos—!(—1), cos~1(—1). 
Let Cos-1(—1) =z. Thencos z= -1. 


1-2 
or, t@ + 2t+1=0 
or, £=-1,-1 


or =—1, where t = expiz 


or, expiz = —1. 


Therefore iz = Log(—1) 
= log1+ (a+ 2n7)i, where n is an integer. 
or, z= 7 + 2nm, where n is an integer. 


Therefore Cos~!(—1) = 1 + 2nz, where n is an integer 
and cos~!(—1) = 1. 
A. Find Cos~1(i), cos~*(i). 
Let Cos~1(i) =z. Then cos z =i. 
sin? z+cos* z= 1 givessin z= +2, 


We have exp(iz) = cos z+i sin z= (1+ V2)i. 
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When exp(iz) = (1+ v2)i,z2 = —i Log (y2+1)i 
= —iflog(/2+1) + (2nm + $)i] 
= Inn+F -i log(V2+1). 


When exp(iz) = (1— V2)i,z = —i Log (1— V2)i 
= —illog(/2— 1) + (2nn — $)i] 
= (2nn-—$)-i log(/2 — 1) 
Ina — {E —i log(V2 + 1)}. 


Therefore Cos-1(i) = 2nn+ {5 =i log(/2 + 1)}, 
and cos~1(i) % —% log(V2+ 1). 


5. Find Sin7!(i), sin~}(i). 
Let Sin74(z) =z. Then sin z =i. 
sin? z+cos? z= 1 gives cos z= +72. 
We have exp(iz) = cos z+i sin z= -1+ V2. 


When exp(iz) = /2—1,z = —i Log (V2-1) 
= -iflog(/2 —1) + 2nzi] 
= nn —i log(V2-1) 
= 2Inna+i log(V2+1). 


When exp(iz) =—-V/2-—1,z = -i Log (-V2-1) 
—iflog(/2 + 1) + (2nm + 1)i] 
= (2n+1)x-i log(/2 + 1). 


Therefore Sin ~*(2) nm + (—1)” log(V2 + 1): 
and sin-1(i) = i log(/2+1). 


6. Find Tan-!(—1) and tan7}(-1). 


I 


|— 


oh 


tan z=—1 saree —i, where t = exp(iz). 
t 
i : ; 
Therefore t? =;7;=—i or, exp(2iz) = —i. 
This gives 2iz = Log(—i) = (2na — $n)i 
or, Z=nZ — a 
Therefore Tan~1(—1) = nZ — § and tan7*(—1) = —4. 


7. Find z such that tan z =cos 9+7 sin 0,0<0< 3. 


tan z=cos §+2 sin @ 


t—i ; 
=>t= i(cos 9+7 sin 6), where t = exp(iz) 
t 
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or, t? —.147 cos 0—-sin @ _ icos 9 
1—i cos 6+sin 6 ~ 1+sin 6° 


Therefore exp(2iz) = eee at 


Or, 2tz =Log( ass, i) 


cos @ 
l+sin @ 


Therefore z = na + 7 i 5 log pa 


1+sin @ 
“cos 0 


= log 


- as cos @ 
+(2nm + 5)t, since 72a» > 0. 


=nr+ Gt £ 5 log 
=nn + $+ Elog(sec 6+ tan 4). 
8. If cosh™*(x + iy) + cosh™*(a — iy) = cosh™*a, where z,y,a are Teal 
and a > 1, prove that the point (z, y) lies on an ellipse. 
Let cosh”? (x + iy) =u+iv. Then cosh(u+ iv) = z+ iy. 


Therefore cosh u cos v= 2, sinh u sin v = y. 
Then cosh(u — iv) = x — iy 


or, cosh” "(x — iy) = u—iv+2k7i, where k is some integer. 
Therefore (u + iv) + (u—iv+2kmi) = cosh™* a 
or, cosh(2u + 2kmi) =a 


or, cosh =a. 


+ = 


aia u 1 ini u 
or, = + = 1. 
2 2 
Since a > 1, the point (z, y) lies on an ellipse. 


9. If tan—*(x+iy) = a+i where 2, y, a, f are real and (z,y) # (0, +1); 
prove that 


(i) 2?+y?+2e cot 2a=1; 

(ii) 27+ y?+1—2y coth 26 =0. 

If (z,y) = (0, +1), tan} (x + iy) is not defined. 
tan~!(2 + iy) =@ + 7f implies tan(a + if) = x + iy. 


Therefore tan(a — Ai = xX — ty, since tan Z = tan z. 


Now 


cot 20 = saat) Onis 


_ 1-tan(a+i) tan(a—ip) 
~ tan(a+i8)+tan(a—i8) 
— ina?-y? 


a 22 
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Therefore 2x cot 2a = 1 — x? — y/? 
or, 27+ y7+22 cot 2a=1. 
Again tan(278) = tan|(a + #8) — (a — if)| 
= a 


But tan(27) See = eae = i tanh 28. 


Therefore (1+ x? + y*) tanh 26 = 2y 
or, 1+27+y*%—2y coth 28 =0. 


10. Express tan~!(x + iy) in the form A+ iB, where A, B,x,y are real 
and (x,y) # (0, +1). 
tan“! (x + iy) = —gilog es 


eee | 1l-y+iz 
= 5t log Tae 


22 is (1—y+iz)(1+ytiz) 
2 fae (1-2? —y?)+2ic 
= —9tlog SyatFy?42y 
pt 92) 0-98 a 
Let Oh eee =r(cos 0+i sin 0),-17<0<7. 


Then r? =U=2 2—y?)? +422 _ (1+a?+y?)?—4y? _ 1+a?+y?-2y 
~~ (+27+y?+2y)? (1+22+y?+2y) 1+22+y?+42y 


zt y 
Therefore 9 = tan7} cay ifl—a2?-—y*>0 


=n +tan7) 7 if1—2*—y?<0,2>0 
= —7+ tan ley ifl—2*-y? <0,24<0 


=f if 227+ y? =1,24>0 


=-£ if2?+y?=1,2<0... .. ... (i 
Hence tan-*(r+iy) = —Ji[$ log ete + 76} 


: 2 2 
= $04 ¢log ete, 6 being given by (i). 


Some paticular examples. 


. zt ‘ +i(1+ a1 2 
(i) tan-1(1 4%) = —gilog eas silog = aa 2 


Let: = 


+4 (cos 6+isin 6), -7™<O< 7. 
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Then r = 72,0 =m + tan-1(—2). 


tan-(1 + i) = —giflog Jp + i(m + tan7*(—2))] = am + 5 tan~1(—~9) rn 
tilog 5. 

be 24 eee 1+4i(14+-/2i —1+i 

(ii) tan~* (1+ V2i) = —Lilog eo si log aE TE 

Let a R=T(cos 6+isin 6), -17<@< 7. Thenr= FO = ¥ 


tan~*(1 + V2i) = —}iflog 5 + Fa] = YF + gilog(v2 + 1). 


(iii) tan~*(cosa +isina), where 0 <a< 3 


age with tan~!(z + iy), here x? + y? = 1,2 > 0. Therefore 


§ = 
1+z sty +2y — l¢sina _ 2 
Here 1+2*+y?—2y l-sina (sec a + tan a) ’ 


_ Therefore ee + isina) = $+ }log(seca + tana)? = 74 
5 log(sec a + tana). 
(iv) tan~* (cosa +isina), where 3 <a<r. 


Comparing with tan—1 (a2 + a here x? + y? = 1,2 < 0. Therefore 
| ae 
2° 


14+a?+y?+42 — l+sina _ 2 
Here 77a7}7—2y = ite = ete = (seca + tana)’. 
Therefore tan~}(cos a + isina) = —4 + +4 log(seca + tana)?). 


[Note that here (seca + tana) < 0.| 


Another method. 
tan-!(cosa +isina) = + lo titlcos arti sino) cos om reine) 


1—i(cos a+i sin a) 


— 3; log 1—sin a+i cos a@ 
1+7 sin a—i cos @ 


=. (1—sin a+7 cos a)(1+sin a+i cos a) 
= 3; log 


(1+sin a)?+cos? a 


= s 2 COS a 
~ 23 log +7 sin a 
oe —COS@ = Ho) @ - COS @ 


= —4 + Jilog(—seca — tana). 


2.18. Gregory’s series. 


When 6 is real, exp(z6) 
and exp(—76) 


cos 6+ sin 6 
cos 6 —1i sin 6. 
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Therefore exp(2i0)= = — 9 


= Hiten® ovided 6 # (2n+1)§. 


1-71 tan @? 
Therefore Log {ti tan ¢ = 956 


or, Log(1+i tan 6)—Log(1 —i tan 0) = 270 

or, log(1+i tan @) — log(1 —7 tan 0) + 2nmi = 230. 

For a complex number z, the expansion of log(1 + z) as the infinite 
series 7—- > +4—-:- is valid when 


(i) |z|<1, and (ii) |z|=1 but ampz#¥z. 


Therefore log(1+i tan 0) = i tan A— Cigue + i ten’ 6 ee 
. — 29 34 39 
and log(l—i tan 0) = ~i tan 9 — #tan’é _ etan’é _... 
provided —1 < tan @< 1. 


39 6 
fan? 4+ tan @_.. |] 


Therefore 210 = 2n7i + 2i[tan 0 — 


or, 9 — nw = tan g — ten @ +. tanné a 


provided — —1<tan 6<1. 
’ ee = tan?@ | tan>@ 
Taking principal value, @ = tan 0— an 2 ahecal ein 
provided —1 < i O@<land—-7 <@< F. 


Let tan @ = =. 
Therefore tan~* r=a—-%+4+%--..- 


Note. When z is complex 
tan=} gez-2 +E. provided | z |< 1 but z # +1, 
and also the principal value of tan~1 z is taken into account. 


Worked Paemiples: 

1. Prove that $= ++ 54+°° 
We have tan~! c=o-5+5—---: ++ when-1ls2<1. 
Therefore =1—4+2-—Z+--- 

The series in the right hand side is convergent. Therefore grouping 
of terms is valid. 


Therefore = (1—4)+($-4%)+(§-a)+ 
SS erry) eres as ae 
= fstsytoit 

fg aA A 

“Ss -ratsrtent 
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2. If -3 <6< 4, prove that 


ieee 1 66,1 100_.,, 
a 1+cos 0— tan’ —gtan°5+, tan” 5 
l—cos @ _ 2 sin? 4 


290 
l+cos 6° 2 cos2 g = tan 2° 


l-cos 0 : 
Therefore 0 < ites S1if-F <9 F. 


So the expansion of tan™! ea in Gregory’s series is valid whe, 
—5 <O< § and 
—1 1—cos @ 20 
tan~* j-ses ¢ = tan! (tan? $) 


= tan? § — 1 tan® $42 tanl0§ —... 


Exercises 2C 


1. If z,,z2 be complex numbers, prove that 
(i) sin z1+sin z2 = 2 sin 442 cos U5 
(ii) cos 21 +cos z2 = 2 cos 242 cos H>%2 


ers 
(iii) tan(z1 + z2) = 1—tan z, tan z" 


2. If mn be an integer and z be a complex number, prove that 
(i) (cosh z+sinh z)” = cosh nz+sinh nz 


(ii) (1+cosh 2z+sinh 2z)” = 2” cosh” (cosh nz + sinh nz). 


3. If z,y be rea] numbers, prove that 


sin 22+7 sinh 2y 
(i) tan(z + ty) = cos 2r-+cosh 2y 


sin 2x—7 sinh 2y 
(ii) cot(z + ty) ="Cosh 2y—cos 2x 


sinh 22+i sin 2 
(iii) tanh(x + ty) "Cosh 2240s 2y ° 


4. Show that 
(i) cos{ilog(2 + V3)] =2, (ii) sin[ilog(1 + V2)] =i, 
(iii) tan[Z + 32log 3] = 2i, (iv) tan[Zilog 3] = 3, 
(v) cosh[log(2 + V3)] = 2. 

5. If sin(@ +74) = tan 8 +7 sec #, prove that 
cos 26 cosh 2¢ = 3. 
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6. If tan(@ +7 ¢) = sin(a + 78), prove that 
sin 20 cot a = sinh 2¢ coth £. 

7. If log sin(e +iy) =ut+iv (0<2 <7), prove that 
(i) w= 4 log(cosh? y — cos? x) 
(ii) v=tan™*(cot x tanh y). 


(Hint. Let sin zcosh y=rcos 6,cos rsinh y=rsin 0, where —7 < 9< 2. Then 


r? = cosh? y — cos? z, tan 9 = cot xtanh y. O< 2 <a >sin x >0> cos 6 >0. 


Therefore 6 = tan—!(cothz tanhy).] 


8. Find the general solution of 


(i) sinz=3, (ii) cos z=, 
(iii) sin z= 2%, (iv) cos z= 2i, 
(v) snz=-2, (vi) cosz=-2, 


(vii) sinh z=2, (viii) cosh z= 2. 

9. Show that 

(i) Tan~*(1) = nm + 2, n being an integer 

(ii) Tan~*(—1) = nx — 7, n being an integer 

(iii) Tan~1(1+i) = [(2n+ 1)7 + tan7?(—2)] + 3 log 5, n being an integer 

(iv) Tan~*(—1 +7) = 3[(2n+ 1)m + tan7’ 2] + 4 log 5, n being an integer. 
10. If x be a real number, prove that 

(i) Sin} (iz) = nx + i(—1)" log(x + Vx? + 1), n being an integer 

(ii) Cos“! (ix) = 2nx + [EF — ilog(x + Vz? +1)],n being an integer 

(iii) Tan~? (ix) = nm + Zlog(H#2), -1<a2<1 

=nr+i+i + log(=++), x>lorz<-l. 


[Hint. Tan—l(ia) = —3% Log 52. 
jr|j<l> z= Ass > 0=> Loghz® = log $52 + 2nzi. 
| a |>1=> 4-2 rae = Atta <0 > Logiz? = log 254 + (2nm + 2)i]] 


11. If x be a real number > 1, prove that 
(i) Sin~12 = nw + (—1)"[Z — ilog(x + Vx? — 1)), n being an integer 
(ii) Cos~'a = 2nm +i log(x + Va? — 1),n being an integer 
(iii) Sin~?(—2) = 2nx — +i log(z — Vx? —1),n being an integer 
(iv) Cos-!(—a) = (2n + 1) £7 log(x — Vx? — 1), n being an integer. 
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[Hint. (iii) Let Sin~1(-z) = u+iv. Then sinucoshy = —2,cosusinhy — 0 
sinh vy = 0 > coshv = +1 > sinu = +2, an impossibility. cosu = 0 > u = Ing + ie 
u = 2nm+ $ and sinucoshv = —z > coshv = —2, an impossibility. So u = Ing se 
and coshv = z.| 2 


12. If cos"*(u + iv) = p + ig where u,v, p,q are real, prove that cos? p and 
cosh” q are the roots of the equation 


z* —2(1+u?+v7)+u? =0. 
13. If sin-*(u + iv) = p+ ig where u,v,p,qg are real, prove that sin? p ang 
cosh? g are the roots of the equation 
x? —2(1t+u?4+v7)+u? =0. 
14. (i) If | cos(x + iy) |= 1, prove that cos 2x + cosh 2y = 2. 
(ii) If | sin(a + iy) |= 1, prove that cosh 2y — cos 2x = 2. 
15. Prove that the general solution of 
(i) sin z = cosh 4 is (4n+1)§ + 4i, n being an integer, 
(ii) cos z = cosh 4 is 2nm + 41, n being an integer, 
(iii) tan z= 1+ V2i is (8n +3)2 4 4 log(V/2 +1), 7 being an integer. 


(Hint. (iii) tan z= 1+ V/2i = exp(2iz) = 45 = Th [cos St + isin 3t).] 


16. If z+iy=c sin(u+iv) prove that when u = constant, the point (2,y) 
lies on a family of confocal hyperbolas;and when v = constant, the point (z, y) 
lies on a family of confocal ellipses, c being a parameter in both the cases. 


17. Prove that 
(i) Sg =l-gstee-7et 
Gi) B=(1- yy) -30-galti-g_)-- 
(iil) | = (a + 3) — alas + ge) + 5(ae + gs) —-- 
18. If a, @,7 be three cube roots of unity, prove that 
matey ey SEE bt 


a 


19. If 0 < @ < § prove that the principal value of tan-'(cos 6+ sin 6) 
is * + } log tan(Z + £). 
Deduce that when 0< 0 < § 
(i) cos 6 — % cos 30+<¢ cos 50—---  -.e = 
(ii) sin 6 — 3 sin 30+2 sin 50—--- ...= 


3. INTEGERS 


4 


3.1. Natural numbers. 


The set N consiting of numbers 1, 2, 3,... is called the set of all 
natural numbers. The well ordering property of the set N states that 


every non-empty subset of N contains a least element. 


This means that if S be a non-empty subset of N, there is some natural 
number a in S such that a < z for all z in S. 


3.1.1. Principle of induction. 
Let S be a subset of N with the properties — 


(i) 1 belongs to S, and 

(ii) whenever a natural number k belongs to 5, then k + 1 belongs 
to S. 

Then S =N. 


Proof. Let T be the set of all those natural numbers which are not in S. 
The theorem will be proved if we can prove that T is an empty set. 

Let us assume that T is a non-empty set. Then by the well ordering 
property T possesses a least element, say m. Since 1 € S,m > 1 and so 
m—1is a natural number. Again since m is the least element in T,m-—1 
is not in T and so m — 1 is in S. 

Since m—lisin S, by (ii) (m—1)+1isin S, ie., mis in S which: 
is a contradiction. ' 

Therefore our assumption is wrong and T is empty and the theorem 
is proved. 


Theorem 3.1.2. Let E,, be a statement involving a natural number n. 
If rr 

(i) E, is true, and 

(ii) 2,4, is true whenever E; is true, where k is a natural number, 
then E,, is true for all natural numbers. 


P roof. Let S be the set of those natural numbers n for which the state- 
ment E,, is true. 
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Then S has the properties — 

(i) 1€S,and 

(ii) k+1€S whenever ke S. 

Then by the principle of induction S = N. 


Thus FE, is true for alln € N. 


Note. To establish a theorem (or a proposition) involving natural num. 


bers by the principle of induction, both the conditions (i) and (ii) mus, 
be established. 


The condition (i) is called the basis of induction and the assumption 
made in the condition (ii) is called the induction hypothesis. 


Worked Examples. 
1. Use the principle of induction to prove that 
1424+---+n= mint) for all natural numbers n. 


Step 1. For n = 1 the statement is true because 1 = 1041) 
Step 2. Let us assume that the statement is true for some natural 
number k. Then 1+2+---+k= RFI) | 


Therefore 14+2+4+---+k+(k+1)= Hkh) +(k+1)= Gere) 
This shows that the statement is true for the natural number k+1 if 
it is true for k. 


By the principle of induction, the statement is true for all natural 
numbers n. 


2. Prove that 32” — 8n — 1 is divisible by 64 for all n EN. 


We use the principle of induction to prove the statement. Let f (n) = 
327 — 8n —1. 


Step 1. f(1) =9-—8—1=0. f(1) is divisible by 64. Therefore the 
statement is true for n = 1. 
Step 2. f(k+1)— f(‘) = [3?k+2 _ 8(k +1) — 1] — [32* —8k—1] 
= 8(37* —1) = 8(gk — 1) 
= 8.8(9%-! 4 gF-2.4....4-4) 
= 64p, where p is an integer. 
Therefore f(k + 1) is divisible by 64 if f(k) is so. 
This proves that the statement is true for k + 1 if it is true for k. ; 
By the principle of induction, the statement is true for all natu! 
numbers n. 
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3. Use the principle of induction to prove that for all natural numbers 
n, (@142.-.@2n)2" < “teat tazn Where a; ’s are positive real numbers 


for 1 = | ig eer Ae 
The statement is true for n = 1, since (aa)? < it te +++ (i) 


Let us assume that the statement is true for n = k, where k is a 
natural number. ' 

Then (a1@2...age)2* < oat ea teak = p, say. 

Let b; = age4,; fori =1,2,...,2*. 


Then (bib... by) < thet thet _ 9 say, 


{(ayag ...Agx)2¥ (by by... Dok) 2¥ } 2 = (pq) 2 
See pe by () 


: soe by tbete--+b 
or, (2142... Qge41)aFFT < (toate tage) (Pathe te thae) 


i.e., (a1a2... Gaes1) 2FFT < (orton beget) 
This shows that the statement is true for k + 1, if it be true for k. 


By the principle of induction, the statement is true for all n € N. 


There is a variation of the principle of induction. 
Let S be a non-empty subset of N such that (i) no € S, 
and (ii) K(> no) € S implies k+1 € S. 
Then S = {ne N: n> no}. 
We can utilise this principle to prove that if P(n) be a statement 
involving a natural number n satisfying the conditions — 
(i) P(ng) is true (np being the least possible natural number) 
and (ii) for k > ng, P(k +1) is true whenever P(k) is true, 


then P(n) is true for all n > no. 


Worked Example (continued). 
4. Prove that n! > 2” for all natural numbers n > 4. 


Let P(n) be the statement n! > 2”. 

The statements P(1), P(2) and P(3) are not true. 

The statement P(4) is true, since 4! > 2%. 

Let us assume that P(k) is true where k is a natural number > 4. 
Then k! > 2*, 

Therefore (k +1)! > 2*.(k +1) > 2*t?, since k+1> 2. 
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This shows that P(k + 1) is true whenever P(k) is true. 


Since the statement P(n) is true forn = 4 (the least possib} 
number), by the principle of induction the statement P(n) 
natural numbers n > 4. 


@ Nat 


F Ur 
IS true fo al 


T all 


3.1.3. Second principle of induction. 
Let S be a subset of N such that (i) 1 € S, 


and (ii) if {1,2,...,k} CS, then k+1€ S. 
Then S =N. 


Proof. Let T = N—S. We prove that T = ¢. If not, T being a nop. 
empty subset of N must have a least element, say m, by the well order 
property of N. 


Since 1¢€S,m#1. Therefore m > 1. 


By the choice of m, all natural numbers less than m belongs to § 
Hence 1,2,...,m—1ée 5S. 


By (ii) m € S, a contradiction. 


This proves T' = ¢ and therefore S = N. 


ing 


Worked Example (continued). 

5. Prove that for allneN, (2+ V3)" + (2 — V3)” is an even integer. 
Let P(n) be the statement (2+/3)"+(2— 3)" is an even integer. 
The statement P(1) is true, since (2+ V3)! + (2 — V3)! = 4 and itis 

an even integer. 

Let assume that P(n) is true for n = 1,2,...,k. 

(2+ V3)**) + (2— ¥3)FH 

= akti 4+ bKtl wherea=2+ V3,b=2-— V3 

= (a* + b*)(a + b) — (ak-} + bk-1 ap 

= A(a* + DF) — (a*-} + bF-1), 

This is an even integer, since a*+b* and a*—1+b*-! are even intes™ 
by assumption. 

p(k) 

This shows that P(k + 1) is true whenever P(1), P(2);-+*) 
true. 
is true 


By the second principle of induction, the statement P(7) 
all natural numbers 7. 
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3.2. Integers. 


The set of all integers, denoted by Z, consists of whole numbers 
0,+1,4+2,+3,... ... The set of all positive integers (a proper subset 
of Z) is identified with the set N. We shall use the properties and prin- 
ciples of N in connection with the proof of any theorem about positive 
integers. 


Theorem 3.2.1. Division algorithm. 
Given integers a and b with b > 0, there exist unique integers q and 
rsuch that a=bqg+r, whereO<r<b. 


Proof. Let us consider the subset of integers 
S={a-—br: 2 € Z,a— bz > 0}. 
First we show that S is non-empty. 
Since b> 1,|a|b>]a|. Therefore a+ |a]b>a+|a[>0. 
This shows that a — b(—|a|) € S and therefore S is non-empty. 


Since S is a non-empty set of non-negative integers, either 
(i) S contains 0 as its least element, or 


(ii) S contains a smallest positive inetger as its least element by the 
well ordering property of the set N. 

In either case, we call it r. Therefore there exists an integer g such 
that a-—bg=r,r>0. 

We assert that r < b. Because if r > b, then 

a—(q+1)b=(a—qb)-b=r—b2>0. 

This shows that a — (¢ + 1)b belongs to S and also a — (¢+1)b = 

r—b<vpr. This leads to a contradiction to the fact that r is the least 


element in S. 
Hence r < b and consequently, a = bg +r where 0 <r < b. 


In order to establish uniqueness of q and r, let us suppose that a 
has two representations: a= bg+r, a= bq, +11 where 0 <r < b, 
0<r<b. 

Then ((g—qi)=r1—r or, 6|q—-ul=ln—-T|. 

But 0 < r; < b and —b < —r < O yield -b < ry —-71 < 8, ie, 
lri-r |< 6. Consequently, | g— 91 |< 1. 

Since g and q; are integers, the only possibility is g = q, and therefore 
rS 1. 

This completes the proof. 
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Definition. q is called the quotient and r is called the remainder in 4 
division of a by b. “ 


A more general version of the Division algorithm is obtained by takin 
5 a non-zero integer. : 
Theorem 3.2.2. Given integers a and b with b # 0, there exist Unigue 
integers g and r such that a= bg+7r,0<r <|b|. 


Proof. With the previous theorem already established, it is enough to 
consider the case in which b is negative. Then | b|> 0. By the Previoys 
theorem, there exist unique integers q, and r such that 

a= |b]atr,0<r<|b| 
= —bq, +7. 
Therefore a = bg + r where g = —Q1. 


‘Lo illustrate the division algorithm, let us take b = 3,a = —20,2,19, 


—20 = 3.—7+l1lgives q=-7,r=1; 
2 = 3.0+2 gives q=0,r = 2; 
10 = 3.3+1 gives q=3,r=1. 
Let us take b = —3,a = —20, 2,10. 
—20 = —3.7+1 gives q=7,r=1,; 
2 = ~3.0+ 2 gives q=0,r=2; 


10 


I 


—3.—3+4+1 gives g=-3,r=1. 


When the remainder in the division algorithm turns out to be 0, the 
case is of special interest to us. 


Definition. An integer a is said to be divisible by an integer b # 0i 
there exists some integer c such that a= be. 


We express this in symbol bla and read “b divides a”. We also expres 
this by the statements— “b is a divisor of a”, “a is a multiple of b”. 

If b is a divisor of a, then — is also a divisor of a, because @ = be > 
a = (—b)(—c). Thus divisors of an integer occur in pairs. 


Note. In the symbol bla, b is not 0 but a may be 0. Thus 0 is a multiple 
of every non-zero integer. 


The following properties are immediate (assuming that a divisor 
always a non-zero integer). 

(i) a|bandb|c=>a|c, 

(ii) a|band b | a if and only if a= +b. 


INTEGERS 111 


Theorem 3.2.3. Ifa|banda|cthena| (bx +cy) for arbitrary integers 
x and y. 
Proof. Sincea|b, b= ad for some integer d. 
Since a|c, c= ae for some integer e. 
Therefore bx + cy = adx + aey = a(dx + ey). 
This shows that a | (bx + cy) whatever integers x,y may be. 


Worked Examples. 
1. Prove that the product of any m consecutive integers is divisible by 


m. 
Let the consecutive integers be c,c+1,c+2,...,c+(m—1). 


— 


By division algorithm, there exist integers g and r such that c = 
mg+tr, O<r<m. 

When r = 0, c= mq and therefore m|c; 

when r = 1, c+ (m—1) = m(q+1) and therefore m|c+(m—1); 

when r = 2,c+m—2=m(q+1) and therefore m{|c+(m-— 2); 


when r=m-—1,c+1=m(q+1) and therefore m|c+1. 


Therefore whatever integer r may be, m divides one of the integers 
c,c+1,...,¢+(m—1) and it follows that the product c(c+1)(c+2)... (e+ 
m — 1) is always divisible by m. 


2. Use division algorithm to prove that the square of an odd integer is 
of the form 8k + 1, where k is an integer. 

By division algorithm every integer, upon division by 4, leaves one 
of the remainders 0,1,2,3. Therefore any integer is one of the forms 
4q,4q+1,4q + 2,4q + 3, where q is an integer. 

Odd integers are of the forms 4q + 1, 4q + 3. 

Now (4q+1)? = 8(2q?+ 4) +1 is of the form 8k +1, 
(4q + 3)? 8(2q? + 3q¢ +1) +1 is of the form 8k + 1. 

Hence the square of an odd integer is of the form 8k + 1. 


li 


Definition. If a and 5 are integers then an integer d is said to be a 
common divisor of a and b if d| a as well as d | b. 

Since 1 is a divisor of every integer, 1 is a common divisor of a and 
b. Therefore, for an arbitrary pair of integers a, b there exists always a 
common divisor. 

If both of a and 6 be 0 then each integer is a common divisor of a and 
b. But if at least one of a and b is non-zero there is only a finite number 
of positive common divisors. Of these positive common divisors, there 


112 HIGHER ALGEBRA 


is a greatest one, called the greatest common divisor and is denoteg by 
gcd(a, b). 


Definition. Greatest common divisor. 
If a and b are integers, not both zero, the greatest common divisg, of 
a and b, denoted by gcd(a,b) is the positive integer d satisfying 


(i) d|aandd| ob; and 
(ii) ife|a@andc|b then cj d. 


For example, let a = 12,b = —18. Then the positive divisors of 12 ar. 
1, 2,3,4,6, 12 and those of —18 are 1, 2,3,6,9, 18. Therefore the positiy, 
common divisors are 1,2, 3,6 and gcd(12, —18) = 6. 


Note. It follows from the definition that gcd{a,—b) = gcd(—a, b) = 
gcd(—a, —b) = gced(a,b), where a and 6 are integers, not both zero. 


Theorem 3.2.4. If a and 6 are integers, not both zero, then there exist 
integers u and v such that gcd(a,b) = au + bv. 


Proof. Let S = {ax+ by: 2,y € Z and ax-+ by > 0}. First we show that 
S is a non-empty set. 
Since at least one of a,b is non-zero, let a #0. Then | a |> 0. 


Therefore | a |= a.c + b.0 is an element of S, where we choose x =1 
ifa>Oandz=—lifa<0. 


Since S' is a non-empty set of positive integers, by the well ordering 
property of the set N, S contains a least element, say d. 

Then d= au + bv for some integers u, v. 

By division algorithm, a = dqg+r where q and r are integers with 
O<r<d. 


Therefore r 


a — dq 
a — (au +t bv)q 
_ a(1 — ug) + b(—vq). 
This representation shows that ifr >Othenreé S. 
But d is the least element in S and sincer <d,r¢ 5S. 
Consequently, r = 0. This proves that a = dg, i.e., d is a divisor of 4 


II 


II 


By similar arguments we can prove that d is a divisor of b. Therefore: 
d becomes a common divisor of a and 8, 
Let us assume that c is a common divisor of a and b. 


Then c | a and c| 5 and therefore c | (au + bv), by Theorem 3.2.3. 
i.e., c| d and consequently, d is the greatest common divisor. 
This completes the proof. 
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For example, 
ged(—4,20)=4 and 4= —4.(—1) + 20.0; 
gced(55,35)=5 and 5=55.24 35.(-3); 
ged(0,9)=9 and 9=0.04+911; 
ged(—9,13)=1 and 15 —9.(~3) +13. — 2. 


Note 1. The gcd(a,b) is the least positive value of ar + by where 2, y 
are integers. . 

But z and y are not uniquely determined integers for which the integer 
ax+by is least positive. Because if d = au+-bu, where u and v are integers 
then d can also be expressed as d = a(u + kb) + b(v — ka) where & is an 
integer. 

For example, let a = 15,6 = 24. Then d = 3 and d = 15(—3) + 24.2 

which can also be expressed as d = 15.(—3 + 24k) + 24(2 — 15k) for any 
integer k. 
Note 2. Guaranteed by the theorem it is always possible to express 
gcd(a,b) as a linear combination of a and 6. But the theorem gives no 
clue how to express gcd(a, 6) in the desired form au + bv, i.e., how to 
determine u and v. This will be discussed in a subsequent article. 


Worked Example (continued). 
3. Show that gcd(a,a +2) =1 or 2 for every integer a. 
Let d = gcd(a,a + 2). Then d| a and d|a+2. 
Therefore d | ax + (a + 2)y for all integers z, y. 
Taking z = —1, y = 1, it follows that d| 2. i.e., d is either 1 or 2. 


Theorem 3.2.5. If k be a positive integer, gcd(ka, kb) = k.gcd(a, b). 


Proof. Let d = gcd(a,b). Then there exist integers u and v such that 
d=au-+t bv. Since d= gcd(a,b), d|aandd|b. 
d|a=kd|ka,d|b = kd| kd. 
Therefore kd is a common divisor of ka and kb. 


Let c be a common divisor of ka and kb. 

c| ka => ka = pc for some integer p; and c | kb = kb = gc for some 
integer q. 

Now kd = k(au + bv) = peu + gev = (put qu)c. 

As pu + qv is an integer, it follows that c| kd. 

Consequently, kd = gcd(ka, kb), i.e., ged(ka, kb) = k.gcd(a, b). 
This completes the proof. 


114 HIGHER ALGEBRA 


Definition. Two integers a and b, not both zero, are said to be Prim 
to each other (or relatively prime) if gcd(a, b) =1. : 
Theorem 3.2.6. Let a and b be integers, not both zero. Then g 
are prime to each other if and only if there exist integers u and 
that 1 = au + bu. 


and } 
VU Such 


Proof. Let a and b be prime to each other. Then gcd(a, b) = 1. Therefore 
there exist integers u and v such that 1 = au + bv. 


Conversely, let us suppose that there are integers u and v such tha 
1 = au + bv and let d= gcd(a, b). 
Since d| a and d |b then d| az + by for all integers x and y. 


Hence d | 1 and this implies d = 1, since d is a positive integer, 


Theorem 3.2.7. If d = gcd(a,b), then a and b are integers prime to 
each other. 


Proof. Since d | a, there exists an integer m such that md = a. 
Since d | b, there exists an integer n such that nd = b. 


As 4 =m and 5 =n, 5 and 4 are integers. 
Since d = gcd(a, b), it is possible to find integers u and v such that 
d=au-+ bv. Therefore 1 =(4)u+(4)v. 


This form of representation shows that a and 8 are integers prime to 
each other. 


Theorem 3.2.8. If a | be and gcd(a,b) = 1, then a|c 


Proof. Since gcd(a,b) = 1,. there exist integers u and v such that 1 = 
au+bv. Therefore c = acu + bev. 

Since a | ac and a | be, it follows that a|{(ac)u + (bc)v} which means 
alc. 
Another proof. gcd(a,b) = 1 = gcd(ac,bc) = c. a | be > a is 8 
common divisor of ac and be. gcd(ac, bc) = c and a is a common divisot 
of ac and bc imply a | c. 


Corollary. If ap = 6g and a is prime to b then a | q and b | p. 


Theorem 3.2.9. If a | c¢ and 6| c with gcd(a,b) = 1, then ab | c. 


Sop x f 
Proof. Since a | c and b | c, there exist integers m and n such the 


c= am = bn. oh 
Since gcd(a, b) = 1, there exist integers u and v such that 1 = au 
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Therefore c = (au)c + (bv)c 
= ab(un + um) => ab|c. 


Note. Without the condition gcd(a,b) = 1, alc and b|c together may not 
imply ab|c. 
For example, 4 | 12 and 6 | 12 do not imply 4.6 | 12. 


Theorem 3.2.10. If a is prime to b and a is prime to c then a is prime 
to be. 


Proof. Since a is prime to b, au + bu = 1 for some integers u,v... (i) 
Since a is prime to c, am + cn = 1 for some integers m,n ... (ii) 
From (i) acun+bevn =cn=1-—am by (ii). 
or, a(m + cun) + be(un) = 1. 

Since m + cun and vn are integers, it follows that a is prime to be. 


Worked Examples (continued). 
4, If a is prime to b, prove that a+ b is to prime to ab. 


Since a is prime to b, there exist integers u and v such that au+bu = 1. 
This can be expressed as a(u — v) + (a+ b)v = 1. 

Since u — v and v are integers, it follows that a is prime to a+ b. 

Again, au + bv = 1 can be expressed as (a + b)u+ d(u —u) = 1. 

Since v — u and uw are integers, it follows that a+ b is prime to b. 

By Theorem 3.2.10, a + 6 is prime to ab. 


5. If a is prime to b, prove that 

(i) a? is prime to 8, 

(ii) a? is prime to b?. 

(i) Since a is prime to b, there exist integers u and v such that aut+bu = 
1, Then au = 1 — bv 

or, au? = 1 — 2bv + b? v2 

or, a?u? + b(2v — bv?) = 1. 

Since u? and 2u — bv? are integers, it follows that a” is prime to b. 


(ii) Since a? is prime to b, there exist integers m and n such that 
a’m + bn = 1. Then bn =1—a?m 

or, b?n? = 1 — 2a2m + atm? 

or, a?(2m — a?m?) + b?n? = 1. 


; Since n? and 2m — a2m? are integers, it follows that a” is prime to 
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6. If d = gcd(a,b), show that gcd(a?, b?) = d’. 

Since d = gcd(a, 6), a = dp and b = dg, where p,q are integers Prime 
to each other. 

Therefore a? = d?p?, b? = d?q* and this shows that d’ is a Common 
divisor of a? and 6?. 

Let gcd(a?,b?) = d?u, where u is a positive integer. Then d?ujd2,2 
and d*u|d?q and therefore u|p? and ulq?. 

But gcd(p,q) = 1 = ged(p*,q”) = 1. 

Since u is a common divisor of p? and q? and gcd(p*, q°) = 1, it follows 
that u = 1. Hence gcd(a?, b*) = d?. 


7. If gcd(a,b) = 1, show that gcd(a + b,a* — ab+ 6?) = 1 or 3. 


Let d = gcd(a +6, a? — ab+?). Then d| a+b and d| (a* — ab+3?), 

This implies d| (a + b)(a + 6) — (a? — ab + b”), ie., d| 3ab. 

Therefore d | a+b and d | 3ab. Since gcd(a,b) = 1, it follows that 
gcd(a+b, ab) = 1. There exist integers u and v such that u(a+b)+v(ab) = 


1. Since d | a+b, a+b = dp for some integer p. Therefore (up)d+v(ab) =1 
and this shows that d is prime to ab. 


d | 3ab and d is prime to ab implies d | 3. Therefore d = 1 or d=3. 


8. Prove that the product of any three consecutive integers is divisible 
by 6. 

By division algorithm, any integer, upon division by 3, leaves one 
of the remainders 0,1,2. Therefore any integer n is one of the forms 
3k, 3k +1,3k + 2. 

When n = 3k, n is divisible by 3. 

When n = 3k + 1, n+ 2 is divisible by 3. 

When n = 3k + 2, n+ 1 is divisible by 3. 


It follows that for any integer n, n(n + 1)(n + 2) is divisible by 3. 


Again, the product of two consecutive integers is divisible by 2. 

Therefore 2 | n(n + 1)(n + 2) and 3| n(n + 1)(n + 2). 

Since gcd(2,3) = 1, it follows that 2.3 | n(n + 1)(n + 2), ie, 6 | 
n(n + 1)(n + 2). 


9, Prove that 1+2+---+n isa divisor of 17+27+...+n" for any odd 
positive integer r. 


L424 ¢n= MEY Let $= 1427 4-0-4 a". 


Then 28, = (17 +77) + (27+ (n—-1)") 4-554 (n™ +1’)... ... (i) 
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Since r is an odd positive integer, n + 1 is a divisor of each term in 
the right hand side of (i). Therefore (n + 1)|2S,... ... (ii) 
Again 25, = [1" + (n—1)"] + [27 + (n—2)"] +--+ 4 [(m— 1)" + 1] + 20" 
Sa ae (iii) 

Clearly, n is a divisor of each term in the right hand side of (iii). 
Therefore n|2Sp... ... (iv) 

Because n and n + 1 are prime to each other, it follows from (ii) and 
(iv) that n(n + 1) is a divisor of 25). 

As n(n+1) is divisible by 2, a(nth) is an integer and therefore 
is a divisor of S,. 

That is, 1+2+---+n is a divisor of 1"+27+---+n" if ris an odd 
positive integer. 


n(n+1) 
2 


3.2.11. Euclidean algorithm. 


Euclidean algorithm is an efficient method of finding the greatest 
common divisor of two given integers. The method involves repeated 
application of the division algorithm. 


Let a and 6 be two integers whose g.c.d. is required. 


Since gcd(a,b) = gcd(| a |,| b |), it is enough to assume that a and b 
are positive integers. Without loss of generality, we assume a > b > 0. 
By division algorithm, a = bq; +7, where 0 < 7) < b. 
If it happens that r; = 0, then b | a and ged(a, b) = b. 
If r; #0, then by division algorithm, b = r1q2+1r2 where 0 < rg < 1}. 
If r2 = 0, the process stops. If r2 4 0, then by division algorithm, 
r = 1993 +73 where 0 < 13 < ro. 


The process continues until some zero remainder appears. This must 
happen because the remainders 71,7T2,73,... form a decreasing sequence 
of integers and since r; < b, the sequence contains at most b non-negative 
integers. 

Let us assume that rj4) = 0 and r, is the last non-zero remainder. 


We have the following relations 


a= bn+n 0<1r, <3; 
6b = r1q2+72 O0<7r2<11; 
Tr = reqggtrs O0< 1g < 19; 
Tr-2 = Mr-19nt+Tn 0< Tr <Tr-13 


Mm-1 = TnGn+1 + 0. 
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We assert that r,, is the gcd(a, b). First of all we prove the 
lemma — If a = bq +1, then gcd(a, b) = gcd(b,r). 


Proof. Let d = gcd(a,b). Then d|a and d |b. 


This implies d|(a—bq), i.e., dlr. This shows that d is a common diviso, 
of b and r, 


Let c be a common divisor of b and r. Then c | bq +7, ie., c| a, 

This shows that c is a common divisor of @ and b. 

Since d = gcd(a,b), it follows from the property of the g.c.d. that 
c | d and this gives d = gcd(b,r). 


We utilise the lemma to show that r, = gcd(a, b). 
"n= gcd(0, Tn) oa gcd(rn-1,Tn) = gcd(Pn—2)Tn-1) cao Pi. Or ee 
gcd(b,r1) = gcd(a, b). 
Also we have rn = Tn—2 — Tn-19n 
= Tn-2 — (Tn-3 = Tn—24n-1)9n 
7 (1 + qn—19n)Tn-2 0 (—qn)Tn-3- 
Tp is expressed as a linear combination of r,_2 and r,_3. Proceeding 
backwards we can express Tr, as a linear combination of a and b. 


Worked Examples (continued). 


10. Calculate gcd(567,315) and express gcd(567,315) as 567u + 3165v, 
where u and v are integers. 
By division algorithm, 


567_ 4,252 315_ 4, 63 252 _, 
315 315’ 2527 252? 63 


Then 567 = 315.1+ 252, 315 = 252.1463, 252 =63.4+0. 


The last non-zero remainder is 63. Therefore gcd(567, 315) = 63. 
63 = 315 — 252.1 315 — (567 — 315) 


567.(~1) + 315.2 
067u + 315v, where u = —1,v = 2. 


Hou i 


11. Find two integers u and v satisfying 63u+55v = 1. 


63 and 55 are integers prime to each other and therefore there e=** 
integers u,v such that 63u + 55v = 1. 

By division algorithm, 

63=55.1+8, 55=86+7, 8=7.141. 

We have 1 = 8 —7=8— (55 — 8.6) = 8.7 — 55 

= (63 — 55).7 — 55 = 63.7 + 55.(—8). 


Therefore u = 7,v = —8. 


INTEGERS 119 


12. Find two integers u and v satisfying 54u + 24v = 30 


Let us find the gcd(54, 24). 

By division algorithm, 54= 24.246, 24=64+40. 
Therefore gcd(54,24)=6. 6=54-—24.2 =54.1+4 24.(-2). 
Consequently, 30 = 54.5 + 24.(—-10). Therefore u = 5,v = —10. 


Definition. Let a), a2,...,a, be integers different from zero. An integer 
b is said to be a common multiple of aj,a2,...,@n if a; | 6 for 7 = 
1,2,.-.,%. 

In fact, common multiples do exist. 0 is a common multiple of 
@1,02,---,@n- The products a,a2...a, and --a,ja2q...a, are both com- 
mon multiples of a1,a2,...,@n, and one of these is positive. By the well 
ordering property of the set N, the set of all positive common multiples 
contains a least element which is of special interest. 


Definition. Least common multiple. 


Let a),@2,...,@n, be integers different from zero. The least positive 
common multiple is said to be the least common multiple (lem) of the 
integers @),@2,...,@, and it is denoted by [a;,a2,..., an]. 


For example, the lcm of 2,3,6 is 6; the lem of —2, —-3,—6 is 6; the 
lem of -—2, —6, 10 is 30. 


Theorem 3.2.12. If h be any common multiple of the integers 
Q1,02,...,@n, none of which is zero, then [a),a2,...,@n] | A. 


Proof. Let m be the lem of aj, a@2,...,@n. By division algorithm, there 
exist integers g and r such that h = mg+r, where 0 <r < m. 

For each i=1,2,...,, a; | and a; | m and therefore aq; | r. 

This shows that r is a common multiple. If r > 0 then r becomes 
@ positive common multiple less than the least common multiple m, a 
contradiction. 

Therefore r = 0 and consequently, m is a divisor of h. 
This completes the proof. 


Note. If m = [a,,@2,---,@n] then the common multiples of the integers 
Q1,2,...,Qn is the set {0, +m, +2m,---}. 
Theorem 3.2.13. If a,b are integers different from zero and k is a 
positive integer, then [ka, kb] = k{a, 6]. 
Proof. Let M = {ka, kb]. Then M is a multiple of ka, kb. 

Let M = p(ka) = q(kb), where p,q are integers. Then a = pa = qb. 
This shows that M is a common multiple of a and b. 
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Let m = [a, b]. Then m < M. ie., M > mk. 

m is a multiple of a and b. Let m = ar = bs, where r,s are inte 

Then mk = (ak)r = (bk)s. This shows that mk is a common my 
of ak and bk. Since M = (ka, kb], M < mk. 

Consequently, M = mk, i.e., [ka, kb] = k[a, b]. 


Bers, 
ltiple 


Theorem 3.2.14. If a and b are integers different from zero, then 
[a, b|(a, b) =| ab |, 
where [a, b] = the lem of a and b; (a,b) = the gcd of a and b. 
Proof. First we assume that a and b are positive integers. 
Case 1. Let (a,b) = 1. 
As [a,}] is a multiple of a and 6, let [a,b] = pa for some integer p. 
Then 6 | pa. 
Since (a,b) = 1, it follows that b| p. Therefore b < p, ba < pa. 
Again, ba being a common multiple of a and b cannot be less than 


[a, 6], i.e., cannot be less than pa, so that ba = pa. 
Thus {a, b] = ab and this gives [a, b](a, b) = ab. 


Case 2. Let (a,b) =d>1. Then (f, b)— 1, by theorem 3.2.7. 


Since ({, 5)= 1, we obtain, by case 1, [§, 2)(2, 5) = a8 
or, 4[S, Sa(S, b) = ab. 


But d{$, ° = [a,b], by theorem 3.2.13 and a(S, 8 = (a,b), by theo- 
rem 3.2.5. Therefore [a, b](a, b) = ab. 


In the general case, let a, b be non-zero integers, positive or negative. 
Since {a,—b] = [-a,b] = [-a,—b] = [a,b],(a,—b) = (-a,b) = 
(—a, —b) = (a,b), whatever non-zero integers a, b may be, it follows that 
[a, b] = [| @|,] 5 |], (2,5) = (fa |,| 5). 
Hence {a, b](a, 6) = [| a|,| 5 [}(1 1,16 |) 
=|a || b|, by what we have proved 
=| ab |. 
This completes the proof. 


Linear Diophantine equation. 


An equation in one or more unknowns which is to be solved in integels 
is said to be a Diophantine equation, named after the Greek mathema't 
cian Diophantus, who initiated the study of such problems. 

A linear Diophantine equation of the form ax+by = c may have man) 
solutions in integers or may not have even a single solution. 
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jou 22 +4y = 6 has many solutions in j 
xample, the equation Y Solutions in integers 
eal = 6, 2.5+4.(—1) = 6, 2.9+4.(-3) =6.... , 
ihe reas, the equation 2x + 4y = 3 cannot have a solution in integers, 
eft hand side is always an even integer for every pair of integers 


: | 
gince the pile the right hand side is odd. 


T and yy Ww 2 
first of all, we discuss the condition for solvability of the linear equa- 
tion ax + by = € in integers, where a,b,c are integers and a,b are not 


both zero: 


Theorem 3.2.15. If a,6,¢ are integers and a,b are not both zero, the 
equation af +by =e has an integral solution if and only if d is a 
divisor of c, where d = gcd(a,b). If (9,49) be any particular solution of 
the equation, then all integral solutions are given by (x9 + #t yo — St) 
for different integers ¢. 


Proof, Let. (1,41) be an integral solution of the equation ax + by = c. 
Then ar, + by, = ¢, where 71,1 are integers, 
Let ged(a,b) = d. Then d| a and d | 6. 
This implies d | az) + by, be, d|c.- 


Conversely, let ged(a, 6) be a divisor of c. 
Let ged(a,b) = d. Then d = au + bv for some integers u, v. 
Let c= dp where p is an integer. 


Then ¢ = (au + bv)p = a(up) + d( up), 


This shows that (up, up) is a solution of the equation az + by = c. 
Clearly, up and up are integers. So the equation az + by = c has an 
integral solution. 


To prove the second part, let (x’,y’) be any other solution. Then 
"0 + bya = c= ac’ + by’, which gives a(x’ — 29) = b(yo —y’). 

. Since d= gcd(a, b), there exist relatively prime integers p,q such that 
= dp and b = dq. Therefore we have p(x’ — a9) = a(Yo — y’). 


an shows that p | g(yo — y') with gcd(p,q) = 1 and therefore p | 
“seid Therefore yg — y' = pt for some integer t. Also we have 
o=gt. 


This o} 
ee tot at= 20+ He y' = yo — Pt = yo — Gt 
Off. is there are infinite number of solutions, one for each integral value 


Ste, : e 
lic reas, if @ and b are prime to each other then all integral 
the equation are given by 
*= 20 + bt, y = yo —at for all integral values of f. 
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3.2.16. Integral solution of the iets ax + by = c, where ub, 
are positive integers and gcd(a, b) = 


Since gcd(a,b) = 1, there exist integers u and v such that ay4+ by = 
Therefore az + by = c(au + bv) 
or, a(x — cu) = —b(y ~ cv). 


Since a and b are prime to each other, x — cu is divisible by 4 and 
y — cv is divisible by a and therefore 


— 


ae a a = t, where f is an integer 
or, Z£>=cu-— bt 
y =cu-+at, where t = 0,+1,+2,--- 


This is the general solution in integers. 


Note. For positive integral solution, we must have cu — bt > 0 and 
cv + at > 0 simultaneously. Hence —"<t <>. 


If = m+ f where m is an integer and 0 < f < 1, thent<~™m. 


If —-= n+ f’ where n is an integer and 0 < f’ <1, thent>n, 


The total number of solutions in positive integers is m — n. 


3.2.17. Integral solution of the equation az — by = c, where a,},c 
are positive integers and gcd(a, b) = 1. 


Since gcd(a, b) = 1, there exist integers u and v such that au+ bv =1. 
Therefore ax — by = c(au + bv) 
or, a(x —cu) = b(y+cv). 


Since a and b are prime to each other, x — cu is divisible by 6 and 
y + cv is divisible by a and therefore 


zou — YE = t, where ¢ is an integer 
or, ©@=cut bt 


y = —cv + at, where t = 0,+1,+2,-- 


This is the general solution in integers. 


Sat d 
Note. For a positive integral solution, we must have | cu+ bt >0@ 


—cv + at > 0 simultaneously. Hence t >=" and t a= 


Let the integral part of max {== =e cot be m. ‘Then the solutions » : 
positive integers correspond to t = a + 1,m+2,... Cléarly, the pumbé 
of positive integral solutions is infinite. 
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Worked Examples (continued). 
13. Find the general solution in integers of the equation 7z + 1ly = 1. 


Since 7 and 11 are prime to each other, there exist integers u and uv 
such that 7u + 11lv = 1. Here u = 8,v = —5. 

Then 7x + lly = 7.8 —11.5 

or, 7(z—8) =—11](y +5). 

Since 7 and 11 are prime to each other, z — 8 is divisible by 11 and 
y + 5 is divisible by 7 and therefore 

a8 = ut t, where ¢ is an integer 

or, 27=8-—11t 

y= —5+47t, where t = 0,+1,+2,--- 


This is the general solution in integers. 


Note. For a positive integral solution, we must have 8 — 11t > 0 and 
—5+ 7t > 0 simultaneously. Hence s <t< 2. 

No such integer t exists. Hence there is no solution of the equation 
in positive integers. 


14. Find the general solution in integers of the equation 5z + 12y = 80. 
Examine if there is a solution in positive integers. 


Since 5 and 12 are prime to each other, there exist integers u and v 
such that 5u + 12v = 1. Here u = 5,v = —2. 

Then 5z + 12y = 80(5.5 — 12.2) 

or, 5(x — 400) = —12(y + 160). 

Since 5 and 12 are prime to each other, + — 400 is divisible by 12 and 
y + 160 is divisible by 5 and therefore 

a = Ytl60_ + where ¢ is an integer 

or, x= 400—-—12t 

y = 5t — 160, where t = 0, +1, £2,:-- 


This is the general solution in integers. 

For a positive integral solution, we must have 400 — 12t > 0 and 
5t ~ 160 > 0 simultaneously. Hence 32 < t < ae | 

The only solution in positive integers corresponds to ¢t = 33 and the 
solution is x = 4, y=. 
15. Find the general solution in positive integers of the equation 122 ~ 


Since 12 and 7 are prime to each other, there exist integers u and v 
such that 12u + 7v = 1. Here u = 3,u = —5. 
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Then 122 — 7y = 8(12.3 — 7.5) 

or, 12(% — 24) = 7(y — 40). 

Since 12 and 7 are prime to each other, x — 24 is divisible by 7 ang 
y — 40 is divisible by 12 and therefore 

74 = ue t, where £ is an integer 


or, x2 = 7t+ 24 
y = 12t + 40, where t = 0,41, +2,:-- 
This is the general solution in integers. 


For a solution in positive integers we must have 7t + 24 > 0 and 
12t + 40 > 0. Hence t > =#4 andt > =3° 


The least integral sie of t is —3. Hence the general solution iy 
positive integers is given by x = 7t + 24 
y = 12t + 40, where ¢ is an integer > —3. 
Note. The solution corresponding to t = —3 is given by x = 3,y = 4. 
The general solution in positive integers can be expressed as 
x=7t+3 y=12t+4, where ¢ is an integer > 0. 


3.3. Prime numbers. 

An integer p > 1 is said to be a prime number, or simply a prime, if 
its only positive divisors are 1 and p. 

An integer > 1 which is not a prime is said to be a composite number. 

The integers 2,3,5,7,11,... are prime numbers, while the integers 
4,6,8,9,... are composite numbers. 

The integer 1 is regarded as neither prime nor composite. 


2 is the only even prime number. All other prime numbers are neces 
sarily odd. 


Theorem 3.3.1. If p be a prime number and 1 < a < p, then p is prime 
to a. 
Proof. Let d = gcd(a, p). Then d| a and d| p. 

Since p is a prime and d | p, either d= p or d= 1. 


But since a < p and d | a, d cannot be p. Therefore d = 1 and Pp 
prime to a. 


Theorem 3.3.2. If p be a prime number and a is an integer > P such 
that p is not a divisor of a, then p is prime to a. 


Proof. Let d = gcd(a,p). Then d |a and d|p. 
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Since p is a prime and d | p, either d= p or d = 1. 
But d # p since p is not a divisor of a. Therefore d = 1 and p is prime 
to a. 


Theorem 3.3.3. If p be a prime number and a is an integer > p such 
that p is a divisor of a, then gcd(a,p) = p. 
Proof. Since p is a divisor of a, a = pk where k is an integer. 

Hence gcd(a, p) = gcd(pk, p) = p.gcd(k, 1) = p. 


Theorem 3.3.4. If p be a prime number and p | ab, then either p | a or 
p | 6. 


Proof. If p | a then the theorem is done. 


If p is not a divisor of a then gcd(a, p) = 1, since 1 and p are the only 
divisors of p. 


Since gcd(a, p) = 1, there exist integers u and v such that au+pv = 1. 
Then abu + pbu = b. 


Now p | ab and p | pb > p| (ab)u + (pb)u, since u and v are integers. 
That is, p | 0. 


This completes the proof. 


Corollary. If p be a prime and p | aja2...an, then p | a, for some k 
wherel <k <n. 


Proof. If p | a, we need not go further. If p is not a divisor of a, then by 
the theorem, p | a2a3...@n. 


If p is not a divisor of az then p | a3aq4...a,. Proceeding in a similar 
manner, in a finite number of steps we arrive at the desired result. 
Theorem 3.3.5. A composite number has at least one prime divisor. 


Proof. Let n be a composite number. Since n is not a prime, it has a 
positive divisor other than 1 and n. 


Let S be the set of those positive divisors of n which are different 
from 1 and n. Then S is non-empty. By the well ordering property of 
the set N, S contains a least element, say d. Then 1 <d<n. 


We prove that d is a prime. 


If d be not a prime then d has a divisor d’ other than d and 1; and 
l<d'<d<n. But d'|dandd|n=>d’|n. Therefore d’ € 9 and this 
contradicts that d is the least element of S. 


Therefore d is a prime and the theorem is done. 


126 HIGHER ALGEBRA 


Worked Examples. 
1. Prove that for n > 3, the integers n, n+ 2,n+4 cannot be all Primes 


Any positive integer n is one of the forms 3k, 3k + 1, 3k + 2, where & 
Is & positive integer. 

If n = 3k then n is not a prime. 

Ifn = 3k +1 then n+ 2 = 3(k +1) and it is not a prime. 

If n = 3k 4 2 then n+ 4 = 3(k + 2) and it is not a prime. 


Thus in any case, the integers n, n+ 2, n+ 4 are not all primes, 


2. p is a positive integer and p,2p+ 1,4p+ 1 are primes. Find p. 


p is one of the forms 3k, 3k + 1,3k + 2, where k is an integer. 
If p = 3k + 1 then 29+ 1 = 6k + 3 = 3(2k + 1) and it is not a prime. 
If p = 3k +2 then 4p+ 1 = 12k4+ 9 = 3(4k + 3) and it is not a prime, 


The only conclusion is, p = 3k. Since p is a prime, k = 1. So p=3. 


3. If p > q>5 and p,q are both primes, prove that 24 | (p? — q’). 
Since p and q are primes > 3, p and q are of the form 3k +1 or 3k+2, 
where k is an integer. 
If both p and gq are either of the forms 3k +1 or 3k +2, then 3 | (p—g). 


If one of p and gq is of the form 3k + 1 and the other is of the form 
3k + 2, them 3 | (p+ q). 


Thus in any case, 3 | (p? — q’). 

Since p and q are odd primes, p and q are of the form 4k+1 or 4k +3, 
where k is an integer. 

If both p and q are of the form 4k + 1, then 2| (p+q) and4| (p—4q)- 

If both p and q are of the form 4k + 3, then 2 | (p+q) and 4| (p-9): 

If one of p and q is of the form 4k + 1 and the other is of the form 
Ak + 3, then 4 | (p+ q) and 2| (p — q). 

Thus in any case, 8 | (p? — q?). 


Since 3 and 8 are prime to each other, 24 | (p? — q’). 


4. If p and p* + 8 are both prime numbers, prove that p = 3. 


Any integer p is one of the forms 3k, 3k + 1, 3k + 2, where k is ab 
integer. 

If p = 3k + 1, then p* + 8 = 3(3k? + 2k + 3). Since p? +8 is a prim® 
3k? + 2k +3 must be 1 for some integer k and in that case p? + 8 must 
be 3. 

But for no integer k, 3k? +2k+3 can be 1 and for no integer k, pts 
can be 3. Therefore p = 3k + 1 is an impossibility. 
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If p = 3k + 2, then p* + 8 = 3(3k? 4 4k 4+ 4). Since p? + 8 is a prime, 
3k? + 4k + 4 must be 1 for some integer k and in that case p*? +8 must 
be 3. 

By similar arguments, p = 3k + 2 is an impossibility. 


Therefore p = 3k, where k is an integer. Since p is a prime, k must 
be 1 and therefore p = 3. 


5. If 2” — 1 be a prime, prove that n is a prime. 


Let n be composite. Then n = p.q where p and q are integers each 
greater than 1. 

gr _—1 = 2P9—1 = (QP — 1)(2P(@-1) + 2P(q-2) 4... 4 9RP 4 1). 

Each factor on the right is evidently greater than 1 and therefore 
2” — 1 is composite. 


Contrapositively, 2” — 1 is a prime implies n is a prime. 


6. Prove that n* + 4” is a composite number for all n > 1. 


Case 1. Let n be even. 

Then n* + 4” is divisible by 4 and so it is a composite number. 
Case 2. Let n be odd and n = 2k + 1, where k is a natural number. 
Then n4 + 4" = n4 4 4.42* = n4 + 4a4, where a = 2* 

= (n* + 2a”)? — (2an)? = (n*+2an + 2a”)(n? —2an+ 2a”). 

(n? + 2an+ 2a?) = (n+a)?+a? and (n? — 2an+2a?) = (n—a)? +a”. 

Since a is a positive integer > 1, (n+a)?+a? > 1 and (n—a)?+a? > 1. 
Consequently, n* + 4” is a composite number when n is odd. 


Hence n4 + 4” is a composite number for all n > 1. 


7. Let p be a prime and a be a positive integer. Prove that a” is divisible 
by p if and only if a is divisible by p. 

Let a be divisible by p. Then a = pk for some integer k. 

a” = p"k” = p(p"—1k") = pm, where m is an integer. 

This shows that a” is divisible by p..._ .-- (i) 

Let a be not divisible by p. Since p is a prime, gcd(a, p) = 1. Therefore 
there exist integers u and v such that au + pu = 1. 

Then a”u” = (1 — pv)” = 1~— ps where s is an integer 

or, ar +ps =1 where 7, s are integers. 

This shows that gced(a", p) = 1 and therefore a” is not divisible by p. 
Hence a is not divisible by p => a” is not divisible by p. 


Contrapositively, p| a" => p|@... ++. (ii) 
From (i) and (ii) the desired result is obtained. 
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Theorem 3.3.6. (Fundamental theorem of Arithmetic) 


Any positive integer is either 1, or a prime, or it can be expreeseq 
a product of primes, the representation being unique except for the Order 
of the prime factors. 


Proof. Let n be a positive integer. Either n = lorn> 1. Let P(n) be 
the statement that n(> 1) is either a prime, or it can be expressed as 9 
product of primes. 

P(2) is true, since 2 is a prime. 

Let us assume that P(n) is true for all n, where n is a positive integer 
such that 2<n< k. 

If k + 1 be itself a prime then P(k + 1) is true and by the seconq 
principle of induction, P(n) is true for all positive integers n > 1. 

If k+1 be not a prime then it is a composite number. Let k+1 = rs 
where r,s are integers with2<r<k+1,2<s<k+1. 


By induction hypothesis, P(r) and P(s) are both true. Then 

Yr = pip2...pi where p),po,...,p; are primes, i > 1; 

8 = q192...q; where qj, q2,-..,q; are primes, j > 1. 

Thus k + 1 is expressed as the product of primes and P(k + 1) is 
proved to be true. By the second principle of induction p(n) is true for 
all positive integers n > 1. 

Hence the first part of the theorem is established. 


In order to prove uniqueness of the representation, let us assume that 
nN = Pip2---Dk = 192---Qm, where p; and q; are all primes. 
Since p, | n, it follows that p; | qiq2... qm. 


Since p, is a prime, p; | q, for some r where 1 < r < m. But since pi 
and gq, are both primes, p; = q,. 
We obtain = p2p3... Dk = 9192 -+-Qr—19rt1- ++ Gm: 
We repeat the argument with p2 and obtain p2 = q, for some s, where 
1<s<m,s#r. Then 
P3P4---Pk = 91492 ---Qr—19r41 +--+ Ys—19s41 +--+ Qm- 
If k < m, then after k steps the left hand side reduces to 1 and the 


right hand side becomes the product of m—k_ q’s, each of which is ® 
prime. This cannot happen. Therefore k > m. 


If k > m, then after m steps the right hand side reduces to 1 and 
the left hand side becomes the product of k—m p’s, each of which 's® 
prime. This cannot happen. Therefore k < m. 


Hence k = m and the products pipo...pm and 9192 .--k give the 
same representation except for the order of the factors. 
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Thus n(> 1) is expressed as the product of a number of primes, the 
representation being unique except for the order of the factors. 


Note. In the application of the fundamental theorem we write any inte- 
ger n(> 1) in the form, called the canonical form, 


n = pi po®? ... pr, 
where the primes p; are distinct with p, < pp <--- < p, and the expo- 
nents a; are positive. 


An integer is said to be square-free if no a; in the canonical form of 
n is greater than 1. 


To illustrate the representation, let us take n = 3150, 210. 

3150 = 2.3.3.5.5.7 = 2.37.57.7. 210 = 2.3.5.7. 210 is square free. 
Another representation. Every positive integer n (including 1) can 
also be expressed as n = [1 p*“?), where p is a prime and a(p) is an integer 

P 
> 0 and a(p) = 0 for sufficiently large p. 
In particular, ifn = 1, then each a(p) = 0 and in this case the product 
I1p*?) becomes empty. 
P 
The symbol a(p) indicates that a depends on the prime p. 
If a = [I p*”),b = p® (?) be two positive integers then 
P p 


the g.c.d. of a and b is 1p’), where 7(p) = min {a(p), B(p)} and 
P 


the l.c.m. of a and b is mp, where 6(p) = max {a(p), 8(p)}. 

Since max{a, 3}+min{a, 8} = a+ 8 for any two real numbers a and 
B, it follows that for any two positive integers a, }, (a, b).[a,b] = a.b. 

For example, let a = 60, b = 63,c = 1. Then 

a= 27.35.79, b= 2°.37.5°.7, c= 2°.3°.59.7°. 

(a,b) = 29.3.5°.79 = 3, (a,c) = 2°.3°.5°.7° = 1, 

[a, b] = 22.37.5.7 = 1260, [a,c] = 27.3.5.7° = 60. 

(a, b).[a, b] = 3.1260 = 3780 = a.b; (a, c).[a, c] = 1.60 = ac. 


Theorem 3.3.7. If a,b,c be positive integers then 
(i) (a, [b, e]) = [(a, 5), (a, o)]; 
(ii) [a, (b, c)] = ({a, d], [2, €])- 
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To prove the theorem we first prove the following lemma. 


Lemma. If a, 8,-y be integers then 
(i) min {a, max {8,7}} = max { min {a, 6}, min {a, 7}} 
(ii) max {a, min {8,7}} = min { max {a, 6}, max {a, 7}. 
Proof. (i) Let us consider the following cases. 


Case 1. a < min {8,7}. Then a < max {f, 7}: 
L.H.S.=a, R.H.S.= max {a,a}=a. 
Case 2. a > max {8,7}. Then a > B,a> 7. 
L.H.S. = max {8,7}, _R-H.S.= max {6,7}. 
Case 3. B<a<y. 
L.H.S. = min {a,y}=a, R.H.S.= max {f,a} =a. 
Case 4. y<a<f. 
L.H.S. = min {a,8} =a, R.H.S. = max {a,y} =a. 
This completes the proof. 
(ii) Similar proof. 


Proof of the theorem. 


In consequence of the fundamental theorem of arithmetic, there exist 


prime numbers pj, p2,...,Dn such that 
a= pi“ p2*? ...pn", where a; are integers > 0, 
b= py?) po? Pen Dn’, where 3; are integers > 0, 
c= p\"p2%? ...pn™, where +; are integers > 0. 
[b, c] = py71po7? ... pn", where 2; = max {;,7i}, i =1,2,...,n. 


(a, (b, c]) = pi¥* p24? ...pn¥", where y; = min {a;,2;}, i= 1,2,..-5”- 


(a,b) = pi” po”? ... pn", where w; = min {a;,8;}, i = 1,2,...,2- 

(a, c) = pi™ po”? ...Pn7", where z; = min {a;,7;}, i= 1,2,...,7 

[(a, 6), (a,¢)] = pi po...pn*, where t; = max {w;,2i}, i = 
1 ere 


By the lemma, we have y; = min {a;,2;} 
= min {a;, max {8;,;}} 
= max { min {a;, 6;}, min {o4, %}} 
= max {w;, zi} = Wit SH 4, 23m: 
Therefore (a, [b, c]) = [(a, b), (a, c)]. 


(ii) Similar proof by using lemma (ii). 
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Note. If we define binary operations o and * on the set N by 

aob= the g.c.d. of a and B, 

axb= the l.c.m. of a and b for a,b EN 
then the part (i) of the theorem states that ao (bxc) = (a0b)*(aoc) for 
a,b € N and the part (ii) of the theorem states that ax(boc) = (axb)o(axc) 
for a,bEN. 


These establish that the operation o is distributive over the operation 
x and the operation « is distributive over the operation o. 


Worked Examples. 
1. If 2" + 1 is an odd prime for some integer n, prove that n is a power 


of 2. 

If n is odd, 2” + 1 is divisible by 2 + 1 and therefore 2” + 1 is not a 
prime. So n is even. 

Let n = 2*p*'p$?...p%", where p,’s are primes. 

Then n = 2*.p, where p is an odd integer. 


Ifp>1, 2° +1 = 27°? +1 = (27°) +1 and it is divisible by 2?" +1, 
since p is odd. This contradicts that 2” + 1 is a prime. 
Consequently, p = 1 and n = 2*. 


2. If p be a prime, show that ,/p is not a rational number. 


Since p is a prime, p is an integer > 2 and therefore ,/p > 1. 

Let ,/p be a rational number. Then ,/p = 7 for some natural num- 
bers m,n. We assert that m > 1 and n > 1, because 

m=landn=1=>p= 1? =1, a contradiction 

m>1andn= 1-5 p= mm and therefore p is not a prime, a 
contradiction 

m=landn>1= /p < 1, a contradiction. 

Therefore m > 1 and n > 1. We also have pn? = m?. The number 
of primes in the factorisation of m being unique by the fundamental 
theorem of arithmetic, it follows that the number of primes (counting 
multiplicity) in the factorisation of m? is always even. 

Similarly, the number of primes in the factorisation of n? is also even. 
Therefore the number of primes in the factorisation of pn? is odd (since 
P is a prime). 

Since pn? = m?, it appears that the same integer m* is expressed as 
the product of an odd number of primes in one representation and as the 
Product of an even number of primes in another representation. 


This contradicts uniqueness of the number of prime factors in the 
decompostion. We conclude that VP is not a rational number. 
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Theorem 3.3.8. (Euclid) The number of primes is infinite. 


Proof. We prove the theorem by contradiction. . 

Let us suppose that the number of primes is finite and let P be the 
greatest prime. We write the primes 2,3,5,7,.-- Im Succession and p i, 
the last in the enumeration. 


The product 2.3.5...p in which every prime appears only once jg 
divisible by each prime and therefore the number (2.3.5...p) +1 is not 
divisible by any of the primes 2, 3,5,...,D. 


Hence this number is either itself a prime, or being a composite num. 

ber, is divisible by a prime number greater than p. In both the cases 
p fails to be the greatest prime and therefore the number of primes jg 
infinite. 
Note. Although the number of primes is infinite, there are arbitrarily 
large gaps in the sequence of primes. For every positive integer k, there 
exist k consecutive composite numbers. To be explicit, each of the k 
consecutive integers 


(K+1)!+2,(K+1)!+3,...,(h+1)!4+ (K4+1) 
is composite, because (kK + 1)!+ 7 is divisible by r if 2<r<k+1. 
This indicates that the primes are irregularly spaced in the sequence 
of positive integers. The number of primes less than a positive integer 


x is denoted by (x). No simple formula for determining m(x) has yet 
been found. 


Test for primality. 


If a positive integer a be composite, then a = be for integers 5,¢ 
satisfying 1<b<a,1<c<a. Letb<c. Then b? < bc = a and this 
implies b < /a. 

Since b > 1, b has at least one prime divisor p and p<b<vVa. 

In testing primality of a positive integer n, it is sufficient to divide ” 
by primes not exceeding \/n. 

Greek mathematician, Eratosthenes (276 - 494 B.C.) utilised this co 
cept to find all primes less than a given positive integer n. His device 
is called the “seive of Eratosthenes” which consists in writing all inte 
gers from 2 to n in natural order and then striking out all multiples 


2p, 3p, 4p, 5p,... of all primes p < /n. The integers that are left in the 
list ( survived the seive ) are primes. 


For example, in order to determine all primes < 30, the sieve” 
method is applied by striking all multiples of 2,3,5 from the table ° 
integers from 2 to 30, since 5 is the largest prime < /30. 


INTEGERS 133 


The table is shown below. 
23 AS 67 B P AO 42 13 Ad AB 
A617 A819 20 Zl 2223 24 25 26 27 28 29 BO 


This method has limitations. If the positive integer n be sufficiently 
large, the method becomes impracticable. 


Distribution of primes. 

According to Divison algorithm, all odd positive integers fall into two 
progressions — one containing positive integers of the form 4n + 1 and 
the other containing positive integers of the form 4n + 3, where n EN. 

It is natural to ask whether the infinitude of primes ultimately fall 
into one particular progression or they are infinitely distributed in both 
the progressions. 

In this respect a more general theorem has been established by Dirich- 
let which states that — if a and 6 are positive integers relatively prime 
then the arithmetic progression a + nb (n € N) contains infinitely many 
primes. 

The proof of the general theorem requires analytic method and as 
such it is beyond the scope of the book. In special cases the proofs can 
be carried along the same line as in Euclid’s theorem. We consider one 
such. 


Theorem 3.3.9.(Dirichlet) There are infinitely many primes of the 
form 4n — 1. 


Proof. We assume that there are only a finite number of primes of the 
form 4n — 1. Let p be the largest prime of that form. 


Let us consider the positive integer N = (2?.3.5...p) —1. The product 
3.5...0 contains all odd primes < p as divisors. 

Since N is of the form 4n — 1 and N > p, N cannot be a prime, 
because by assumption, p is the largest prime of the form 4n — 1. 

As N is composite, N has prime divisors and they are all greater than 
p. All of Them cannot be of the form 4n +1, because the product of two 
numbers of the form 4n + 1 is of the same form. 

Therefore some prime divisor of NV must be of the form 4n — 1 and 
Clearly that prime number is greater than p and this contradicts our 
assumption that p is the largest prime of the form 4n — 1. 


The contradiction proves the theorem. 
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3.3.10. The number of positive divisors of a positive integer, 


Let n be a positive integer greater than 1. Then n can be expressed 
as n = p;“po%...p,%, where the primes pi are distinct with p, < 
po <-++ <p, and the exponents a; are all positive. 


. u 
If m be a positive divisor of n then m is of the form pi""p2"? ...p,4_ 
where 0 < uy < 01,0 < U2 < Q2,...,0 S Ur S Or. 


Thus the positive divisors of n are in one-to-one correspondence with 
the totality of r-tuples (u,t2,.--,Ur), where OS m1 © 4,0 Su < 
G2,..-,0< Up < a,;. 


The number of such r-tuples is (a1 + 1)(a2 + 1)--+ (a, +1). 


Hence the total number of positive divisors of n is (@1+1)(@2+1)-+:(a,+ 
1). 


If n = 1, then there is only one positive divisor. 
Note. The total number of positive divisors (a; +1)(a2+1)---(a,+1) 
include both the divisors 1 and n. 


Definition. The number of positive divisors of a positive integer n is 
denoted by r({n). (tau n) 


If the canonical form of a positive integer n(> 1) be 


nm = py™po%?...p,%", where pi,po,...,p, and distinct 
primes and the exponents a; are all positive, 


then r(n) = (a1 + 1)(a2 + 1)--- (a, +1); and r(1) = 1. 
For example, 7(48) = 7(2*.3) = (4+ 1)(14+1) = 10. 


Theorem 3.3.11. The total number of positive divisors of a positive 
integer n is odd if and only if n is a perfect square. 


Proof. Let n(> 1) be a perfect square and let the canonical form of n be 
n= pi™po%?...pr°", where py < po <--+ <p, and @; are all positive. 


Then each of a1, @2,...,@, is an even integer and t(n) = (a1 +1)(e2t 
1) oy o (a, + 1) is odd. 
If however, n = 1, a perfect square, then r(n) = 1 and it is odd. 


Conversely, let (a1 + 1)(a2 + 1)-+-(a, +1) be odd. Then each of the 
factors a; + 1,a2 + 1,...,a@, +1 must be odd. Consequently, each of 
@,02,...,@, must be even and n is therefore a perfect square. 


This completes the proof. 
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Worked Examples. 

1. Find 7(360) and 7(900). 
360 = 23.37.5. Therefore 7(360) = (1 + 3).(1 + 2).(1 +1) = 24. 
900 = 2°.37.5”. Therefore +(900) = (1 + 2).(1 + 2).(1 + 2) = 27. 


2. Find the number of odd positive divisors of 2700. 


2700 = 27.3°.5?. Every positive divisor of 2700 is of the form 
go 3°? 5°38, where 0 < a; < 2,0 < ap < 3,0 < a3 < 2. 


Each term in the product (1 + 2+ 27)(1+3+43?+4 33)(1+5+57) is 
a positive divisor of 2700 and conversely. 


The odd positive divisors of 2700 are given by the terms of the product 
1.(1 +34 3? +39)(1+5 + 5%). 


The number of odd positive divisors are (3 + 1)(2 + 1), i-e.,12. 
3. If m = p{’po?...pp*, where pi, po,...,De are primes and a; > 1, 
prove that the number of positive square-free divisors of n is 2*. 


A positive square-free divisor of n is of the form p}'p5? ...p,*, where 
0< uw < 1,0 < w < 1,...,0 < uz, < 1 and they are in oneto-one 
correspondence with the totality of r-tuples (u),u2,...,u,), where 0 < 
uy <10<wup < Log cay Up edie 


The number of such r-tuples is 2*. 

Hence the number of positive square-free divisors of n is 2*. 
4. Find the smallest number having 8 positive divisors. 

gS 222 22-2). 

Let n be a number with 8 positive divisors. 


The factorisation of 8 as 8 = 2.2.2 indicates that the number n is 
of the form p;.po.p3, where pi, D2, p3 are distinct primes. For example, 
n = 2.3.7, 


The factorisation of 8 as 8 = 4.2 indicates that number n is of the 
form p?.po, where p1, po are distinct primes. For example, n = 33.2. 


The factorisation of 8 as 8 = 8.1 indicates that the number n is of the 
form pi, where p; is a prime. For example, n = af. 


Therefore the number n is of one of the forms p1.p2.p3, p}.pa, pj, 
Where P1,P2,p3 are distinct primes. 


Clearly, the least number with 8 positive divisors is 29.3 = 24. 
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3.3.12. The sum of all positive divisors of a positive integer, 


an 1. Then 7 can be expreggeq 


Le b ae integer eater th eke 
n be a positive integer gr are distinct with p, < 


asm = py po®...p,%7, where the primes pi 
P2<-:-<p, and a; > 0. 

Every positive divisor of n is a term in the product 

(L+ pit phe + pM )(L+p2 tet P27) + Pr + + per) 
and conversely, each term in the product is a divisor of n. 

Hence the sum of all positive divisors of n 

= (1+p,+p2+-+-+p%)(1+po+p3+-+-+p3?).-. (+p +p? t-+-+pe) 


Es ale! ellis Wee sae 
~ pi-1 * pe-l * Pr-1 


If n = 1, 1 is the only divisor of n and the sum =1. 
Definition. The sum of all positive divisors of a positive integer n is 
denoted by o(n). (sigma n). 
If the canonical form of a positive integer n(> 1) be 
= py po... pr", 


portly pote art+l_y 
then o(n) = Sar 17+; and o(1) = 1. 


Definition. A function whose domain is the set of all positive integers 
is said to be a number-theoretic function (or an arithmetic function). 

The range of a number-theoretic function need not be the set of all 
positive integers. We shall encounter some simple number-theoretic func- 
tions which assume positive integral values. 


The functions 7 and o are examples of number-theoretic functions. 


A number-theoretic function f is said to be multiplicative if f(mn) = 
f(m)f(n) for all integers m,n such that m,n are prime to each other. 


Theorem 3.3.13. The functions 7 and o are both multiplicative func 
tions. 


Proof. Let m,n be relatively prime integers. 
7(mn) = 7(m)r(n) holds trivially if either m is 1 or n is 1. 
We assume m > 1 andn> 1. 
Let m = p1%po® ...p,*" and n= qi 91 go fa as 95°", 
where p;, gj are primes and q; > 1, B; > 1. 
Since m,n are relatively prime, each p; is different from each qj- 


Therefore the prime factorisation of mn is 
mn = pi% po... Pr" qyPtggh? .. g,Be, 
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r(mn) = (a1 + 1)(a2 +1)... (a, +1)(61 +:1)(B2 +1)... (Bs +1) 


= T(m)r(n). 
be 3 aj+l_y grtt-t ar+1_ 1 gi*t=1 gh2*1_1 = Bo+1_1, 
Gg pi-l * pe-l Pr-l * qi-1l ° q—l qQs-1 ? 
= o(m)o(n). 


Hence 7 and o are multiplicative functions. 


Definition. Perfect number. A positive integer n is said to be a 
perfect number if a(n) = 2n, ie., if n be the sum of all its positive 
divisors excluding itself. 

For example, 6 is a perfect number; 28 is another. 


Worked Examples. 
1. Find o(360) and o(900). 


360 = 23.37.5. Therefore (360) = 2=}.3=1 8-1 — 15.13.6 = 1170. 


900 = 27.37.57. Therefore o(900) = 2=1. a Ja) = 7.13.31 = 
2821. 


2. Find the sum of all even positive divisors of 2700. 
2700 = 27.33.52. Every positive divisor of 2700 is of the form 
2% 32 5°3, where 0 < a1 < 2,0 < ag < 3,0 < a3 < 2. 
Therefore each term in the product (1+2+27)(1+3+37+3%)(1+5+57) 
is a positive divisor of 2700 and conversely. 
The even positive divisors of 2700 are given by the different terms of 
the product 
(2+ 27)(1+3+ 37 + 3°)(1+5+5?). 
The sum of the even positive divisors 
= (2+ 27)(1+3 +3? + 33)(1+5 +57)= 6.40.31 = 7440. 


3. Let k > 1 and 2* — 1 is a prime. If n = 24-1(2* — 1) then show that 
nis a perfect number. 

2* _ 1 is an odd prime, say p. 

a(n) = o(2*-1p) = o(2*-!)a(p), since 2*—! and p are prime to each 
other. 

o(2*-1) = 14242924...4 2-1 = 2k 1 and o(p) =1+p. 

Therefore o(n) = (2* — 1)(1 +p) = (2* — 1)2* = 2n. 

This proves that n is a perfect number. 


Note. This example shows that if 2” — 1 (n > 1) is a prime, then the 
umber 27—1(gn _ 1) is a perfect number. 
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The numbers of the form M, = 2" —1 (n > 1) are called Mersen,, 
numbers, named after Mersenne (1588-1648), a French monk and an 


amateur of mathematics. 


The primality of M, requires n must be a prime. — 
If M,, be a prime then M, is called a Mersenne prime and in that 


case a perfect number 2"~1(2” — 1) is obtained. 


4. If dy, dz,...,d, be the list of all positive divisors of a positive integer 


o\n 
n, prove that dedtect+a= on) 
d; is a positive divisor > 7 is also a positive divisor. As qd rims 


through the set of all positive divisors of n, 5 also does so. 
Therefore a + ie oe a = dj +do+---+dx=o0(n) 


Sy Be ade So ie SOA) 
Oya a Wg n ' 


Exercises 3A 


1. Use the principle of induction to prove that 
(i) 1.1!+2.2!4+---+nmn!=(n+1)!—1 for alln EN; 
(ii) 37"~* + 2"+! is divisible by 7 for all n € N; 
(iii) 34"+? + 52"? is divisible by 14 for all n € N; 


(iv) l-3t+g- te ASH at at tS for alln€N: 


(v)/ 2+ 24+---V24 V2 (with n radicals) =2 cos =4-y for all n €N; 


(vi) (3+ V7)" + (3 — V7)" is an even integer for all n € N; 
(vii) (3+ V5)" + (3 — V5)" is divisible by 2” for alln € N. 


2. (i) If for a real z, x + = is an integer, then use the induction principle to 
prove that 2” + =, is also an integer for all n € N. 


(ii) If for a complex z, z+ + = 2cos@ where @ is real, then use the induction 
principle to prove that z” + =; = 2cosné for alln EN. 


3. Prove that 
(i) the square of any integer is of the form 5k or 5k +1, 
(ii) the square of any integer is of the form 3k or 3k +1, 
(iii) the cube of any integer is of the form 9k or 9k +1. 
4. (i) If a be any integer, prove that 6 | a(a + 1)(2a + 1). 
(ii) If a be an odd integer, prove that 24 | a(a? — 1). 
(iii) If a be an odd integer, prove that 32 | (a? + 3)(a* + 7). 
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(iv) If a be an even integer, prove that 48 | a(a? + 20). 
(v) If p be a prime number > 3, prove that 24 | p? — 1. 
5. Prove that 
(i) 1" — 3" — 6” + 8” is divisible by 10 for all n € N, 
(ii) 2" — 5" — 6” + 9” is divisible by 12 for all n E N. 
(Hint. (i) (1" — 3") + (8" — 6”) is divisible by 2 and (17 — 6") + (8" ~ 3”) is divisible 
by 5. | 
6. If gcd(a, b) = au + bv,where u and v are integers, prove that gcd(u, v) = 1. 


7. (i) If a be an integer, prove that for all positive integers n, gcd(a,a +7) is 
a divisor of n. Deduce that gcd(a,a+1) = 1. 


(ii) Show that for all odd inegers n, gcd(3n, 3n + 2) = 1. 

(iii) If ged(a, b) = 1, show that gcd(a” — b?, a? +b”) = 1 or 2. 

(iv) Prove that ged(2?” 41,2?” + 1) = 1, if m,n are positive integers. 
(Hint. (iv) Let m > n. Then 2” = 2".2k, for some integer k. Let 2?” = 2. Then 
22" _1 = 22k — 1 and it is divisible by z + 1.] 

8. (i) Ifais prime to b and c is a divisor of a, prove that c is prime to b. 

(ii) Ifa is prime to b, prove that a? + b? is prime to ab’. 

9. Use Euclidean algorithm to find integers u and v such that 

(i) gced(72,120) = 72u+120v (ii) gced(13, 80) = 13u + 80v. 
10. Find integers u and v satisfying 

(i) 20u+63u=1, (ii) 30u+72v=12, (iii) 52u—9lv = 78. 
11. Show that fraction is irreducible for all n € N. 


; ss sss 4 
() sate. Gi) SEH. Gil) aes: 


[Hint. (i) Let a = 9n+ 8, b= 6n +5. Then 2a — 36 = 1. Therefore a and 6 are 
relatively prime.] 
12. Find the general solution in integers and the least positive integral solutions 
of the equation 

(i) 8r—27y=1, (ii) 12¢—17y=-1, 

(iii) 35¢2-—13y=10, (iv) 412—l17y=8, 

(v) 29¢—13y=5, (vi) 632—55y=-—1. 
13. Solve the equation in positive integers 


(i) We+7y=151, (ii) 132+ 4y = 115, 
(iii) 92+25y=311, (iv) 120+ 5y= 149. 
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14. (i) The sum of two positive integers is 200. If one is divided by 5 ang the 
other is divided by 9, the remainder is 1 in each case. Find the numbers, 


(ii) The sum of two positive integers is 100. If one is divided by 5, the 
remainder is 3 and if the other is divided by 9, the remainder is 4, Find the 
numbers. 


15. (i) Prove that for all integers n > 1, n* + 4 is composite. 
(ii) Prove that for all integers n > 2, n® — 1 is composite. 
(iii) Prove that if n be composite, 2” — 1 is composite. 
16. (i) Prove that the sum of first n natural numbers (n > 2) cannot be prime. 
(ii) The only prime p such that p + 1 is a perfect square is 3. 
(iii) The only prime of the form n? — 4, n being an integer, is 3. 
17. Prove that the sum of a pair of twin primes, each greater than 3, is divisible 
by 12. 


[A pair of successive odd integers both of which are primes is said to be a twin 
prime.] 


{Hint. Let p,p +2 be twin primes. Then p+ 1 is even and is divisible by 3.] 
18. Find 7(n), where 
(i) n= 144, (ii) n= 450, (iii) n = 1482, (iv) n = 1982. 
19. Find o(n), where 
(i) n=99, (ii) n= 210, (iii) n = 1225 (iv) n = 7007. 
20. Find the sum of all odd positive divisors and all even positive divisors of 
(i) 3600, (ii) 6300. 
21. Find the least positive integer with 24 positive divisors. 


22. Prove that the product of all positive divisors of a positive integer n > 1 
: r(n)/2 
is n : 


[Hint. Let d be a positive divisor of n. Then dd’ = n for some positive divisor d’ of 
n. As d runs through all 7(n) positive divisors of n, d’ does so. Therefore Iid.Id'= 
n7™("), But Id=Id’.} 


23. If n be a perfect number and d;, d2,...,d, be the list of all positive diviso™ 
of n, prove that 


1 1 a 
tage rg = 
[Hint. If n be a perfect number, o(n) = 2n.] 


24. Let k > 1 and 2* — 3 is a prime. If n = 2*-1(2* _ 3) then show that 
a(n) = 2n+ 2. 
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3.4. Congruence. 


Karl Friedrich Gauss (1777-1855), a celebrated German mathemati- 
cian, introduced the concept of congruence which laid the foundation of 
modern theory of numbers. 


Definition. Let m be a fixed positive integer. Two integers a and b are 
said to be congruent modulo m if a — b is divisible by m. symbolically 
this is expressed as a = b (mod m). 


To illustrate, let m = 3. It is easy to verify that 
1 =4 (mod 3), —2=1 (mod 3), 6=0 (mod 3), 35 = 2 (mod 3). 


When a — 6 is not divisible by m,a is said to be incongruent to b 
modulo m. It is expressed as a # b (mod m). 


For example, 1 # 5 (mod 3), -2 # 2 (mod 3). 


Note. When m = 1, every two integers are congruent modulo m and 
this case is not so useful and interesting. Therefore m is usually taken 
to be a positive integer greater than 1. 


Theorem 3.4.1. For any two integers a and b, a = b (mod m) if and 
only if a and 6 leave the same remainder when divided by m. 


Proof. Let r be the remainder when a is divided by m. Then there exists 
some integer g such that a = gm+r,0<r<m. 
Since a = b (mod m), a — b = km where k is an integer. 


Thereforeb=a—km = (qm+r)—km 


and this shows that b leaves the same remainder r. 


Conversely, let r be the same remainder when a and b are divided by m. 
Then a = qym+r,b = qgm-+r, where qi, 2 are integers and 0 <r < m. 

Therefore (a — b) = (qi — g2)m, ie., m | a — b and this proves that 
a = b (mod m). 


To illustrate, let m = 5. Since 21 = 4.5+1 and -14 = -3.541, 
21 and —14 leave the same remainder upon division by 5. Therefore 
21 = —14 (mod 5). 
Properties. 
1. a=a (mod m). 
2. Ifa = b (mod m) then b = a (mod m). 


3. Ifa =b (mod m),b = c (mod m) then a = c (mod m). 


142 HIGHER ALGEBRA 


4. If a=b (mod m) then for any integer c 


atc = b+c (mod m) 
ac = bc (mod™m). 
5. If a= b (mod m) and c = d (mod m) then 
ate = b+d (mod m) 
ac = bd(mod™),. 


6. If a =b (mod m) and d|m,d > 0, then a = b (mod d). 
Proofs of properties 1 — 4 and 6 are immediate. 


Proof. 5. a = b (mod m)=> a — b= km and 
c =d (mod m)=> c—d= Im, where k,! are integers. 
(a+c) —(b+d) =(k4+l1)m. 
Therefore a +c = b+ d (mod m) since k +1 is an integer. 
By property 4, 
a = b (mod m)= ac = be (mod m) and 
c =d (mod m)=> bc = bd (mod m). 
Therefore a = b (mod m) and c = d (mod m)=> ac = bd (mod m). 


Definition. Ifa =b (mod m) then b is said to be a residue of a modulo 
m. 


By division algorithm there exist integers g and r satisfying a = gm+r 
with O<r<m-1l. 


Since a — r = qm,a =r (mod m) and this shows that r is a residue 


of a modulo m. r is said to be the least non-negative residue of a modulo 
m. 


Let a be an arbitrary integer. Upon division by m, a leaves one and 
only one of the integers 0,1,2,...,m—1 as the remainder. 


Therefore whatever the integer a may be, the least non-negative 
residue of a is one and only one of 0,1,2,...,m—1. 


The whole set of integers is divided into m distinct and disjoint sub- 
sets, called the residue classes modulo m, denoted by 0,1,2,---,m—} 
and defined by 


0 = {0,+m,+2m,...} 
i={l,ltm,1+2m,...} 
P= 49,2 + ny 2 2m, sc} 


m—1={m-—1,(m—1)+m,(m—- 1) +2m,...}. 
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Any two integers in a residue class are congruent modulo m and any 
two integers belonging to two different residue classes are incongruent 
modulo m. 


Theorem 3.4.2. If a = b (mod m) then a” = b" (mod m) for all positive 
integers 7. 


Proof. We use the principle of induction to prove the theorem. 

The theorem is true for n = 1. 

Let us assume that the theorem is true for some positive integer k. 
Then a* = b* (mod m). 

Now a* = b* (mod m) and a = b (mod m) together imply that 

a*.a = b*.b (mod m), i.e., a*t1 = bK+! (mod m). 

This shows that the thoerem is true for the positive integer k + 1 if 
we assume it to be true for k. 


By the principle of induction, the theorem is true for all positive 
integers 7. 


Note. The converse of the theorem fails to hold. 
a* = b* (mod m) does not necessarily imply a = b (mod m). 


For example, 9* = 7” (mod 8) but 9 # 7 (mod 8) 
43 = 7° (mod 9) but 4 #7 (mod 9). 


Theorem 3.4.3. If az = ay (mod m) and a is prime to m then z = y 
(mod m). 


Proof. ax — ay = km, where k is an integer 
or, £-—y= am 
Since z — y is an integer, a | km. Since a is prime to m and a | km, 
it follows that a | k. Therefore k = aq where q is an integer. 


Hence x — y = gm and this proves the theorem. 


Note. ax = ay (mod m) does not necessarily imply z = y (mod m). 
For example, 3.2 = 3.4 (mod 6) does not imply 2 = 4 (mod 6). 


We can cancel the common factor a freely from both sides of the 
congruence (mod m) provided a is prime to m. 

3.—-2=2 (mod 8), 3.14= 2 (mod 8). 

Cancelling the factor 3 which is prime to 8 we get the correct congru- 
ence —2 = 14 (mod 8). 


Cancellation is allowed however, in some restricted sense which is 
Provided in the following theorem. 
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Theorem 3.4.4. If d = gcd(a,m) then az = ay (mod m) @ z= Y (mog 
rae 
Proof. We have ax — ay = qm where q is an integer. 

Since gcd(a,m) = d, a = dr and m = ds where r and s are integers 
prime to each other. 

Therefore drx —dry=qds or, x-y=*%. 

Since x—y is an integer, r | gs. r is prime to s and r | gs implies Iq, 
ie., 2 is an integer k. 

Therefore x — y = ks and this says z = y (mod 7). 
Conversely, x = y (mod 4) > ¥|(x—-y) => m | d(z-—y) => 
m | a(x — y) => ax = ay (mod m). 
Corollary. If az = ay (mod m) and a|m then x = y (mod ®). 

For example, 4.7 = 4.10 (mod 6). Cancellation of 4 from both sides 
does not give a correct congruence because 4 is not prime to 6. Since 
gcd(4,6) = 2, we get the correct congruence 7 =10 (mod 8). 


Again, 4.7 = 4.10 (mod 12). Since 4 | 12, we get the correct congru- 
ence 7 = 10 (mod 3) from the corollary. 


Theorem 3.4.5. z = y (mod m;), for i = 1,2,...,7 <} x = y (mod m), 


where m = [m1,mMe,...,m,], the lem of m1, mz2,..., Mr. 
Proof. x = y (mod m;) > m; | (xc — y), fori =1,2,...,r 
=> XZ —y is acommon multiple of m,,mz2,...,m, 
=> [m1,™m2,...,mr] | (x — y) 


=> xz =y (mod m). 
Conversely, x = y (mod m) > m| (xz — y) 
=> M1M2...M,r | (x — y) 
=m, |(x—-y), fori=1,2,...,r 
=> x =y (mod mj), for i=1,2,...,r. 


Corollary. If c = y (mod m), x = y (mod mg) and M1, Mz are rela- 
tively prime then z = y (mod mmz). 


Theorem 3.4.6. Let f(x) = anz" + anya"! + ... 4 aye + ap be 
polynomial with integral coefficients a,. 
If a = b (mod m) then f(a) = f(b) (mod m). 
Proof. Since a = b (mod m), a* = b¥ (mod m) where k is a positive 
integer. Therefore aja* = a;b* (mod m), where a; is an integer. 
Adding these congruences for i = 0,1,2,...,n, we have 
ao + 41a +4207 + +++ +4na" = ag + ayb+ agb? +...4a,6% (mod m) 
or, f(a) = f(b) (mod m). 
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3.4.7. Divisibility tests. 


1. Let n = a7,10™ + Qm_110™—! + -.- + a910? +2110 + a9 where a, are 
integers and 0 < a, <9,k =0,1,...,m be the decimal representation of 
a, positive integer n. 

Let S = a9 +41 +++>+@m,T = a9 — a, +++: +(—1)"am. Then 

(i) nis divisible by 2 if and only if ag is divisible by 2; 

(ii) n is divisible by 9 if and only if S is divisible by 9; 

(iii) n is divisible by 11 if and only if T is divisible by 11. 


Proof. Let us consider the polynomial 
F(z) =ame™ +am_i2™-! +--+ ayer + ap. 
(i) We have 10 = 0 (mod 2). 
Therefore f(10) = f(0) (mod 2). 
But f(10) =n and f(0) = ap. 
Therefore n — ag is divisible by 2. 
Hence n is divisible by 2 if and only if ag is divisible by 2. 
(ii) We have 10 = 1 (mod 9). 
Therefore f(10) = f(1) (mod 9). 
But f(10)=n and f(1) =S. 
Therefore n = S (mod 9). 
This proves that N — S is divisible by 9. 
Hence n is divisible by 9 if and only if S is divisible by 9. 


(iii) We have 10 = —1 (mod 11). 
Therefore f(10) = f(—1) (mod 11). 
But f(10)=n and f(-1)= 
Therefore n = T (mod 11). 
This proves that n — T is divisible by 11. 
Hence n is divisible by 11 if and only if T is divisible by 11. 


For example, 35078571 is divisible by 9 since the sum of the digits 

34+5+0+7+8+4+5+7+ 1(= 36) is divisible by 9. 

It is also divisible by 11 because the sum 

1-74+5-—84+7-—0+45 — 3(=0) is divisible by 11. 

The number 23572 is divisible by 2, since the integer ag in the units 
Place is 2 which is divisible by 2. It is not divisible by 9, since the sum 
2+3+5+7+2(= 19) is not divisible by 9. It is not divisible by 11, 
Since the sum 2 — 7+ 5 — 3+ 2(= —1) is not divisible by 11. 


2. Let n = am (1000)™ + ee, + ++++ @1(1000) + a9 where a, 
are integers and 0 < a, < 999,k =0,1,...,m be the representation of a 


146 HIGHER ALGEBRA 


positive integer n. 7 ‘ 
Let T =a) ~a, +02 —°°: + (—1) Om: Then 


(i) nis divisible by 7 if and only if T is divisible by 7, 
(ii) n is divisible by 13 if and only if T is divisible by 13, 
(iii) n is divisible by 11 if and only if T' is divisible by 11. 
Proof. Let us consider the polynomial 
f(x) = am2™ + Qm—12™* +++ +412 + Ao. 
(i) We have 1000 = —1 (mod 7) since 1001 = 7.11.13. 
Therefore f (1000) = f(—1) (mod 7). 
But f(1000) =n and f(—1) =T. 
Therefore n = T (mod 7). 
This implies n — T is divisible by 7. 
Hence n is divisible by 7 if and only if T is divisible by 7. 
(ii) and (iii) Similar proofs. 
To illustrate, let us consider the number n = 23146123. n can be 
expressed as 23(1000)? + 146(1000) + 123. 
n is divisible by 7 because the sum 123 — 146 + 23 = 0 is divisible by 


i 
The same argument proves that n is also divisible by 13 and 11. 


Worked Examples. 
1. Find the least positive residues in 356 (mod 77). 


34 = 4 (mod 77) = 3'? = 43 (mod 77) = —13 (mod 77). 
This gives 3°* = 169 (mod 77) = 15 (mod 77). 
Therefore 3°° = 15. — 13 (mod 77) = 36 (mod 77). 


Hence the least positive residue is 36. 


2. Use the theory of congruences to prove that 7 | 25n+3 4 52n+9 for all 
n> 1. 


gont3 4 52n+3 — 8.39" 4+ 195.957. 
32” — 25" = 0 (mod 7) for all n > 1. 


Therefore 8.32" — 8.25" = 0 (mod 7) for all n > 1. 


Also we have 133(25)" = 0 (mod 7) for all n > 1. 
Therefore 8.32” + 125.25" = 0 (mod 7) for all n > 1. 


This implies 7 | 2°"+3 + 52"+3 for all n > 1, 
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3, Prove that 197° = 1 (mod 181). 


We have 19° = -1(mod 181), whence 
19°" = (-1)' (mod 181), by theorem 3.4.2 
or, 197° = 1 (mod 181). 


4. Prove that 3.4"+* = 3 (mod 9) for all positive integers n. 


g4rtl = 12.4% =94"4 3.47 
3.47 = 12.4°-1=9,4r-14 3 4n-1 
3.44 = 124=9443.4 
34 = 12=943. 


Therefore 3.4°*7 = 9(1+44 47 4.--44") +3. 
Hence 3.4"+! = 3 (mod 9). 


5. Find the remainder when 1! + 2! + 3!+.---+ 50! is divided by 15. 


5! = 0(mod 15) and (5+ 7)! = 0 (mod 15) for any positive integer n. 
Therefore 1! + 2!+ 3!+---+ 50! = (1! + 2! + 3!+ 4!) (mod 15). 


= 33 (mod 15) 
= 3 (mod 15). 


3.4.8. Linear congruence. 


Let f(z) = apex" + aye"! +---+.a,(n > 1) be a polynomial with 
integer coefficients ao, @1,...,@n with ag # 0 (mod m). Then f(z) = 0 
(mod m) is said to be a polynomial congruence (mod m) of degree n. 

If there exists an integer zo such that f(x9) = 0 (mod m), then zp is 
said to be a solution of the congruence. 


By earlier theorems, if x; be any integer satisfying x1 = 29 (mod 
m), then we also have f(z1) = 0 (mod m), showing that 2; is another 
solution of the congruence. 


Thus if one solution be found then infinitely many solutions can be 
obtained, but all these solutions belong to the same zZo-residue class mod- 
ulo m and they are not counted as different solutions. 


Two solutions 11,22 of f(z) = 0 (mod m) are said to be distinct 
solutions if x; # x2 (mod m). 

Therefore, by the number of solutions of a congruence (mod m) we 
mean the number of solutions incongruent in patrs. 


For example, let us consider the congruence z* = 1 (mod 8). r=1 
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is a solution of the congruence and all solutions congruent to 1 (moq 8) 
i.e., © = 14 8k, k being an integer, are solutions of the congruence.” 


a@ = 3 is a solution of the congruence and all solutions congrye, 
to 3 (mod 8), i.e, c = 3+ 8k, k being an integer are solutions of the 
congruence. 

Similarly, « = 5, « = 7 are solutions of the congruence. 


These four solutions of the congruence are distinct, because no two 
of the solutions are congruent modulo 8. 


There cannot be more than m distinct solutions of the congruence, 
since there are only m different residue classes. If m is small it is an easy 
job to find all the distinct solutions by direct substitution z = 1, 7 = a. 

-,;2=em-l1. 


There are many points of difference between a polynomial congruence 
modulo a positive integer m > 1 and the polynomial equation over the 
field of complex numbers. 


A congruence may have no solution. For example, the congruence 
x* = 3 (mod 5) has no solution which can be established by directly 
verifying that none of x = 0, = 1, = 2, x = 3, x = 4 satisfies the 
congruence. In contrast, a polynomial equation has always a solution. 


A congruence may have more distinct solutions than its degree. For 

example, the congruence z? = 1 (mod 8) has four distinct solutions 

= 1,2 =3,2=5,z=7. In contrast, a polynomial equation of degree 
m over the complex field has exactly m solutions. 


There is an explicit method of solving a congruence of any degree 
modulo a positive integer m > 1. [just by substitution of each of the 
integers 1,2,...,m—1, in turn.] But there is no such explicit method 
for solving a polynomial equation of degree greater than 4. 


Definition. 

A polynomial congruence of degree 1 is said to be a linear congruent: 
The general form of a linear congruence modulo a positive integer ™ 7 
is ax = b (mod m), where a £0 (mod m ). 


An integer c is said to be a solution of the linear congruence 47 zb 
(mod m) if ac = b (mod m). 


Theorem 3.4.9. If x; be a solution of the linear congruence 4% = b 


(mod m) and if zz = x; (mod m), then zz is also a solution of the 


congruence. 
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Proof, £1 is a solution = az, = b (mod m). 


to = 21 (mod m) > axr2 = az; (mod m) 
=> axq = b (mod m). 


This shows that x2 is a solution of the congruence az = b (mod m). 


Note. If 2; be a solution of the congruence az = b (mod m) then 21 +Am 
is also a solution for \ = 0,+1,+2,.... All these solutions belong to one 
residue class modulo m and these are not counted as different solutions. 


Theorem 3.4.10. If gcd(a,m) = 1, then the linear congruence ax = 6 
(mod m) has a unique solution. 


Proof. Since gcd(a,m) = 1, there exist integers u and v such that au + 
mv = 1. Therefore a(bu) + m(bv) = b. This gives a(bu) = b (mod m). 

This shows that xz = bu is a solution of the congruence az = b (mod 
m). 

Let 21,22 be solutions of the congruence az = b (mod m). 

Then az; = b (mod m) and azz = b (mod m). 

Therefore az, = ax2 (mod m) and this implies x1 = z2 (mod m), 
since gcd(a,m) = 1. 

This proves that the congruence has a unique solution. 


Note. The solutions are zr = bu+ Am, where A = 0, +1, +2,... and they 
all belong to one and only one residue class modulo m. 


Theorem 3.4.11. If gcd(a,m) = d, then the linear congruence ax = b 
(mod m) has no solution if d is not a divisor of b. 

If d be a divisor of b, then the linear congruence az = b (mod m) has 
d incongruent solutions (mod m). 


Proof. Let ax = b (mod m) has a solution xz = u. Then au = b (mod m) 
and this implies m | (b — au). 

d|m-=>d|(b—au). d|a and d| (b— au) > dis a divisor of b. 
Contrapositively, d is not a divisor of b implies az = b (mod m) has no 
solution. 


Second part. d|b. For an integer u, au = b (mod m) holds if and only 
if ju = 4 (mod “), by Theorem 3.4.4. 


_ ged($, a) = 1 and therefore the congruence $4 = 5 (mod ™) has 
Just one solution u = 2; (mod 7). 


" In other words, the solution of the congruence sus 
© integers u = x, (mod 7), Le, u=a1+ Ft, t=0,41, 2, 
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If t assumes the values 0, 1, 2, i. Dae 1, mney u assumes d vaio, 
21,0, + Sa, t+ 2B, ait d a (i) 


We now show that the integers in the list (i) are incongruent Mody] 
m, while each of all other solutions (corresponding to the values of ¢ othe, 
than 0,1,...,d—1) is congruent to some one of the integers in (i). 
{4 — to7 (mod m). 

gcd( ,m) = “ => t) = te (mod d) => d | to a ty. 

This is an impossibility, because 0 < t2 — ti < d. 

Thus all solutions in the list (i) are incongruent modulo m. 

Let any other solution be 2; +t;%, where ¢; is an integer other thay 
0,1,...,d—1. 

By Divison algorithm we can write t; = gd +r, where g andr are 
integers and0<r<d-—1l. 

Then 21 +t; =2,+ (qd+1r)¥ =21+74 (mod m). 

Since 0 <r <d—1, 2, +1t;% is one of the solutions listed in (i). 

Thus the congruence az = b (mod m) has d incongruent solutions 
listed in (i). 
This completes the proof. 


Note. The solutions belong to a single residue class modulo 7 
and this is the union of d distinct residue classes modulo m. The 
residue class 7 modulo “ is the union of d distinct residue classes 


tt+ Bit tit (d-1)m modulo m. 
For example, the residue class 1 modulo 5 is the union of the three 
distinct residue classes 1,6,11 modulo 15. 


Worked Examples. 
1. Solve the linear congruence 5z = 3 (mod 11). 


gcd(5, 11) = 1. Hence the congruence has a unique solution. 

Since gcd(5, 11) = 1, there exist integers u,v such that 5u + llv= 

Here u = —2,v = 1. Therefore 5.(—2) + 11.1 = 1 and this implies 
5.(—2) = 1 (mod 11). Therefore 5.(—6) = 3 (mod 11). 

Hence x = —6 is a solution. 

All solutions are + = —6 (mod 11), ie., 2 = 5 (mod 11). 


All the solutions are congruent to 5 (mod 11) and therefore the giv 
congruence has a unique solution. 


Ii 
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2. Solve the linear congruence 152 = 9 (mod 18). 


ged(15,18) = 3 and 3 | 9. Therefore the given congruence has a 
solution. The given congruence is equivalent to 5z = 3 (mod 6). 


gcd(5,6) = 1. Hence the congruence 52 = 3 (mod 6) has a unique 
solution. 


Since gcd(5,6) = 1, there exist integers u,v such that 5u + 6v = 1. 


Here u = —1,v = 1. Therefore 5.(—1) + 6.1 = 1 and this implies 
5.(—1) = 1({ mod 6). Therefore 5.(—3) = 3 (mod 6). Hence zs = —3 is a 
solution of the congruence 5x = 3 (mod 6). 

There are three incongruent solutions of the given congruence. They 
are = —3, -3 + 6, -3 + 12 modulo 18, ie., x = —3,3,9 (mod 18). 


System of linear congruences. 
Let us consider the linear congruences 
a,x = bi (mod mj), agx = be (mod mya), ---, a-x = b, (mod m,) 


and let us enquire if it be possible to have a simultaneous solution of 
the congruences. In that case each individual congruence must have a 
solution. 

Let gcd(a;,mi) = d, for i = 1,2,...,r. Then d; must be a divisor of 
b; for each 7. 

Cancelling d; from the ith equation, the system reduces to 


a,x = b; (mod m}{), ax = by (mod m}), ---, a,x = 6). (mod m/), 
where dja, = a;, db, = b;, ..., dim, = m; and gcd(aj,m{) = 1 for 
1=1,2,...,7r. 


Each individual congruence has a unique solution of the form x; = c¢; 
(mod My ). 

Thus the problem is reduced to one of finding a common solution of 
the system 


Z=c, (mod m1), x =c2 (mod m2), -:-, z=c, (mod m,). 


The kind of problems that can be reduced to a system of linear con- 
gruences was found in Chinese literature as early as first century A.D..In 
later periods such problems were also found in other countries. Because 
of their antiquity, this type of problem goes by the name of “Chinese 
remainder theorem”. 


The method of congruence that is used to state the problem and to 
Make the proof in a concise form was unknown to the ancients. 
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Theorem 3.4.12. Chinese remainder theorem. 


Let m,,m2,...,m, be positive integers such that ged(m:,m;) = 
for i # j and c1,co,...,¢, be any integers. Then the system of linea, 
congruences 

z=, (mod m;), z= C2 (mod mg), +++) T= Cr (mod m,), 


has a simultaneous solution which is unique modulo mmp3...m,. [ie, is 
Zo be a solution then xz = £9 + k(mimz...m,) is also a solution, Where } 
is an integer.] 
Proof. Let m = m,mz...m,. Let My = mk =1,2,...,7r. 

Then gcd(M;,m,) = 1 for k = 1,2,...,7. 


This implies that the linear congruence M,z = 1 (mod mx) has g 
unique solution modulo mx. Let x; be the solution. 


Then M,2; = 1 (mod m,) and clearly, M,x, = 0 (mod m,) for j £k. 
Therefore c,My,r~ = cy, (mod m,) and c,M,2, = 0 (mod m;) for 7 #k. 
Let us consider the integer 29 = c1 M121 + co2Me%2 +---+0¢,M,2,. 


Zo = Ci (mod m1); since c1M32, = Ci (mod m}) and ce; Mj2; = 0 
(mod m;) for i #1. 


Similarly, ro = cz (mod mg)... ... Zp = c, (mod m,). 
This shows that 29 is a solution of the given system of congruences. 


Let z’ be any solution of the system of congruences. 
Then zx’ = cy, (mod m,) for k = 1,2,...,r. 


x’ = cy, (mod mx) and 2 = cy (mod m,) => 2! = xo (mod mg) for 
Kel; 2; ea? 


Consequently, x’ = Zp (mod mim2...m,) [Theorem 3.4.5] 


This shows that the solution of the system is unique modulo 
m14™M2...Mr. 


Note. In the Chinese remainder theorem, the hypothesis that m1," 
m, should be pairwise relatively prime is essential. If this condition 

not satisfied there may not exist a solution of the system of congruence 
3 


For example, the simultaneous congruences xz = 1 (mod 4) and a 


(mod 8) has no solution, while the system x = 3 (mod 10) and 7 ~ 
(mod 15) has the unique solution z = 23 (mod 30). 
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Worked Examples (continued). 
3, Solve the system of linear congruences 

2 =1(mod 3), s =2 (mod 5),  =3 (mod 7). 

3, 5 and 7 are pairwise prime to each other. Let m= 3.5.7 = 105. 

Let M, = J = 35, M2 = 3 = 21, Mg = F = 15. 

Then gcd(M,,3) = 1, gcd(Mo2,5) = 1, gcd(M3,7) = 1. 

gcd(35,3) = 1. Therefore the linear congruence 35r = 1 (mod 3) has 
a unique solution and the solution is x = 2 (mod 3). 

gcd(21, 5) = 1. Therefore the linear congruence 21r = 1 (mod 5) has 
a unique solution and the solution is z = 1 (mod 5). 


ged(15,7) = 1. Therefore the linear congruence 15r = 1 (mod 7) has 
a unique solution and the solution is s = 1 (mod 7). 


ap = 1.(35.2) + 2.(21.1) + 3.(15.1) = 157 is a solution. 


The solution of the given system is x = 157 (mod 105), which is 
equivalent to x = 52 (mod 105). 


4, Find four consecutive integers divisible by 3,4,5,7 respectively. 


Let n,n+1,n+2,n+3 be four consecutive integers divisible by 3,4,5,7 
respectively. Then n = 0 (mod 3), n+ 1=0 (mod 4), n+ 2 = 0 (mod 
5), 2 +3 = 0 (mod 7). 

We are to solve simultaneous linear congruences n = 0 (mod 3),n =3 
(mod 4), n = 3 (mod 5), n = 4 (mod 7). 


3,4,5 and 7 are pairwise prime to each other. Let m = 3.4.5.7. 


Let M; = @ = 140, Mz = © = 105, My = 2 = 84, Mg = & = 60. 
Since gcd(3, M,) = gcd(3, 140) = 1, the linear congruence 140z = 1 
(mod 3) has a unique solution (mod 3) and the solution is x = 2. 


Since gcd(4, M2) = gcd(4, 105) = 1, the linear congruence 1052 = 1 
(mod 4) has a unique solution (mod 4) and the solution is x = 1. 
Since gcd(5, M3) = gcd(5,84) = 1, the linear congruence 84x = 1 


(mod 5) has a unique solution (mod 5) and the solution is x = 4. 


Since gcd(7, M4) = gcd(7,60) = 1, the linear congruence 602 = 1 
(mod 7) has a unique solution (mod 7) and the solution is x = 2. 
Therefore Zo = 0.140.24+3.105.1+3.84.4+4.60.2 = 315+ 1008+ 480 — 
803 is a solution and the solution is unique modulo 420. 


to = 123 (mod 420). Therefore the consecutive integers are n,n + 
N+2,n+3, where n = 123 + 420t, t = 0, +1,42,... 


154 HIGHER ALGEBRA 


5. Solve the linear congruence 32x = 79 (mod 1225) by applying Chines 


remainder theorem. 

1225 = 52.7? and gcd(52, 77) = 1. The given problem is equivalent 
to finding a simultaneous solution of the congruences 32% = 79 (moq 
25) and 32x = 79 (mod 49), since a = 5 (mod mm) and a = b (ioq 
m2) a = b (mod [m,ma]). 

32x = 79 (mod 25) is equivalent to 7 = 4 (mod 25). 


gcd(7,25) = 1. We have 7.(—7) + 25.2 = 1. Therefore 7.(—7) = 
(mod 25) and therefore 7.(—28) = 4 (mod 25). This shows that 7z = 4 
(mod 25) is equivalent to + = —28 (mod 25), ie., x = 22 (mod 25), 

32x = 79 (mod 49) is equivalent to 322 = 30 (mod 49) which is again 
equivalent to 162 = 15 (mod 49). 

gcd(16,49) = 1. We have 16.(—3) + 49.1 = 1. Therefore 16.(—3) =] 
(mod 49) and therefore 16.(—45) = 15 (mod 49). This shows that 162 = 
15 (mod 49) is equivalent to s = —45 (mod 49), ic. 7 =4 (mod 49), 

We now solve the system of congruences 

x = 22 (mod 25), x = 4 (mod 49). 

Let m = 25.49. Let M; = % = 49, Mo = & = 25. 

Since gcd(M ,25) = 1, the congruence 492 = 1 (mod 25) has a unique 
solution. 


We have 49.(—1) + 25.2 = 1. Therefore 49.(—1) = 1 (mod 25) and 
therefore the unique solution is 2; = 24 (mod 25). 

Since gcd(Mo2, 49) = 1, the congruence 252 = 1 (mod 49) has a unique 
solution. Proceeding similarly, the unique solution is r2 = 2 (mod 49). 

A solution of the system is 9 = 22.(49.24) + 4.(25.2) = 26072. 


The solution of the given congruence is z = 26072 (mod 1225), which 
is equivalent to z = 347 (mod 1225). 


Theorem 3.4.13. Let m1, mz be positive integers and a1,@2 be a 
integers. Then the system of linear congruences 


xz =a, (mod m), z= ag (mod m2) 


will have a simultaneous solution if and only if a, — ao is divisible by 
gcd(rm, M2) and if this condition be satisfied the solution is unique °° 
ulo lem(7m,1, m2). [i-e., the solutions form a single congrucuce class Mo 
ulo [m1, m4]. 


Proof. Let miz = gcd(m}, m2) and Mm = Mj2d1,mM2 = 4242: where 
gcd(d,, d2) = 1. 
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Let xo be a simultaneous solution. Then zp = a, (mod m1), Zo = 42 
(mod mg). Therefore m|(z9 — a1) and mg|(xp — a2) and this implies 
mya|(Zo _ ay) and mMy12| (xo _ a2). 

Therefore ™12|(%9 — a2) — (20 — a1), i.e, gcd(mi, m2)|(a1 — 22): 


Conversely, let m12|(a1 — a2). Then a, = ag + cme for some integer c. 

The general solution of the first congruence has the form 

x =a; +m 5S, where s is an integer 
= (a2 +cmy2) + dims, 
= a2 +™j2(c + d,s), where s is an integer ... (i) 
The general solution of the second congruence has the form 
LZ = aq + met, where ¢ is an integer 
= a2 + My2d2t, where tis an integer ... (ii) 

Since gcd(d,, dz) = 1, pd; +qdz = 1 for some integers p and g. There- 
fore ped; + gedg = c and c+ d\s = d\(pce+ s) + qcdo. 

If we choose s such that pc + s = dou, where wu is an integer then 
c+d,s = d2(ud, + gc) = dou, where v is an integer and in that case 
the solutions (i) and (ii) become identical which implies that the given 
congruences have a simultaneous solution. 

The solution takes the form 
== a, +m1s = a, +m (—pe + dau), where wu is an integer 
= 4) — pcm, + m,d2u 
= a —pem +lem(m,m2)u, since mdz = Fae = [mi, ma]. 


Since u is an integer, the solution is unique modulo lem(m,, m2). 


Worked Example (continued). 
6. Show that the congruences z = 11 (mod 15), z =6 (mod 35) have a 
simultaneous solution. Solve the system. 


Here the moduli of the congruences 15 and 35 are not prime to each 
other. ged(15,35) = 5 and 11 — 6 is divisible by gcd(15,35). Therefore 
the congruences have a simultaneous solution. 

The general solution of the first congruence has the form 

x=11+15s, where s is an integer 


=64+5(1+3s) ... (i) 
The general solution of the second congruence has the form 
z= 6+ 35t =6+ 5.7t, where ¢ is an integer ... (ii) 


: a 5=2+7u, where wis an integer, then 1+ 3s is a multiple of 7 and 
at case (i) and (ii) become identical. 
© common solution is 
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x =6+ 5{1+ 3(2+ 7u)| = 41+ 105u, where wu is an integer. 
Therefore the solution is given by x = 41 (mod 105). 


Another method 


The congruence x = 11 (mod 15) is equivalent to two Simultaneoy, 
congruences x = 11 (mod 3), z = 11 (mod 5). 


The congruence x = 6 (mod 35) is equivalent to two simultaneoys 
congruences x = 6 (mod 7), x = 6 (mod 5). 


Thus the given system is equivalent to four simultaneous congruences 
x = 11 (mod 3), « = 11 (mod 5), z = 6 (mod 7), s = 6 (mod 5). 

It is observed that the congruences x = 11(mod 5) and xz = 6 (mod 
5) are consistent, because each is equivalent to x = 1 (mod 5). 

The congruence x = 11 (mod 3) is equivalent to x = 2 (mod 3). 


Thus the given system is equivalent to three simultaneous congruences 


x = 2 (mod 3), x = 1 (mod 5), x = 6 (mod 7) of which the moduli are 
pairwise prime to each other. 


Using the method discussed in the theorem, 
Lo = 2.(35.2) + 1.(21.1) + 6.(15.1) = 251 is a solution. 


The solution of the given system is = 251 (mod 105), which is 
equivalent to + = 41 (mod 105). 


There is an extension of the above theorem to a finite set of linea! 
congruences. The theorem is stated below without proof. 


Theorem 3.4.14. Let mj,mo,...,m, be positive integers and 


@1,@2,-.-,@, be any integers. Then the system of linear congruences 
z =a, (mod mj), © = ag (mod mg),..., =a, (mod m,) 


will have a simultaneous solution if and only if a; — a; is divisible by 
ged(m;,m ;) whenever i # j; and if this condition be satisfied the solutio 


toe ; ingle 
is unique modulo lem(m,mz2,...,m,). [i.e., the solutions form a sim 
congruence class modulo lem(m;,mz,...,m,).] 


For example, the system of congruences x = 2 (mod 3), s =3 (mod 
5), x = 4 (mod 6) has no solution, since 4—2 is not divisible by gcd(3:9) 


The solution of the congruences r = 2 (mod 3), s = 3 (mod he 
x = 8 (mod 15). Therefore the given system reduces to 7 = 8 (mod leh 


; ._reiple 
x = 4 (mod 6) and this system has no solution, since 8—4 is not divisib! 
by gced(15, 6). 
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Exercises 3B 


1. List all integers x inl <a < 100 that satisfy 
(i) c=3 (mod 17). (ii) 2 = 10 (mod 17). 


(i) an integer 7 is divisible by 3 if and only if the sum of its digits is divisible 
by 3. 


(ii) an integer 7 is divisible by 5* if and only if the number formed by the 
last k digits is divisible by 5*. 


(iii) an integer 7 is divisible by 2* if and only if the number formed by the 
last k digits is divisible by 2*. 


(Hint. (ii) Ifthe last k digits form the number a, then n = b.10* +a. n = a(mod 
5*).] 
3. Find the missing digit in the number 23104 « 791, if 
(i) it is divisible by 7; (ii) it is divisible by 9; 
(iii) it is divisible by 11; (iv) it is divisible by 13. 
4. A positive integer n is expressed in the form 10a + b. 
(i) Prove that n is divisible by 7 if a — 2b is divisible by 7. 
(ii) Prove that n is divisible by 17 if a — 5b is divisible by 17. 
(iii) Prove that n is divisible by 19 if a + 26 is divisible by 19. 
(Hint. (iii) (10a + b) + 9(a + 2b) = 0 (mod 19). 
5. Use the theory of congruences to prove that 
(i) 17 | (297+! + 3.52"*") for all integers n > 1, 
(ii) 23 | (25"+! + 7.32") for all integers n > 1, 
(iii) 43 | (6"7? + 72"*7) for all integers n > 1. 
6. Use the theory of congruences to establish that 
(i) 73 | (29° —1), (ii) 89 | (2*4 — 1). 
7. Use the theory of congruences to find the remainder when the sum 
(i) 1° + 29 + 33 + ... + 998 is divided by 3; 
(ii) 15 +25 4 35 4...+4 1005 is divided by 5. 
8. (i) If ac = be (mod m) and gcd(c,m) = 1, prove that a = b (mod m). 


_fii If a = b (mod m) and a = b (mod n) where gcd(m,n) = 1, prove that 
*=b (mod mn) 


(iii) If a = p (mod m) and a = c (mod n), prove that b = c (mod d), where 
= gced(m, n). 
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9. Solve the linear congruences. 

(i) dz =3 (mod 5), (ii) 72 = 3 (mod 15), 

(iii) 202 = 10 (mod 35), (iv) 282 = 63 (mod 105). 
10. Solve the system of linear congruences. 

(i) z = 3 (mod 5), x = 4 (mod 7); 

(ii) 2 = 2 (mod 3), z =3 (mod 5), x = 4 (mod 7); 

(iii) « = 2 (mod 5), x = 3 (mod 7), x = 5 (mod 8). 
11. (i) Find the least positive integer which leaves remainders 2, 3 and 2 when 
divided by 3, 4 and 5 respectively. 

(ii) Find the least positive integer which leaves remainders 2, 3 and 4 when 
divided by 3, 5 and 11 respectively. 
12. (i) Find three consecutive positive integers in ascending order, divisible by 
5, 7 and 9 respectively. 

(ii) Find four consecutive positive integers in ascending order, divisible by 
4, 5, 7 and 9 respectively. 
13. Solve the linear congruences by Chinese remainder theorem. 

(i) 252 = 4 (mod 63), (ii) 89x = 25 (mod 108). 
14. Show that the system of linear congruences has a simultaneous solution 
and solve the system. 

(i) c =2 (mod 9), z = 5 (mod 6); 

(ii) z = 2 (mod 15), c =7 (mod 10). 


3.5. Phi function. 
Definition. The function ¢, called Euler’s phi function (Euler’s totient 


function), is defined for all positive integers by (1) =1 and forn7 I, 
¢(n) = the number of positive integers less than n and prime to 7. 


For example, let n = 8, 20. 
The positive integers less than 8 and prime to 6 are 1, 3,5, % Therefore 


o(8) = 4. 
The positive integers less than 20 and prime to 20 are 1,3,7; g, 11, 
13, 17,19. Therefore ¢(20) = 8. 


If p be a prime then every positive inte ‘< prime t0 P 
ger less than p is prim 
Therefore ¢(p) = p — 1. f 


Note. The function ¢ is a number-theoretic function. 
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Theorem 3.5.1. The function ¢ is a multiplicative function. That is, if 
m and n be relatively prime integers, then (mn) = ¢(m)¢(n). 


First we prove the following lemmas. 


Lemma 1. a is prime to mn if and only if a is prime to m and a is prime 
to 7. 
Proof. Let a be prime to mn and d = gcd(a,m). Then d| a and d | m 
and this implies d | mn. 

Therefore gcd(a, mn) > d, but gcd(a,mn) = 1 by assumption. 

Hence d = 1 proving that a is prime to m. By similar arguments, a 
is prime to n. 


Conversely, let a be prime to m and a be prime to n. Since a is prime to 
m, there exist integers u and v such that au + mv = 1. Since a is prime 
to n, there exist integers p and qg such that ap + ng = 1. 

We have anug + mnvq = ng = 1 — ap 

or, a(nug + p) + mn(vg) = 1. 
Since nugq + p and vq are integers, it follows that a is prime to mn. 


Lemma 2. If r be the residue of a modulo n and r is prime to n, then 
a is prime to n. 
Since gcd(qn + r,n) = gcd(r,n), the lemma follows. 


Lemma 3. If c be an integer and a is prime to n, then the number of 
integers in the set {c,c+a,c+2a,...,c+(n—1)a} that are prime to 
nis $(n). 
Proof. No two integers of the set are congruent modulo n, because 
c+sa=c+ta (mod n) O<s<t<n-l 
=> s=t (mod n), a contradiction. 

Therefore the set of integers is congruent modulo n to 0,1,2,...,n—1 
in some order. Since the number of integers among 0,1, 2,...,n—1 that 
are prime to n is ¢(n), the lemma follows. 


Proof of the theorem. 


Since (1) = 1, the theorem is trivially true when m or n equals 1. 
Let us assume m > 1,n > 1. We arrange mn integers in n rows and m 


Columns as follows: 


1 Y Sarr Tans m 
m-+1 m+2 ... m+r i... 2m 
2m+1 Q2n+2 ... 2nm+r ... 3m 


(n-1)m+1  (n—-1)m+2 ... (n-l)mtr ... nm. 
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The number of integers among these that ee to mn is (mn), 
By lemma 1, these integers are both prime to ™m and n. 

The number of integers in the first row that are prime to ™ is ¢ m), 
By lemma 2, each integer in the column of r(1 = < m) is Prime to », 
if r is prime to m. So there are ¢(m) columns of integers prime to m, 

Again by lemma 3, each column in the arrangement contains 4(n} 
integers prime to n. Therefore the number of integers those are prime to 
m as well as n is ¢(m).¢(n). 

This completes the proof. 


Note. ¢(mimz...m,) = $(m1)¢(m2)...¢(m,), where ™1,™Me,...,m, 
are pairwise prime. 
Theorem 3.5.2. If p be a prime and k be a positive integer, 


o(p*) = p*(1 — 3). 


Proof. The positive integers < p* which are not prime to p* are 
Dp, 2p, 3p, ...,(p*—1)p. Therefore the number of positive integers less than 
p* and prime to p* is p* — p*-!. 


Hence ¢(p*) = p* — p*-? = p*(1 — 3). 
Theorem 3.5.3. If n = pj'p5? ...p%" where pi, po,--.,;Pr are prime to 
one another, ¢(n) = n(1 — 5-)(1— 5-)...(1— 4). 
Proof. $(p$) = pj! (1 — 2), @(p%) = pf2(1 — 4),... 

Since p{' and p,? are prime to each other, 

bot Pi) = ot OP) = PPP — 2) 2). 

Since p3° is prime to pt'p)?, $(p3°pt" p>?) = o(p3°).6(pt? Pa?) 

a 1 a 

= p§2(1— 2). pec — 2) 2) 

= pitpt*pgt(1— 2)a-2)a-2), 

Proceeding with similar arguments we have 

b(n) =n(1- 2)~-2)...0- 2). 


To illustrate the theorem, let n = 12. The integers less than 12 and 
prime to 12 are 1,5,7,11. Here $(12) = (27.3) = 12(1 - $)(1 - 3) =4 
Some properties of phi function. 


se is 
1. If n > 1, the sum of all positive integers less than n and prime to ny 


3n.d(n). 
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Proof. Let a be a positive integer less than n and prime to n. Then 
au-+ nv = 1 for some integers u and v. 

Therefore n(v+u)+(n—a)(—u) = 1. Since u+v and —u are integers, 
it follows that n — a is also a positive integer less than n and prime to 
n. Therefore $(n) positive integers less than n and prime to n can be 
expressed aS @),@2,43,...,(n — ag), (n — ag), (n— a1). 

Let S = a1 + a2 + a3 +--+ + (n—ag) +(n— ag) +(n— a4). 

Then S = (n— ai) + (n—ag) + (n—ag)+---+a3+a2+a;. (sum 
in the reverse order) 

Adding, we have 25 = ¢(n).n, or, S = 4n.(n). 


2. For any positive integer n, n = 2 ¢(d), where the summation extends 
d|[n 
over all positive divisors d of n. 


Proof. Let S = {1,2,...,n},n > 1. Let d,,do,...,d,% be positive divisors 
of n. For a divisor d of n, let us define a subset Sz of S by 
Sa ={aeS: gcd(a,n) = d}. 

Then each element of S belongs to exactly one of the subsets 
Si; Sdg>+- ., 9a, and S = Sq, U Sg, U...U Sa,. 

Let d <n. a € Sq => ged(a,n) = d > a= dd and n = d’d, where 2 
is less than d’(= 4) and prime to d’. 

Thus Sg contains integers of the type Ad, where 4 is less than d’ and 
prime to d’. Therefore Sg contains ¢(d’) elements. 

Since the total number of elements in S$ is n and they are distributed 
into distinct and disjoint subsets of S, n = z o(d’), where dd’ = n. 

nr 


As d runs through all positive divisors of n, d’ does so. 
Therefore 2 o(d’) = 5 o(d’) = p g(d). Ifn =1, 7 o(d) = ¢(1) = 1. 
d|n d'|n n n 


This completes the proof. 


To elucidate the proof, let us take n = 15. The divisors of 15 are 
1,3,5 and 15. 

5) = {a: gcd(a, 15) = 1} = {1, 2,4, 7, 8, 11, 13, 14}; 

S3 = {a : gcd(a, 15) = 3} = {3, 6,9, 12}; 

Ss = {a : gcd(a, 15) = 5} = {5, 10}; 

Sis = {a: ged(a, 15) = 15} = {15}. 

Si contains $(15) elements, $3 contains ¢(5) elements, 55 contains 
9(3) elements and S;5 contains ¢(1) elements. 

(1) = 1, 6(3) = 2, (5) = 4, (15) = 8. 


EB, o(d) = (1) + 4(3) + (5) + 9(15) = 1424448 = 15. 
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3. If n > 2 then ¢(n) is an even integer. 
_ 9k 
Proof. Case 1. Let n be a power of 2. Let n = 2"; k > 1. 
Then $(n) = $(2*) = 2*(1 — 4) = 2*~*, an even integer. 
Case 2. Let n be not a power of 2. Then 7 has an odd prime divisor, 
say, p. Let n = p%q, where a > 1 and p,q are prime to each other. 


Then ¢(n) = $(p%).¢(q), since p*,q are prime to each other 
= p%(1— 2).4(g) =p? *(P — 1).9(9)- 


Since (p — 1) is even, it follows that $(7) is even. 


This completes the proof. 


Another proof of Euclid’s theorem on infinitude of primes. 


Let the number of primes be finite and pi, p2,.-.,Pm be the enumer- 
ation of all primes. Let p = pipo...Dm.- 


Let k be an integer satisfying 2 < k < p. Then by the fundamental 
theorem, k is either a prime, i.e., one of pi, p2,..-,Dm, or k has a prime 
divisor, say g which is one of pj, p2,..-,Dm- 


Thus in any case, gcd(k,p) > 1. Therefore every integer k satisfying 
1<k< pis not prime to p and this gives ¢(p) = 1. 


But p is clearly an integer > 2 and by the property of the phi function, 
(7) is even for every integer n > 2. We arrive at a contradiction. 


Therefore the number of primes is infinite and this completes the proof. 


Worked Examples. 


1. Find the number of integers less than n and prime to n, when 7 = 
324, 900. 


324 = 27.3%. Therefore $(324) = 324(1 — 1)(1 — 3) = 108. 

900 = 27.37.57. Therefore ¢(900) = 900(1 — 5 )(1 _ (1 = z) = 240. 
2. If n be an odd positive integer, prove that ¢(2n) = ¢(n). 

Since n is odd, gced(2,n) = 1. 

Therefore ¢(2n) = $(2)$(n) = A(n), since o(2) = 1. 
3. If n be an even positive integer, prove that $(2n) = 24(n). 

Let n = 2*.p, where p is an odd positive integer, 

Then $(n) = $(2").6(p) = 2*(1 — 4).¢(p) = 2*-14(p) and 
o(2n) = o(2***p) = $(2***)4d(p) = 2*6(p). Therefore $(2n) = 29(n): 
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Theorem 3.5.4. Fermat’s theorem. 
If p be a prime and p is not a divisor of a, then a?-! =1 (mod p). 


Proof. Let us consider the integers a, 2a,3a,... ,(p—1)a. 
None of these is divisible by p. Also no two of these are congruent 
modulo p, because if ra = sa (mod p) for some integers r,s satisfying 


1<r<s<p-l, then cancelling a (since a is prime to p) we must have 
, zs (mod p), a contradiction. 


This means that the integers a, 2a, 3a,...,(p — 1)a are congruent to 
1,2,3,--+»P— 1 modulo p, taken in some order. 


Therefore a.2a.3a....(p — 1)a = 1.2.3....(p—1) (mod p) 
or, a?~1(p—1)! = (p— 1)! (mod p). 
Since gcd(p, (p — 1)!) = 1, this is equivalent to a?—! = 1 (mod p). 
This completes the proof. 


Note. This theorem is popularly known as “Fermat’s Little Theorem” 
to distinguish it from Fermat’s “Great Theorem” or “Last Theorem”, 
which states that “ifn > 2, then the Diophantine equation x” + y” = z” 
has no solution in integers, other than the trivial solution in which at 
least one of the variables is zero.” 


Note. The theorem may be stated in a more general form — 

If p be a prime and a is any integer, a? = a (mod p). 

When p is not a divisor of a, a?—! = 1 (mod p) and in this case a? = a 
(mod p) holds. And when p is a divisor of a, a? = 0 (mod p) and it can 
be expressed as a? = a (mod p). 


Corollary. Since p is a prime, p — 1 is an even integer except when 
p= 2. Therefore (a? + 1)(a*= — 1) =0 (mod p), when p is an odd 
prime and a is not divisible by p. 

This implies p | (a°2 + 1)(a*z —1). ; 

Since p is a prime, either p | (abr +1),or p| (a*z — 1), but not 
both. Because p | (az +1) and p| (a*z — 1) together implies p | 2, an 
impossibility. 

Therefore a7z~ is either pk + 1 or pk — 1, where k is some integer. 


__ As an application of the corollary, let us take p = 7. Then for any 
integer a not divisible by 7, @° is either 7k + 1 or 7k — 1. 

When a is divisible by 7, @° = 7k. 

It follows that for any integer a, a” is one of 
Where k is an integer. 


the forms 7k, 7k + 1, 
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Theorem 3.5.5. Euler’s theorem. 


If n be a positive integer and a is prime to n, then a%™) = 1 (mod n). 


Proof. The theorem holds trivially if n = 1. Let n> 1 and Je 
@1,@2,...,Ag(n) be positive integers less than n and prime to n. 


Let us consider the integers aa;,@@2,.--,44¢(n)- Each of these j, 
prime to n, since gcd(a,n) = 1 and ged(a;,n) =1> gcd(aa;,n) = 1, 


No two of the integers aa1,aa2,...,@@g(n) are congruent modulo n, 
because aa; = aa; (mod n) = a; = a; (mod n), since gcd(a,n) = 1, but 
a; #a; (mod n). 

Therefore the integers aa1,@@2,...,@@g(n) contain exactly (n) ele 
ments and they are congruent to the integers a1, @2,...,@(n) modulo n 
in some order. 

Multiplying the ¢(n) congruences, we have 

01.002... AQg(n) = 41.02... Ag(n) (mod n). 

Since gcd(a;,n) = 1 for each i, it follows that gcd(a1Q2...ag(n),m) = 1. 
Therefore we can cancel a142...€g(n) from both sides of the congruence 
and obtain a?) = 1 (mod n). 


This completes the proof. 


Note 1. Euler’s theorem is a generalisation of Fermat’s theorem. 

Euler’s theorem holds for any integer n. If, in particular, n be a 
prime, then ¢(n) = n — 1 and in that case, for any integer a prime to n, 
Euler’s theorem gives a®~! = 1 (mod n). 


Note 2. If m be a positive integer and gcd(a,m) = 1, the linear congru- 
ence az = 1 (mod m) has a unique solution (mod m). Euler’s theorem 
suggests a method of finding such a solution. Since a?(™) = 1 (mod m); 
the unique solution is given by z = a®(™)-! (mod m) 


Theorem 3.5.6. Wilson’s theorem. 
If p be a prime, then (p — 1)! + 1 =0 (mod p). 


Proof. Let a be one of the integers 1,2,3,...,p— 1. Then no two of 
the integers 1.a, 2.a,3.a,...,(p —1)a are congruent modulo D, because | 
ra = sa (mod p) for some integers r,s satisfying 1 <r<s<p7 1, 
then cancelling a (since a is prime to p) we must have r = s(mod p): 8 
contradiction. Also none of these is divisible by p. 


This means that the integers a, 2a,3a,...,(p — 1)a are congruent ' 
1, 2,3,...,p—1 modulo p, taken in some order. Hence for every @, the 
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ig one a’, and only one, such that a’a = 1 (mod p). 


a? = 1 (mod p) holds if Pp | (a? — 1) and this happens only when 
p| (a- 1) or p| (@+1). Since p is a prime and a < p, it follows that in 
this case either a = 1 ora=p—1. 


Therefore 1 and p—1 are the only values of a for which a.a = 1 (mod 
p)- 

If we omit integers 1 and p — 1, the remaining integers 2,3,...,p — 2 
are such that they are grouped into pairs a,a’ for which a.a’ = 1 (mod 
p) holds. Multiplying +(p — 3) pairs of such congruences, we have 

2.3...(p— 2) =1 (mod p) 
or, (p—2)!=1 (mod p). 

Multiplying by p — 1, (p — 1)! = p—1 (mod p)= —1 (mod p) which is 
equivalent to (p — 1)!+1=0 (mod p). 

This completes the proof. 


Let us take an example to elucidate the proof of the theorem. 


Let p = 11. Then the integers 1,2,3,...,10 are grouped into pairs 
a,a’ such that a.a’ = 1 (mod 11). 


1.1=1(mod 11), 2.6=1(mod11), 3.4=1 (mod 11), 
5.9=1(mod 11), 7.8=1(mod 11), 10.10=1 (mod 11). 


Omitting the first and the last and multiplying the remaining, 
9! = 1 (mod 11) 
or, 10! = 10 (mod 11)= —1 (mod 11) 
or, 10!+1=0 (mod 11). 


Note 1. The converse of Wilson’s theorem is also true. 

If (p — 1)! + 1 = 0 (mod p) then p must be prime. For, if p be not 
a prime, then p has a divisor d with 1 < d < p such that d divides 
(p—1)!4+1. Again since 1 < d < p, d divides one of the factors in 
(p —1)!. Therefore d divides both (p — 1)!+ 1 and (p — 1)! which yields 
d|1, an absurdity. 
Note 2. Wilson’s theorem and its converse, taken together, provide a 
hecessary and sufficient condition for determining primality of a positive 
integer n. But this test is impracticable since (n — 1)! becomes very large 
a8 n assumes large values. 


We now come to a theorem of Dirichlet that establishes the existence 
of infinity of primes in the arithmetic progression 1 + 4n,n € N. 
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Theorem 3.5.7. (Dirichlet) There are infinitely many primes of the 
form 4n + 1. 


Proof. Let N be any positive integer. We shall show that there exist, ‘ 
prime > N of the form 4n + 1. 


Let m = (N!)? +1. Then m is odd and m > 1. None of the humbers 
2,3,...,N is a divisor of m. Let p be the smallest prime divisor of m. 


Then p> N. 

We have (N!)? = —1 (mod p). 

-i 

Therefore (N!)?-} = (—1)*2 (mod p). 

But (N!)?~} = 1 (mod p), by Fermat’s theorem. 

Hence (—1)*= =1 (mod p). 

(~1)"" is either 1 or —1. If (-1)* = —1, then —1 = 1 (mod ?) 
must hold. But it is an impossibility, since p is odd. Therefore (—1)*> 
is 1 and therefore pt is even. That is, p = 1 (mod 4). 


Thus for every positive integer N there exists a prime p > N such 


that p = 1 (mod 4) and consequently, the number of primes of the form 
4n +1 is infinite. 


This completes the proof. 


Worked Examples. 

1. Find the least positive residue in 24 (mod 23). 
23 is a prime and 2 is prime to 23. 
By Fermat’s theorem, 27? = 1 (mod 23). 
Therefore 2** = 1 (mod 23)= 24 (mod 23) 
or, 241.8 = 3.8 (mod 23). 


Since 8 is prime to 23, we have 24! = 3 (mod 23). 
Hence the least positive residue is 3. 


. If p be a prime > 2, prove that 1? +2? +...4 (p—1)? =0 (mod P). 
By Fermat’s theorem, 


1? = 1 (mod p), 2? = 2 (mod p),... , (p— 1)? = p—1 (mod p). 
Adding the congruences, we have 


P+ OP +--+ (p—1)P = {1 +2+---+ (p—1)} (mod p) 


= pe=1) (nod p) 


= 0 (mod p) since p — 1 is even. 
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3. Prove that the eighth power of any integer is of the form 17k or 
17k +1. 

If a be an integer divisible by 17 then a8 = 17k. 

If a is not divisible by 17 then a is prime to 17. 

By Fermat’s theorem, al®—~1=9 (mod 17) 

or, (a® —1)(a8+1)=0 (mod 17). 

Either a° — 1 = 0 (mod 17), or a8 +1 =0 (mod 17). 

a® — 1 =0 (mod 17) implies a® = 17k +1; 

a8 + 1 =0 (mod 17) implies a8 = 17k — 1. 


Hence a® = 17k or 17k + 1 where a is an integer. 


4. Show that a'* — b'? is divisible by 91 if a and b are both prime to 91. 
Since a is prime to 91, a is prime to both 13 and 7. 


By Fermat’s theorem, 

a}2 —1 =0 (mod 13) and a® —1=0 (mod 7). 

Since a® — 1 =0 (mod 7), it follows that a1? — 1 =0 (mod 7). 

Now a? — 1 =0 (mod 13) and a!* — 1 =0 (mod 7) together imply 
a!* —1=0 (mod 91), since 13 and 7 are prime to each other. 
Similarly, b'}? — 1 = 0 (mod 91). 

Therefore a}? — b!? = 0 (mod 91). 


5. If n is a prime > 7, prove that n§ — 1 is divisible by 504. 

Since 7 is a prime and n is prime to 7, n° — 1 is divisible by 7, by 
Fermat’s theorem. 

Since n is prime to 9, n?(9) — 1 is divisible by 9, by Euler’s theorem. 

(9) = 9.(1 — 4) = 6. Therefore n° — 1 is divisible by 9. 

Since n is an odd prime > 7, 7 is one of the forms 4k + 1 or 4k + 3, 
where k is an integer > 1. 

n§—1=(n—1)(n+1)(n4 +n? +1). 

If n = 4k +1, then (n — 1)(n + 1) = 4k(4k + 2). It is divisible by 8. 

If n = 4k +3, then (n — 1)(n+ 1) = (44+ 2)(4k + 4). It is divisible 
by 8. 

Therefore in any case, n° — 1 is divisible by 8. 

Since 7,8,9 are pairwise prime to each other. n° — 1 is divisible by 
7.8.9. Le, by 504, 


6. i 34 Lin js ani ‘for all n EN. 
Prove that 44+ H+ oP is an intege 
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$= 
Since 7 and 3 are primes, n’ =n (mod 7) and n° =n (mod 
all natural numbers n. Hence n’ — 1 is a multiple of 7 and n3 _ 
multiple of 3. 
7 
Therefore there exist integers r and ¢ such that n° —n = 7, a 
n3 —n = 3t. 
+ 1 
nly m4 lin — Irtn 4 Sten 4 Un 
=(r+t)+8+3+ 49 
=(r+t) + Setintiin —r+t+n, an integer. 


3) for 
Nig 


7. Prove that abc(a® — b°)(b® — c®)(c® — a®) is divisible by 11 for ap 
integers a, b,c. 
Case 1. Let one of a, b,c be divisible by 11. 

Then abc is divisible by 11 and therefore abc(a° — b®)(b® — c5) (8 ~a°) 
is divisible by 11 
Case 2. Let none of a,b,c be divisible by 11. 

By Fermat’s theorem, a'°—1 = 0 (mod 11). Then 11](a® —1)(a5 +1). 

Since 11 is a prime, either 11|(a° — 1) or 11|(a° + 1). 

Therefore a> when divided by 11, leaves remainder 1 or 10. 

Since the fifth power of any integer, not divisible by 11, leaves only 
one of the two possible remainders 1 or 10 when divided by 11, at least 
two of a®, b°, c> must leave the same remainder when divided by 11. 

So one of (a® — 6°), (b® — c®) and (c§ — a5) is divisible by 11. 

Therefore (a° — b°)(b° — c*)(c> — a®) is divisible by 11 and therefore 
abc(a® — b°)(b® — c®)(c> — a5) is divisible by 11. 


8. If p and q are distinct primes, prove that p?—! + g?—! — 1 is divisible 
by pq. 

Since p is a prime and q is prime to p, g?~! — 1 is divisible by p, bY 
Fermat’s theorem. 

Since q > 1, p?~! is divisible by p. 

Therefore p!—* + q?~1 — 1 is divisible by p. 

Since q is a prime and p is prime to q, pt! — 1 is divisible by % by 
Fermat’s theorem. 

Since p > 1, g?~" is divisible by gq. 

Therefore p?—* + g?~! — 1 is divisible by gq. 

= oo 

Since p and q are prime to each other, it follows that p?~! +49? 

is divisible by pq. 


1 
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9, Prove that no prime factor of n? +1 can be of the form 4m-—1, where 
mis an integer. 
Let p be a prime factor of n* +1. Then p is not a divisor of n and 


+1=0 (mod p). 
By Fermat’s theorem, n?~? = 1 (mod p). 


Let us assume that p is odd. Then (n2)*=* =1(modp) ... (i) 
Again n? = —1 (mod p)=> (n?)*=" =(-1)*z* (mod p) _..._(ii) 


From (i) and (ii), we have 1 = (—1)*2 (mod p). 

Hence pS is even and therefore p = 4k + 1, where k is an integer. 

Therefore p is not of the form 4m — 1. If however, p be an even prime, 
then p is also not of the form 4m — 1. 
10. If p be a prime and a is prime to p, prove that aP-P=1 (mod p?). 

By Fermat’s theorem, a?~' = 1 (mod p). 

Therefore a?—1 = 1 + tp for some integer t. 

Hence a? —? (1 + tp)? 


1+ p.tp + po,-(t*p*) +--+ + (tp)? 
1+ kp? where k is an integer . 


owt lt 


Consequently, a?’ ~? = 1 (mod p’). 


11. Use Euler’s theorem to find the units digit in 31°. 


Since 3 is prime to 10, 31°) = 1 (mod 10), by Euler’s theorem. 
¢(10) = 4. Therefore 3* = 1 (mod 10). 

3100 — 34.25 = 1 (mod 10). 

Consequently, the units digit in 3! is 1. 


12, Show that 4(29)! + 5! is divisible by 31. 


By Wilson’s theorem, (30)! + 1 = 0 (mod 31), since 31 is a prime. 
or, (31 — 1)(29)! + 1 = 0 (mod 31) 


or, —(29)! + 1 = 0 (mod 31) 

or, (29)! — 1 = 0 (mod 31) 

or, 4(29)! — 4 = 0 (mod 31) 

or, 4(29)!— 44.124 =0 (mod 31) 

OF 4(29)! 4-120 = 0 (mod 31) 

r, 4(29)! +. 5! = 0 (mod 31). 

Therefore 4(29)! + 5! is divisible by 31. 
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= +1 
13. If 2n + 1 is prime, prove that (n!)? = (-1)" (mod (2n + 1)), 


By Wilson’s theorem, (2n)! =—1 (mod (2n + 1)). 
(2n)! = nl(n+1)(n + 2)... 2n. 


n+1 = —n (mod (2n+1)) 
n+2 = ~—(n—1) (mod (2n+1)) 
an = “4 (mod (2n + 1)). 


Therefore (n + 1)(n + 2)...2n = (—1)"n! (mod (2n + 1)). 


Hence (2n)! (—1)"(n!)? (mod (2n + 1)) 
or, (n!)? (—1)"(2n)! (mod (2n + 1)) 

(—1)". — 1 (mod (2n + 1)) 

(—1)"+1 (mod (2n + 1)). 


Ww 


Exercises 3C 


1. Find ¢(n), where 
(i) n = 2048, (ii) n= 5040, (iii) n = 7200. 


2. If a positive integer n has r distinct odd prime divisors, prove that 2’ iss 
divisor of (7). 


3. Prove that ¢(3n) = 3¢(n) if and only if 3 is a divisor of n. 
4. Prove that ¢(n”) = nd(n), for every positive integer n. 
5. Prove that ¢(n) = % if and only ifn = 2* for some integer k > 1. 


6. m,n are positive integers and gcd(m,n) = d. Prove that ¢(mn) = 


$(m)o(n) sty. 
7. If every prime that divides n also divides m, show that ¢(mn) = ng(m)- 
8. If the same primes divide m and n, prove that n¢(m) = m@(n). 


9. If m,n be positive integers, prove that ¢(mn) = ¢((m,n))o([m, nj); wher 
(m,n) = the g.c.d. of a and b and [m,n] = the l.c.m. of a and b. 


10. If n be the product of a pair of twin primes, prove that g(n)o(n) ' 
(n+ 1)(n — 3). 
7 to be 
[ A pair of successive odd integers both of which are primes, is said #0” 
a twin prime.] 
(Hint. Let n = p(p+2), where p and p+2 are primes. o(n) = $(p) opt?) 
(p — 1)(p +1), o(2) = o(p).o(p + 2) = (p+. 1)(p+-3),] 
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11. (i) Prove that the 5th power of any integer is of the form 11k or 11k +1. 
(ii) Prove that the 9th power of any integer is of the form 19k or 19k +1. 


12. Prove that 

(i) en + in° + 22n is an integer for every integer n; 

(ii) 3n° + gr° + 7gN is an integer for every integer n. 

3 

13. Prove that abc(a” — b°)(b* — c*)(c3 — a3) is divisible by 7 for all integers 
a; b, Cc. 
14. Show that 

(i) a’® — b’* is divisible by 133 if a and b are both prime to 133. 

(ii) °° — b’° is divisible by 133 if a and b are both prime to 85. 
15. If m and n are relatively prime integers, prove that m*™ + n%™ =1 
(mod mn). 
16. If p and q are distinct primes and a is any integer, prove that a?!—a?—a‘%+a 
is divisible by pq. 
17. Find the remainder when 

(i) 333°° is divided by 7, (ii) 777°” is divided by 16. 
18. If p and p+ 2 be a pair of twin primes, prove that 4(p — 1)! +p+4=0 
( mod p(p + 2)). 


[Hint. By Wilson’s theorem, (p — 1)! + 1 = 0 (mod p) (i) and (p+ 1)!+1= 
0 (mod (p + 2)) (ii). From (i) 4(p — 1)! +p+4 = 0 (mod p). From (ii) 
[p(p-+2)—(p+2)+2}(p—1)!+1 = 0 (mod (p+2)). Deduce that 4(p—1)!+-p+4 =0 
(mod (p+ 2)).] 


19. Find the units digit in (i) 79°, (ii) 777”. 
20. Find the last two digits in (i) 72°, (ii) 331°. 
(Hint. (i) By Euler’s theorem, 7¢° = 1 (mod 100).] 
21. If p is an odd prime, prove that 
(i) 17.37.57... (p—2)?= (—1)°*/? (mod p) 
(ii) 27.47.67... (p—1)? = (-1)*””? (mod p). 
[Hint. Use k = —(p — k) (mod p). Apply Wilson’s theorem.] 
22. If pis a prime, prove that 2(p — 3)! + 1 =0 (mod p). 
Hint. (p—1)14.1 = (p?—3p+-2)[(p—3)!J +1 = p(P—3)[(p—3)!] + 2(p—3)! +1. 


Apply Wilson’s theorem.| 


172 HIGHER ALGEBRA 


3.6. Greatest integer function. 

For any real number z, there exists an integer n such that n — 
n+, ie. either z is an integer n or x lies between two consecutiv, 
integers n and n +1. Therefore x can be expressed as 

z=n+f, where n is an integer and 0 < f <1, 

The integer n is said to be the integral part of x and is denoteg by 

[z]. f is said to be the fractional part of z and f = x — [az]. 


So we have the relation [x] < x < [z] +1 for any real number z As 
every real number zx corresponds to an integer [z] which is the Breatest 
integer not greater than x by the correspondence [], [] is said to be the 
greatest integer function. 


For example, [.3] = 0, [3] = 3, [—.3] = —1, [7] = 3, [V2] = 1. 


Properties. 
1. [a + }} > [a] + [6] for all real numbers a, b. 


Proof. Let a = n+ fi, b = no + fo where ni, 72 are integers and 
O0< fi <1,0< fo<1. 
Then [a] = n1, [b] = no, 0 < fi + fo <2. 


[a + b] = [(ny + n2) + (fi + fa)] = nit ne, if0< fit fe<1 
=m+no4+1,if1< fy + fo <2. 
Therefore [a + 6] > [a] + [b]. 
Corollary. [a+ 6+ c] > [a+] + [ce] > [a] + [6] + [c] for all real a,b,c. 
In general, {[a; +a2+-- ‘+@n] > [a1] + [ao] +---+ [a,] for all real numbers 
Q1,42,-..-,an. 
2. [a] + [—a] = 0, if a is an integer 
='—1, otherwise. 

Proof. Case 1. a is an integer. 

Then —a is an integer. [a] = a, [—a] = —a. 

Therefore [a] + [—a] = 0. 
Case 2. a is not an integer. 


Let a=n+ f, where n is an integer aud 0 < f<i. 
Then [a] =n. 0<f<1>-1<~-f<030<1-f<1. 


—a=—n— f=—n—1+ (1— f) and therefore [~a] = —n-}- 
Consequently, [a] + [—a] = n + (—n) =0. 


The proof is complete. 
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3. [a] + [a+ 3] = [2q] for all real a, 

Proof. Let a= n+ f, where n is an integer and 0 < f <1. 
Then [a] =n, 2a = 2n + 2f. O<f<130<2f <2. 

Case 1. Let O0< 2f <1. Then 0<f<}andi<ftic. 
Therefore [a + 3] = [n+ f +3] =n and [2a] = [2n + 2f] = 2n. 
Thus [a] + [a+ 3] =n +n = 2n = [2a]. 

Case 2. Let 1 <2f <2. Then} <f<land1<f+i<1+4+}. 
Therefore [a + 5] = [n+ f +43] =n+1 and [2a] = [2n-+ 2f] on +1. 
Thus [a] + [a+ 5] =n +(n+1) =2n+1 = [2a]. 

This completes the proof. 


Theorem 3.6.1. The largest exponent e of a prime p such that p® is a 
divisor of n! is given by 

e= [2] +13] +(31+~ 
Proof. Let r be the least exponent of p such that p” > n. Then [+] = 0 
and this indicates that the series representing e is not really an infinite 
series. 

If p, 2p, 3p,..., mp are all the positive integral multiples of p not ex- 
ceeding n, then mp <n <(m+1)p. Thereforem <2 <m+1. This 
implies [>] = m. This means that there are [3] integers < n that are 
divisible by p. 

Out of these [4] integers some may be divisible by p again and they 
are p?, 2p”, 3p?,.... The number of such integers is [7]. 

Out of these [Zz] integers some may be divisible by p again and the 
number of such integers is [5]. 

This process is continued till we obtain some exponent r such that 
p" > n and in that case [+] = 0. 

Hence the total number of times p divides n! is 

2] + (3) +[B1+-~ 


To illustrate the theorem, let n = 60, p = 3. 
60! = 1.23..60. The integers < 60 and divisible by 3 are 
3, 2.3, 3.3, ..., 20.3. The number of such integers is ewe 
Some of these [Sy(= 20) integers are diviei ie PY .. They are 
) 2.32, ...,6.32. The number of such integers 1s [S], -e., [Fr]. 
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duet 3 
Some of these [S](= 6) integers are divisible by 3°. They are 33 9 3 


., 760 

The number of such integers is [$], #-e-, [33]- 
. - 8 4 4 
None of these [$¢](= 2) integers 1s divisible by 3°. 


The process terminates. 


Therefore the number of times the prime divisor 3 is repeated in tp, 
product 1.2.3....60 is [82] + [$2] + [gs] = 20+ 6 + 2 = 28. 


Theorem 3.6.2. The product of any n consecutive positive integers j, 
divisible by n!. 

Proof. Let the first factor in the product be m+ 1. Then the produg 
= (m+1)(m+2)...(m+n) = SP. 


; es 
The theorem will be proved if we can prove that (arty! 1S an integer, 


Let p be any prime divisor of the denominator m!n!. Then clearly, p 
is also a divisor of the numerator (m+ n)!. 


The largest exponent r of p such that p” is a divisor of (m+n)! is 
given by r = ("I") + ("etl + (lt 

The largest exponent s of p such that p® is a divisor of m! is given by 
s=(™]+(2]+(B1+--- 


The largest exponent ¢ of p such that p* is a divisor of n! is given by 
t=[2]+(B1+[al+-- 


But (™"] = [SE]; [= "] 2 [33] + [23],.-., by the property 1. 


Therefore r > s +t. This implies that every prime divisor p of mn! 
appears in the numerator of the fraction {+")' at least as many times 
as it occurs in the denominator. Therefore m!n! must be a divisor of 
(m+n)! and the fraction ("+")! turns out to be an integer. 


min! 


This completes the proof. 


Theorem 3.6.3. Ifn be a prime then “c, is divisible by n for 0 <7 <™ 
Proof. "cp = min I)(n- 2). (nor) The numerator being the product off 
consecutive factors, is divisible by r!, by the previous theorem. Therefor 
r! is a divisor of n(n — 1)(n — 2)..(n—7 + 1). 
Since n is a prime and r is less than n, rT! is prime to n. ' 
ri[n(n ~ 1)(n—2)...(n—r +1) and ged(r!,n) = 1 together imply a 


ri|(n — 1)(n — 2)..(n~r +1). Therefore (n—1)(n=2)...(n—rt) n=2)..(north) js # 
integer, k say. * 
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Consequently, = mes) (n—r+1 


divisible by 7. 
This completes the proof. 


= nk and this proves that "c, is 


Another proof of Fermat’s theorem. 

If p be a prime and p is not a divisor of n, n?-} = 1 (mod p). 
Proof. First we prove that if p be a prime, n? = n (mod p) for all positive 
integers n, by using the principle of induction. 

The statement n? = n (mod p) is trivially true for n = 1. 

Let us assume that the statement is true forn =k, k > 1. 

Then k? = k (mod p). 

Now (k +1)? = k? +? cy kP-? +? cokP 2 4..--4+P oy ik +1 

= kP+ M(p)+1, where M(p) =? cyk?~1 4? cokP—2+-.-+?P cp_ik. 

M(p) is divisible by p, since ”c, is divisible by p for 0 < r < p. 

Therefore (k +1)? = k+1 (mod p) and this shows that the statement 
n? = n (mod p) is true for n = k +1, if it be true for n = k. By 
the principle of induction, the statement n? = n (mod p) is true for all 
natural numbers n. 
Case 1. n is a positive integer prime to p. 

Cancelling n from both sides of the congruence n? = n (mod p), we 
have n?-! = 1 (mod p). 
Case 2. n is a negative integer prime to p. 

There exist integers g and r such that n = pg +r, where 0 <r < p. 

Then n?-! = r?-! (mod p), where r is a positive integer < p 

= 1 (mod p), by case 1. 


This completes the proof. 


Worked Examples. 
1. Find the highest power of 5 contained in 1401. 


[24) = = 28, [340 oe [28] = = 5, [37] = = [2] =]: 
Therefore the required power is 28+ 5+ 1= 34. 
2. Find the number of zeros at the right end of the integer 141!. 


- We are to find the greatest exponent of 10 contained in the integer 
II. 


r wie greatest exponent of 2 contained in the integer 141!=[*4]+ [4] + 
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241) = 70, (244) = [22] = 35, = (2) = 17, [eel =F] 38 
[44) = [8] = 4, 2) = 4] = 2, GA) = [2] = 4 (28) = [a] =o. 

The greatest exponent of 2 contained in the integer 141!— 7 +35 4 
17+8+4+4+241=137. 

The greatest exponent of 5 contained in the integer 141!=[141) +| May 


(a) = 28, (A) = 8) = 5, BPI = I= = El = 
The greatest exponent of 5 contained in the integer 141! = 2845.4; : 
34. 


The greatest exponent of 10 contained in the integer 141! is the mip. 
imum of 67 and 34, ie., 34. 


Hence the number of zeros at the right end of the integer 141! is 34 


3.7. Mobius function. 
Definition. The Mobius function p is defined for all positive integers 
by 
u(1) = 1; 
u(n) = (—1)* if n = pipe... pe, where pi, p2,-.., Px are distinct 
primes; 
u(n) = 0 if p?|n for some prime p. 
To be explicit, (nm) = 0 if n is not square-free and y(n) = (-1)* ifn 
is square free and is the product of k& distinct primes. 


For example, (i) = 1, (2) = —1, (3) = -1, w(4) =0, w(5) =- 
u(6) = 1, u(7) =—1, w(8) = 0, w(9) = 0, w(10) = 1. 


Theorem 3.7.1. The function p is a multiplicative function. That is, if 
m and n be relatively prime positive integers, then u(mn) = p(m)q(n): 
Proof. Case 1. Either m= 1 orn=1. 
If m = 1, u(mn) = un) = u(m)y(n), since p(m) = 1. 
Ifn = 1, p(mn) = u(m) = u(m) p(n), since p(n) = 1. 
Case 2. Either m or n has a prime square divisor. 
In this case the integer mn has a prime square divisor. (mn) = = 0. 
If m has a prime square divisor, u(m) = 0. Therefore p(mn) * 
p(m) p(n). : 
If n has a prime square divisor, p(n) = 0. Therefore (mn) 
p(m) p(n). 
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ase 3+ ™ n are both square-free. 


Let m = PiP2---Pk» ™ = 4192...q,, where p;,q; are distinct primes. 
mz (cl* wn) = (-1". ae 
Then Mn = PiP2---Pkq192---dr. (mn) = (—1)F +r, 
Therefore p(mn) = u(m) y(n) holds. 
This completes the proof. 
Theorem 3.7.2. If n be a positive integer, ¥ w(d) =lifn=1 
d|n 


=Qifn>1. 
Proof, Case 1. n=1. In this case d=1 and ¥& p(d) = p(1) = 1. 
d|n 


Case 2. 2 > 1. Let n = pf'p>?...pe*, where pi,po,..., px are distinct 
primes and aj; 2 1. 


In the sum x u(d), the only non-zero terms come from the divisor 
Tr 


q = 1 and from those divisors d which are primes or the product of 
non-repeated primes. 


Thus B Hd) = p(1) + [u(pi) + (po) +--+» + w(pe)] + [e(pip2) + 
p(pips) +++ + #(Pk-1Pk)] +> +++ “(pipe ---Pk)- 


In the group [(p1) + u(p2) +--+: + u(pp)], there are *c; terms and 
each term is —1. 


In the group [(pip2)+ (pips) +:::+4(pe—1Pe)], there are Keo terms 
and each term is (—1)?. 


As u(pip2..- Pr) = (—1)*, the last group containing only one term 
can be exhibited as *c,(—1)*. 


Therefore © p(d) = 14* e1(-1) +* e9(—1)? ++: +* ¢,(—1)* 
din 
= (1+(-1)}* 
=), 
This completes the proof. 
Note 1. 7 u(d) can be expressed as Py p(d) =[4] for n > 1. 


This follows from the relation [=] =lforn=1 
= forn>1. 


Note 2. To illustrate the theorem, let n = 24. 
The divisors of 24 are 1, 2, 3, 4, 6, 8, 12, 24. 
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E p(d) = p(1) + (2) + (3) + p(4) + (6) + (8) + p12) + 14(24) 
d|2 
ms =14+(-1)+ (1) +0+1+0+0+0=0. 


n 


Theorem 3.7.3. If n be a positive integer, o(n) = & u(d)§. 


[This is a relation connecting y(7) and ¢(n).] 
Proof. Case 1. n = 1. 
In this case d = 1. $(n) = 1 and a p(d)3 = p(1) = 1. 
n 
The theorem holds. 
Case 2. n> 1. Letn= Pi Po” os Dy" where 71, P2,---,Dk are distinct 
primes and a; > 1. 
d(n) _ 1 ae eh, pares & eee 
SO BO g) Oma) 
= (=) tom. 9 ae = 
=14 594 po 4... 4+ C0 


PiP2 P1P2++-Pk- 
Thee are & terms in pi, Each term can be expressed as wa) 
where d is a prime divisor of n. 


2 
Thee are *c terms in ri. Each term can be expressed as He) for 
some divisor d of n where d' is the product of two distinct prime divisors 
of n. 


_1y\k 
The last term ae can be expressed as wid) where d is the product 
of k distinct prime divisors of n. 


This is to note that if a divisor d of n is not square-free, then uo) =O, 


(-1) (ae (—1)* 
can the sum 1+ DAS + Dart + Pipa pe can be expressed as 
y A. Therefore ¢(n) = d)%. 
din d p(n) Ps L( )5 
This completes the proof. 


Note. The theorem gives a summation formula for $(n). 
To illustrate, (i) let n = p, a prime; 
o(n) = 54#Pn 
d\n 
1 
= nf + ate)) = pl = 5); 
(ii) let n = pg, where p,q are primes; 
o(n) = 5HAn 
d|n 


= pg{l+ 24 =1+2+] 
= _il _ 1). P q pq 
= pq(1 a) a)i 
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(ii) let 2 = ae where p,q are primes; 
— ae Th yn, 
g(r) nee 


‘ 4 2 f q Pq Pg 
=p qi+ = +0+4+3409) 
= pig(t — 2-3), 


Worked Examples. 
1. For each positive integer n, show that p(n) u(n+1)u(n+2)u(n+3) = 0. 

Any positive integer n is one of the forms 4k, 4k +1,4k + 2,4k + 3, 
where k is a positive integer. 

If n = 4k, then p(n) = (4k) = 0. 

Ifn = 4k +1, then u(n + 3) = u(4(k +1)) =0. 

Ifm = 4k + 2, then u(n + 2) = w(4(k +1)) =0. 

Ifn = 4k + 3, then w(n +1) = n(4(k + 1)) =0. 

Therefore u(n)u(n+1)u(n+2)u(n+3) = 0, whatever positive integer 
n may be. 
2. If n = py'po?...pe*, where p1,p2,...,p are primes and a; > 1, 
prove that Py u(d)r(d) = (—1)*. 

Tt 


Let d= 1. Then p(d)r(d) = w(1)r(1) = 1. 


Let d= p;. Then y(d)r(d) = u(p1)r(p1) = (—1).2. 
Ifd= P1,P2,--- , Pk, then ¥ u(d)r(d) =" C1 —1).2. 


Let d= pipe. Then pu(d)r(d) = u(pip2)t (pipe) = (—1)?.2?. 
If d = pip2, p13, ---,Pk—1Pk, then ¥ u(d)r(d) =* ¢2(—1)?.2?. 


If d= pypaps... pk, then pu(d)r(d) = (—1)*.2" =* c,(—1)*.25. 

If d contains a repeated prime divisor, then y(d) = 0 and therefore 
u(d)r(d) = 0. 

The only non-zero terms in © y(d)r(d) come from those divisors d of 

d|n 

n which are either primes or the product of distinct primes (i.e., square- 
free). 

Therefore 5 u(d)r(d) 

d|n 


= 14 6 (=1).2 + e(—1)2.2? + +++ +* ce(—1)*.28 
= (1 = a) ee (—1)*, 
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; : ae 
3.8. Diophantine equation 2? + y” = 2°- 


A triplet of positive integers z, y, 2 satisfying the equation x? + 42 _ 
z* is called a Pythagorean triplet. Z,Y,2 represent the sides of a right 
triangle, z being the hypotenuse and x,y the legs of the triangle. 


If z,y,z be a Pythagorean triplet, then &z, ky, kz is also q 
Pythagorean triplet for all integers k > 1 and they represent the sides of 
a similar triangle. 

A Pythagorean triplet 2, y, z is called a primitive Pythagorean triples 
if gcd(x,y,z) = 1. A primitive triplet corresponds to the smallest triangle 
with integer sides among all similar triangles. 

For example, 3,4,5; 6,8, 10; 9,12,15; ... are all Pythagorean triplets 
representing similar right triangles, but 3,4,5 is the primitive triplet 
corresponding to this class of similar triangles. 


Some properties of primitive Pythagorean triplets. 


1. If z,y,z be a primitive triplet, then x, y, z are pairwise prime to each 
other. 
Proof. gcd(z,y,z) = 1. Let gcd(z,y) = d> 1. Then d|z,dly. Let p be 
a prime divisor of d. Then p|z, ply. This implies p|x?, p|y? and therefore 
p|z? and this again implies p|z. This contradicts that gcd(z, y,z) = 1. 
Therefore gcd(z, y) = 1. 

Similarly, gcd(y,z) = 1, gcd(x, z) = 1. 
2. If x,y,z be a primitive triplet, then z is odd and z, y are of different 
parity (i.e., one of them is odd and the other is even.) 


Proof. Since gcd(x,y) = 1, x,y cannot be both even. 

Let x,y be both odd. Then z is either of the forms 4n + 1,4n +3. 
In any case, x” is of the form 4n + 1. Similarly, y? is of the form 4n +1. 
So 2” is of the form 4n + 2. Since for any integer, odd or even, a perfect 
square is either of the form 4n or of the form 4n +1, z? cannot be of the 
form 4n +2. Therefore x,y cannot be both odd. 

Hence one of x, y is odd and the other is even and therefore z is 044: 


To be definite, we shall take x odd, y even and of course z odd in ® 
primitive Pythagorean triplet z, y, z. 


Theorem 3.8.1. The primitive Pythagorean triplets x, y, z are give? by 
z =m? —n*, y = 2mn, z =m? +n?, where m,n are positive intese 
prime to each other with m > n and m # n(mod 2). 


Since we have agreed to take y even, let y = 2k where k is a positiv? 
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2 — 2_ 4? i 2 (z+ =_ 
integer. a8 : 0 Sives AP =" 9 )( 45%) = Uv, say, where u = $2 
and v = 2 .uUu> »U>0;z>u+vands=y~y. 


gcd(z,z) =1= ged(u, v) = 1. Since u>0,v > 0; gcd(u, v) = 1 and 
uv is a perfect Square, it follows that u is a perfect square and v is a 
perfect square. [This follows from canonical representations of u and v.] 


OP oat Se 
Let u =m", = n° where m, n are positive integers. gcd(u,v) =1> 


ged(m, n) = 1. If m,n are both odd or both even, then u,v are both even 
and this contradicts gcd(u,v) = 1. Therefore one of m,n is odd and the 
other is even, i.e., m 4 n(mod 2). 


Conversely, let the positive integers m,n with m > n be prime to each 
other and m # n(mod 2). 

Then z = m? —n*, y = 2mn, z = m? +n? form a Pythagorean 
triplet, since x* + y? = z? holds. We show that gcd(x,y,z) =1. 

Let ged(x,y,z) = d > 1. Let p be a prime divisor of d. Then 
plz, ply, plz. plz, plz => plm*,p|n?. This again implies plm,p|n, since 
pis a prime. This contradicts gcd(m,n) = 1. So gced(x,y,z) = 1 and 
t,y,z form a primitive Pythagorean triplet. 

This completes the proof. 

Let us choose positive integers m = 2,3,4,5... and correspondingly 
positive integers n < m such that gcd(m,n) = 1 and m,n are of opposite 
parity. 

We obtain the following table of primitive Pythagorean triplets cor- 
responding to the smaller values of m,n. 


zt y z 
mn m2—n? 2%mn m?+n? 
2 1 3 4 5 
3 2 5 12 13 
4 1 1 8 17 
4 8 7 24 25 
5 2 2 2 29 

A 9 40 41 


We shall obtain different tables of primitive Pythagorean triplets by 


posing different conditions on 2. ¥, =- 
Let y and z be consecutive positive iutegers. Th 
a S gives m — n = 1, since m > 7. mant1>2= ( 
"+ 1,y = 2n(n+1),z = 2n?+2n+1. 


en Qmnt] = an? +-n?, 
n+1)?—n? = 


182 HIGHER ALGEBRA 


We obtain primitive Pythagorea, 


As z is an odd positive integer, leg 


triplets with every odd positive integer 45 one 
We have the following table corresponding to the smaller values of 
es 


x y 4 
_n_Int+1_An(n+1)_2nh tant h 

ae 4 y 

y) 5 12 13 

3 7 24 25 

4 9 40 41 

5 11 60 61 


BO pe 9 ee 
Note. In this case, as z—y =1, 2? = (zt+ty)\(z-y)=zt+y. 


2. Let x and z be consecutive odd positive integers. Then m? 4+ n2 
m? —n?+2. This gives n = 1. Since m,n are of opposite parity, m must 
be even. Let m = 2k, k being an integer. Therefore x = 4k? —1,y= 
Ak, z = 4k? +1. 

As y is a multiple of 4, We obtain primitive Pythagorean triplets with 
every multiple of 4 as one leg. 

We have the following table corresponding to the smaller values of k. 


x y z 
k 4k?-1 4k 4k? 41 
1 3 4 5 
2 15 8 17 
3 35 12 37 
A 63 16 65 
5 99 20 101 


Theorem 3.8.2. The in-radius of a Pythagorean triangle is a positive 
integer. 


Proof. Let z,y be the sides and z be the hypotenuse of a right triangle. 
The area of the triangle is Say and the semi-perimeter of the triangle 8 
4 (x +y+z). 


The in-radius r of the tri : x 
e triangle is Poet 


Since a? +y? = z*, 2, y,z can be taken as 7 — m2 — 7? y = 2mn,2 
m? + n*, where m,n are positive integers of opposite parity with m 7 a 
and gcd(m,n) = 1. 


_ mn(m?—n? 
Threfore r = “Tanz a = n(m —n), a positive integer. 
Note. m —n is odd and n is prime to m — n. 
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For every positive integer r, there is a Pythagorean triangle with in- 
radius 7. Because we may take m—n = 1andn= r,Le.,m=r+in=r. 
The triangle is given by 2 = 27 +1, y = Ip(p + 1), z = 2r? + Qr +1. 


There may be other triangles also. If there be an odd prime divisor p 
of r, then we may take m —n =p and n= 5 Siving a different triangle. 


Worked Examples. 

1. If x,y,z be a primitive Pythagorean triplet, prove that 12|ry. 
c=m—n?, y= 2mn, z= m?+n?, where m,n are positive integers 

prime to each other with m > n and m,n are of different parity. 

Since one of m,n is even, y is a multiple of 4 and therefore Alzy. 

If one of m,n is a multiple of 3, then y is a multiple of 3 and therefore 
3| ry. 

If none of m,n is a multiple of 3 then by Fermat’s theorem, m? = 1 
(mod 3) and n? = 1 (mod 3). Therefore m? — n? = 0 (mod 3), ie., 3|x 
and therefore 3|ry. 

Alzy and 3|zy > 12|ry, since gcd(3, 4) = 1. 

2. If x,y,z be a primitive Pythagorean triplet, prove that 60|ryz. 
z=m*—n?, y= 2mn, z = m?*+n?, where m,n are positive integers 
prime to each other with m > n and m,n are of different parity. 

If one of m,n is a multiple of 5, then y is a multiple of 5 and therefore 
Slayz. 

If none of m,n is a multiple of 5 then by Fermat’s theorem, m? = 
(mod 5) and n? = 1 (mod 5). Therefore m? — n? = 0 (mod 5), i.e., 5|x 
and therefore 5|ryz. 

By Ex.1, 12/zyz. 12|2yz and 5|xyz => 60|xyz, since gcd(12,5) = 1. 
3. If r be an odd prime, show that there are two Pythagorean triangles 
with in-radius r. 

The in-radius r of a Pythagorean triangle whose sides are x = m? — 
n*,y = 2mn,z = m2? +n?, where m,n are positive integers of opposite 
parity with m > n and gcd(m,n) = 1 is given by r = n(m — n), where 
™—n is odd and n is prime to m — 7. 


There are two choices. We may take (i) m—7n =1 and n=r giving 
4 triangle, (ii) m—n=r and n= 1 giving a different triangle. 


Thus there are two Pythagorean triangles with in-radius r. 
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Exercises 3D 


1. (i) Find the highest power of 3 dividing 153! 
(ii) Find the highest power of 5 dividing 153! 
(iii) Find the highest power of 11 dividing 1000! 
2. (i) Find the number of zeros at the right end of the integer 222!. 
(ii) Find the number of zeros at the right end of the integer 333!. 
2 toe that the number of zeros at the right end of the integer (5°° — 1) ;, 
4s 


nT — 


4. Prove that the highest power of n contained in (n” — 1)! is >=FEtt=2, 


5. Prove that for every positive real number a, [4] + [24] = [a]. 
[Hint. Assume (i) a = 2m + f,0 < f <1 and (ii) a= 2m+1+f,0< f <1, where 


m. is an integer.] 


6. Ifn be a positive integer, prove that 
(i) [3] -—(2] =n, (i) fe + n] = [2] +2 for all real =. 
7. Prove that for every real number a, [a] + (a + $] + [a + 2] = [8a]. 


[Hint. Let a =n-+ f,0 < f < 1. Consider the ijo< + 
(iii) 2< 3f <3] me cases (i) 0< 3f <1, (ii) 1<3f <2, 


8. If n = pip2...pre, where pi,p2,...,p, are distinct primes, prove that D |u(d)|= 
d|n 
on: 


_— .% a 
9. If n = p?'p5?...p,*, where p1,p2,...,pz are distinct primes and a; > 1, prove 
that z u(d)o(d) = (—1)*pipa... pe. 
Th 


10. Ifn= Pi Po? = pork where ee , 
‘Pk? P1,p2,---,Px are distinct primes and a; > 1, prove 
that 3 4(d)#(d) = (2—pi)(2— pa)... (2 ~ Pr). 2 ere 
Th 


11. Prove that there is only one Pytha : ; 
gorean triangle wh : ‘ 
progression. 4 ose sides are in arithmetic 


12. Prove that there is no Pyth : . ; ; 
ee ythagorean triangle whose sides are in geometric progres 


13. If there is no odd prime divisor of r, prove that there is only one Pythagorean 


triangle with in-radius r. 


14. Ifr = pq, the product of two distinct primes, show that there are four Pvthagorea” 
triang tes with in-radius r. . 


4. POLYNOMIALS 


aS eee erences 
4.1. Polynomials. 
An expression of the form 
agx" +ayr"1+4..-4 Qn-12 + Gn, 
where @9,@1,---,@, are given numbers (real or complex), n is a non- 
negative integer and 2 is a variable, is called a polynomial in x or a 
rational integral function of z. 

a9,41,---,4, are called coefficients and agx",a,27—!,...,a, are 
called terms of the polynomial. If ag # 0, the polynomial is said to 
be of degree n and the term agx” is called the leading term. 

The general form of a polynomial of degree 1 is apz + a1, ag X 0; and 
of degree 2 is agx? + a,x + a2, ag # 0. 

A non-zero constant ap itself is said to be a polynomial of degree 0 
while a polynomial all of whose coefficients are zero is said to be a zero 
polynomial and is denoted by 0 and no degree is assigned to it. 

Since a polynonial is an expression containing the variable z, it is 
denoted by f(x), g(x) etc. The value of the polynomial f(x) for r = a 
where a is a real number or a complex number is denoted by f(a). 


In particular, if the coefficients a9, a1, @2,... of a polynomial f (x) be 
all real numbers, the polynomial f(z) is said to be a real polynomial. 


Equality. Two polynomials of the same degree 
Agr" + ayr"-14...44, and box”™ + byt? +++ bn 
are said to be equal or identical if ag = 09,41 = b1,---:4n = bn. 


Addition. Let f(x) = apr” +a,2"—) cape -+4n,9(z) = box™ +b, 2-14 
"**+ bm be two polynomials of degree n and m respectively. 
The sum f(x) + g(x) is a polynomial given by 
F(z) 4+ g(x) = agz® +++ + (an—m + bo)2™ + +++ + (an + bm) 
ifm<n, isi 
(ap + bp) z™ +++° + (Gn + On) Em =n, 
bor™ +--+ + (bm—n + ao)z” +++: + (bm + an) 
ifm >n. 


il 


li 
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Multiplication. Let f(z) = aor” + ayz"™ 1} + +++ + On, 9(Z) = bygm 
ba™-14...45,, be two polynomials of degree n and m respectively 
The product f(x)g(z) is a polynomial of degree m + n given by 
f(z)g(x) = cox™*® + cyz™+"-! +--+ Cm4ns Where Ci = Gob; +a1b;_, 4 

++ + aibo, taking Qn41 = 4n+2=°°°= an+m = 0, 


bm = bm42 =+1* = bmtn = 0: 
co = agby # 0. Therefore the degree of f (x)g(z) is m+n. 


Theorem 4.1.1. Division algorithm. 


Let f(x) and g(x) be two polynomials of degree n and m respectively 
and n > m. Then there exist two uniquely determined polynomials q(z) 
and r(x) satisfying 

f(x) = g(x)q(z) + r(z), _ 
where the degree of q(x) isn —m and r(z) is either a zero polynomial or 
the degree of r(z) is less than m. 
Proof. Let f(x) = aoz" +a," *+-+--+4n, ao #0 

g(x) = box ™ + yz™ 1 +--+ +bm, bo #0. 

Let us consider the polynomial 

fi(z) = f(x) — f8a"-™g(z) = f(x) — cox" g(x), where co = #2. 

Either f,(x) is a zero polynomial, or else the degree of fi (z) ism <n. 

Now f(x) = coxz™—™g(az) + fi(x). Two cases arise. 

Case I. f(z) is either a zero polynomial, or the degree of f;(z) <m. In 
this case 

f(z) = a(z)g(z) + r(x), where (x) = cox”—™, r(x) = fy (x) and the 
theorem is proved. 

Case II. n; > m. 
In this case f\(z) = poz™ +---+pp. po £0. 


Let fo(z) = fi(z) ~ fea™—™9(z) 
= fi(z)—ciz™—™g(xz), where c, = 2. 


: ; b 
Either fo(z) is a zero polynomial, or else the degree of fo(z) is na < 
ny. 
Now f(z) = ciz™~™ g(x) + fo(x). Two cases arise. 


Case I. fo(z) is either a zero polynomial, or the degree of fo(x) is Jess 
than m. In this case 


f(z) can be expressed as [cgt"—™ + c2™—™I g(x) +. fo(z) 
= q(x)g(x) + 1r(z), proving the theorem. 


Case II. nz > m. 
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Repeating the process we get polynomials fila), fo(z), fa(x),... suc- 
cessively whose degrees form a monotone decreasing sequence of inteaers 
so that after some steps we obtain a polynomial fk+41(@) which is either 
a zero polynomial or whose degree nj is less than m, 


We have f(z) = cox™-™g(x) + f,(z), 
fi(z) = e2™-™g(z) 4 fa(z), 
fe(Z) = cya™®—™g(g) + fieai(x). 


Therefore f(x) = (cox™—™ + c2%-™14... + cpa™*—™) g(x) + fie (2) 
= q(x)g(x) + r(x), where q(x) = ega™—™ + cya —™M4 
tegen" —™ and r(x) = fr4i(z). 
We now prove the uniqueness of q(x) and r(z). 


If possible, let there be two other polynomials q,(x) and r;(xz) such 
that f(z) = q1(z)g(x) + 11(x), where the degree of q(x) is n — m and 
r(x) is either a zero polynomial, or else the degree of r; (z) is less than 
m. 

Then 0 = {9(z) — 91(x) }g(x) + {r(z) —1i(x)} 

or, 71(z)— r(x) = {a(z)—ai(z)}g(z) ... (A) 

By the property of r(x) and r(x), the left hand side polynomial 
r(x) — r(x) is either a zero polynomial or else the degree of ri (x) — r(x) 
is less than that of g(x). But the second possibility is ruled out because 
the equality (A) demands that the degree of r1(x) — r(x) is greater than 


that of g(x). 
Therefore r(x) — r(x) and consequently ¢(z) — qi(x) are zero poly- 


nomials and this proves uniqueness of g(x) and r(z). 

g(x) is said to be the divisor, q(x) is said to be the quotient and r(z) 
is said to be the remainder. 

If r(x) be a zero polynomial, f(x) is said to be divisible by g(x). In 
this case g(x) is said to be a factor of f (x). _ 

If, in particular, g(x) be a polynomial of degree 1, then r(z) is either 
4 zero polynomial or else it is a polynomial of degree 0. That is, in this 
Case the remainder is a constant, zero Or non-zero. 


Theorem 4.1.2. Remainder theorem. 
Ifa polynomial f(x) is divided by x — & the remainder is f(q). 


roof. Let q(x) be the quotient and r(x) be the remainder when f(z) is 
divided by x—a. Since the divisor z— @ is a polynomial of degree 1, the 


Temaj i 
Mainder r(x) is a constant, say R. 
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Therefore f(x) = (x — @)q(x) + R. 
Hence f(a) = 0.q(a) + R. That 3s, f(a) =R. 


Corollary. f(z) can be expressed as f(z) = (x — a)q(x) + f(a). 


Definition. If f(z) is a polynomial and f (a) = 0 then a is said to j, 
a zero of the polynomial f(z). 


Theorem 4.1.3. Factor theorem. 

If f(x) be a polynomial then z — a is a factor of f(z) if and only jg 
f(a) =0. 
Proof. Let x — a be a factor of f(x). Then f(x) = (x — @).9(2) for some 
polynomial g(x). Therefore f(a) = (a — a).g(a) = 0. 
Conversely, let f(a) = 0. Let R be the remainder and g(x) be the quotient 
when f(z) is divided by x — a. 
Then f(z) = (zx — a)gq(z) + R. But R= f(a) = 0. 
Therefore f(r) = (x — a)q(x), showing that x — a is a factor of f(z). 


Worked Examples. 
1. Prove that x? + + +1 is a factor of 2!° + 7° +1. 


We have z*+2+1 = (2 —w)(x —w?), where w is an imaginary cube 
root of 1. 


Let f(z) = 2'°+2°+1. Then f(w) = w+4+w5 41 =w+w?41=0. 
f(w?) = 0 +0 4+1=07 +W4+1=0. 


Therefore (x — w)(x — w?), i.e., x? +2 +41 is a factor of f(z). 
2. Find the remainder when 42° + 32° + 62? +5 is divided by 22 +1. 


Let f(x) = 42° + 32° + 6x? +5. Let q(x) be the quotient and R be 
the remainder when f(x) is divided by 2z + 1. 


Then f(x) = (22 + 1)q(x) + R and therefore f(-4) = 0.q(-3) +R. 
The remainder R = f(-3) = 4.55 + 3.54 we 6.4 +5=6. 
3. Find the remainder when x° — 324 + 47? + 7 4 4 is divided by (t+ 
1)(a — 2). 


Let f(x) = 2° —324+4274+2+44. Let q(x) be the quotient and rs+* 
be the remainder when f(z) is divided by (x + 1)(x — 2). 
Then f(x) = (z + 1)(x — 2)q(x) + (rz + 8). 


Hence f(—1) = 0.q(-1 Se _ | 
But f(-l) =3 a i( a +s) and f(2) = 0.q(2) + (r+ s) 
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Consequently, —r + s = 3 and 2r +5 =6. Therefore r = 1, s = 4 and 


4, For what integral values of m, x? + 2 + 1 is a factor 22" +27 +1? 


a? +2+1= (¢—w)(z—w”), where w is an imaginary cube root of 1. 
Let f(z) = 2°" +2" +41. Then 
fw) =0°™ +u™ +1, fw?) = wm 4 2m 4 7, 


ag? +2+1 is a factor of 2°" +2" +1 if f(w) =0 and f(w?) =0. 

The integer m is one of the forms 3k, 3k + 1,3k + 2 where k is an 
integer. 

When m = 3k, f(w) =1+14+1=3 and f(w?) =14+141=3. 

When m = 3k+1, f(w) =w*+w+1=0and fw) =w?+w+1=0. 

When m = 3k +2, f(w) =w+w?+1=0 and f(w?) =w?+w+1=0. 


Therefore if m be not an integral multiple of 3, 2? + 2+ 1 is a factor 
of 2?" +2" +1. 


4.2. Synthetic division. 


We have seen that when a polynomial f(z) is divided by z — a the 
remainder can be obtained readily without going into laborious process 
of division algorithm. 

We now develop a simple method of obtaining the quotient when f(x) 
is divided by x — a. 

Let the quotient be boz™—! + b)a"~? + --- + bn_1 and the remainder 
be R. 

Then agz” +a, 2°} +--+ +a, = (bot® 1 +b0"-7 +--+ + bp_1) (2 — 
a) +R, Equating coefficients of like powers of x, we have 

ao = bo 

ay = b; _ abo 

a2= by = ab; 


Gy) = b,_1 — abn_2 

a = R- ab,_}. 

Therefore bp, b1,...,bn—1 and FR are given by 

bo = Qo, b; =a,+ abo, be = ag + ab;,...,5n-1 = An-1 + abn-2,R = 
{n+ ab, _1. 
The calculation for bo, 61,..-)6n-1 and & can be performed in the 


following scheme. 
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ao ai a2 eee Qn-1 an 
aby) ab; ...  Obn-2  Obn-1 
bo by be eee by-1 R 


The coefficients of the polynomial f(x) are written in the first line: if 
any term be absent the zero coefficient should be included in the Sequence 
The third line begins with bo(= ao). 


bo is multiplied by a and is written below a1, the sum a1 + aby gives 
b,. b; is multiplied by a and written below a2, the sum a2 + ab; gives 
bo,... 


The process continues till at the last step 6,1 is multiplied by a anq 
is written below an, the sum an + aby_; gives the remainder R. 


The method described in the scheme is called the method of synthetic 
division. The method gives a ready calculation for the remainder f(a), 


We shall see later that the method also determines quickly the values 
of the derivatives of successive orders of f(x) at x = a, i.e., the values of 


f(a), FU (a), +) F(a). 


Application of the method. 


(i) To express a polynomial f(z) = agpz™ + ayx™1 +--+ + ay 258 
polynomial in z — a. 


Let f(z) be expressed as Ap(x — a)" + Ay (x2 — a)"—14.---+ Ap. 
Therefore f(x) = (x—a)[Ap(a—a@)"—14Ay (2—a)"—?24- - -+An—i] +n 
This shows that if f(x) is divided by x — a, the quotient q:(z) 's 
Ao(z — a)"~* + Ai(z — a)"-2 +... 4 A,_1 and the remainder is An- 
| Again q1(2) = (t—a)[4o(@—a)"-?-+Ay (2—a)"-8-4.- «An a] +40 
This shows that if qi(x) is divided by x — a, the quotient q2(2) ® 
Ao(z — @)"~? + Ai(a — a)"~3 +... 4 A,» and the remainder is An-! 
The process can be continued n times and the remainders are suce™ 
sively Aw, Ay; tee » Aj. Finally ao = Ao. 
(ii) Let f(x) be a polynomial in x. To express f(x + @) a8 8 poly 
nomial in 2. 


Let f(r) = aor” +aja"-14...4¢,. 
Let us first express f(x) as f(x) = Ao(z—a)"+Ay (x—a)" 1 +°°'F 
Then f(x + a) = Agz”™ + Aifn-1 +.:. + An: 


An: 
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Worked Examples. 
1. Expand f(x) = 2* — 423 + 32? + 32 + 7 as a polynomial in x — 1. 


1| 


Hence f(x) = 1(a — 1)* + O(x ~ 1)3 — 3(2 — 1)? + 1(a@ — 1) +10. 


2. f(x) = 24 — 73 + 2x? + 6a — 2. Find f(x + 2). 

Let f(z) = Ao(x — 2)4 + Ai (x — 2)3 + --- + Ag. Then Ay, A3,--., Ao 
can be calculated by sussessive application of the method of synthetic 
division as in the following scheme. 

2 6 —2 


2{ 1 
2 8 28 


—l 
2 
1 
2 
3 
2 
5 
2 
7 


Hence f(a) = 1(a — 2)4 + 7(x — 2)8 + 20(x — 2)” + 34(x — 2) + 26 and 
consequently, f(x + 2) = x4 + 72° + 20x” + 342 + 26. | 


Theorem 4.2.1. Taylor’s theorem. 

If f(x) is a polynomial in x of degree n and @ is any number, real or 
Complex, 

f(e) = f(a) + f'(a)(2 — a) + Xe - 0)? +--+ SP — a)". 
Proof. Let f(x) = apz™ +ayz™ 1 +++ +4n where ap # 0 and let us 
*ssume that f(x) is expressed as An + An—1(% — @) + An—o(z — a)? + 
"+ Ao(t—a)", Then f(a) = An- 
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f'(@) = Aga + 2Aq—a(e— a) +++ + PAO(@ =)". 

Therefore f’(a) = An-1- . 

f(z) = 2.1Apn-2 + 3.2An—3(z — a)+--: yA n(n — 1)Ao(x — Q)?~2 
Therefore f’(a) = 2!An—2, i-¢., An-2 = ce. 


f"(c) =n!Ao. Therefore f"(a) = n!Ap, ie., Ao = fe) 
Hence f(x) = f(a) +f"(a)(t—a) + 2 (w@-a)?+- : -+£) (g_ ay 


Note. The coefficients Ag, A1,..-,An are obtained as remainders in 
the successive application of the method of synthetic division shown ip 
the scheme of Example 1. The successive derivatives at © = « ie, 
f'(a), f’"(a),..-, f(a) are therefore readily obtained from those remain. 
ders. 


4.3. Zero of a polynomial. 


Definition. a is said to be a zero of order r of the polynomial f(z) if 
(x — a)" is a factor of f(x) while (xz — a)"*? is not a factor of f(z). 


Theorem 4.3.1. a is a zero of order r of the polynomial f(x) if and 
only if f(a) = f'(a) =--- = f7—1(a) =0, and f7(a) £0. 
Proof. Let a be a zero order r. Then (x — a)" is a factor of f(x) but 
(a — a)'*? is not. Let f(z) = (x — a)"¢(z) where ¢(a) 4 0. Because 
¢(a) = 0 implies that z—a is a factor of ¢(z) and consequently (2—a)"* 
is a factor of f(x), a contradiction. 

f'(z) (x — a)" ¢'(x) + r(x — a)"*9(z) 
(2 — a)"~"[(a — a) $'(z) + rd(z)| 
(x —a)'~*Y(x), where (x) = (x — a) ¢’(z) + r9(2) 


and (a) = rd(a) # 0. 


WoW Hl 


Therefore f’(a) = 0. 
f"(z) = (@ — a)" [(z ~ a)p"(z) + (r — 1) (2) 


= (« — a)"~?y(z), where 7(z) = (x — a)’ (x) + (r — 1)¥(@) and 
y(a) #0. 


Therefore f(a) = 0. 


f’—1(z) = (a — @)g(x) where g(a) £0. Therefore f?~?(a) =" 
f" (a) = (x@ — a)g’(x) + g(x). Therefore f'(a) #0. 
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Conversely, let f(a) = f’(a@) ao fla) _ 0, fT (a) A 0. 
By Taylor’s theorem, 
f(x) = f(a) + f'(a)(x - a) + Le) ) (a — a2 hae Se Le) (g - a)" 
= £1) (4 — a)" + 4 Le a)” 


(x — a)" [LE + £ a Faw (e - @) +--+ 4+ LD) (g — gyn-r] 
= (¢ — a)"$(x) where $(a) = ray #0. 


This proves that a is a zero of order r. 


Worked Examples. 
1. 2° +3pr+q has a factor of the form (z—a)?. Show that q? +4p* = 0. 


Let f(z) = z° 4 3pr 4+ q. 
Since (x — a) is a factor of f(x), f(a) = 0, f’(a) = 


That is, a? + 3pa + gq and 3a? + 3p=0. 
Therefore p = —a?,q = 20°. 
Eliminating a, we have q? + 4p* = 0. 
2. If x4 + px? + qx +r has a factor of the form (x — a)°, show that 
8p? + 27q? = 0 and p* + 12r = 0. 
Let f(z) = 24+ pr? +qr+r=0. 
Since (x — a)? is a factor of f(x), f(a) = f(a) = f"(a) =0 
Therefore a4 + pa? + qa+r = 0, 40° + 2pa+q=0, 12a? + 2p = 0. 
Therefore p = —6a?, q = 8a3,r = —3a’. 
Eliminating a, we have (2)° = (4)? and (4)? = +. 
Hence Sp? + 27q? = 0 and p +12r=0. 


Exercises 4 


1. Find the remainder when 
(i) 2 + 524 4 23 4 52? + 2x + 11 is divided by r+ 5, 
(ii) 2a5 +244 277 + 77+ 42+ 3 is divided by 2z + 1. 
2. Find the quotient and remainder when 
(i) 2° + 23 41 is divided by 2 +1, 
(ii) 204 4 723 4 5? 4 @ 44 is divided by 2x + 1. 
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3. Show that 
(i) 27° 4 215 4 7° + 25 is divisible by z* +1, 
(ii) 27° + 21° 41 is divisible by 2? — x +1, 
(iii) (w + 1)?6 + }® +1 is divisible by 2? +2 +1, 
(iv) (x +1)’ — 27 — 1 is divisible by x(x + 1)(z? +2 +1). 
4. (i) Express 2° — 52 + 1227 — 1 as a polynomial in (zr — 1). 
(ii) If f(x) = xt — 32° + 10x”, express f(z + 3) as polynomial in z. 
(iii) If f(x) = z° + 6x? + 12x — 19, express f(x + h) as polynomial in 7 
Determine h so that f(z +h) is free from the term containing 2’. 
5. Find the remainder when 
(i) 22° 4 27 + 24 42°41 is divided by x? +1, 
(ii) 2* — 323 + 22? + 4 — 1 is divided by x? — 42 + 3, 
(iii) 2° + 2x5 — 3x3 + 22? — 5x + 10 is divided by (a — 1)”, 
(iv) 2° + 1 is divided by (x? + 1)(z? +2 +1), 
(v) 21° +1 is divided by (x + 1)(2? + x +1). 
6. A polynomial f(x) leaves the remainders 10 and 2x — 3 when it is divided 


by (x — 2) and (x +1)? respectively. Find the remainder when it is divided by 
(x — 2)(x2 + 1)?. 


7. f(x) is a polynomial of degree 4 and f(n) = n+1 for n = 1,2,3,4. If 
f(0) = 25, find f(5). 


Hint. f(x) = ¢(x)+2-+1, where ¢(z) is a polynomial of degree 4 having 1, 2, 3,4 3s 
ZeToes. 


8. If f(x) be a polynomial in x and a,b are unequal, show that the remainder 
in the division of f(x) by (x — a)(x — b) is (z—) f e)-(era)t OF 
9. Show that 1— 5 + 2G—)) ae 2{e—W)(e~2) eee ea =(e—1)...(e-n+)) 

= "(x —1)(x— 2)...(2—n). 


10. If the polynomial 2” — gx"~™ + r has a factor of the form (x — a)”, Sho 
that [2(n—m)]" =[F(n-m)]”. 


11. If 2? + px +1 be a factor of ax® + bz + ¢, prove that a? — c? = ab. Show 
that in this case x” + pz + 1 is also a factor of cx® + ba? +a. 


2 
12. If z*+ ka +1 be a factor of az* + bx +c, prove that (a+c)(a—¢ 2=b6 


13. Prove that x? + pr + p? is a factor of (2 + p)" — 2" — p", ifn be odd and 
not divisible by 3. 


14. Prove that 2? + y? + z? — TY — yz — zz is a factor of 
(—y)" + (y— 2)" + (z—2)", if n is not divisible by 3. 


5. THEORY OF EQUATIONS 


een Ne ee 
5.1. Algebraic equations. 


Let f(x) be a polynomial in x of degree > 1 whose co-efficients are 
real or complex numbers. 

Then f(z) = 0 is said to be an algebraic equation or a polynomial 
equation. The degree of the polynomial f(z) is said to be the degree of 
the equation f(z) = 0. 


An equation of degree 1 is anx + a, = 0, where ay # 0. 

An equation of degree 2 is agxz” + a,z + a2 = 0, where ap # U. This 
is said to be a quadratic equation. 

An equation of degree 3 is apx* + a,x? + agx + a3 = 0, where ap # 0. 
This is said to be a cubic equation. 

An equation of degree 4 is agz* + a,r° + agxz? + agx + a4 = 0, where 
a #0. This is said to be a biquadratic equation. 

The general form of an algebraic equation of degree n is agz” + 
ayz"-1 4...44, 12 +a, = 0, where ao, @1,...,@n are real or com- 
plex numbers and ao + 0. 


If a be a value of x for which f(z) becomes zero, i.e., if f(a) = 0, 
then a is said to be a root of the equation f(x) = 0. 


The existence of such an a for which f(x) becomes zero is assured by 
a theorem, called the Fundamental theorem of classical algebra, 
which states that 
every algebraic equation has a root, real or complez. 


Here we take the theorem without proof and derive some important 
deductions from it. 


Theorem 5.1.1. An algebraic equation of degree n has n roots and no 
more. 


P roof. Let f(x) = apx™ + a,z"-1+-+++ 4, be a polynomial with co- 
efficients real or complex, of degree n. Then ao # 0. 

The equation f(x) = 0 is an algebraic equation of degree n. 

By the fundamental theorem, this equation has a root, say ay. 
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Then f(a) = 0 and by the factor theorem, 2 — 1 18 a factor of the 


ered as (x) i ] ial of de 
= (x — 04) fi(z) where fi(z) 18 @ polynom gree n~] 
Beas heen By the fundamental theorem, the equation 
= 0 has a root, say @2.- 

oe f(a2) = 0 and by the factor theorem, Z — @2 is a factor of the 
polynomial f;(z). 

Let f(x) = (2-2) fo(z) where fo(z) is a polynomial of degree n—2 
with leading co-efficient ao. 

If n > 2, we continue with the same reasoning and come to some 
polynomial fp—1(z) = ao(z — On). 

Therefore f(x) (x — a1) fi(z) 

(2 — ay)(x — a2) fo(z) 


Ge eu) (a = a2) eae (x — On-1)fn—1(2) 
ap(z — a4)(z — a2)... (2 — Qn-1)( — On). 


This shows that f(z) is expressed as the product of n linear factors, 
each factor corresponds to a root and this proves that a1, @2,-..-,Qn ale 
n roots of the equation f(x) = 0. 

Now we shall prove that there cannot be more than 7 roots. If pos 
sible, let 6 be a root of the equation f(z) = 0, where @ is different 
from @),@2,...,@n. Since B is a root, f(8) = 0 and this would imply 
ao(B > a,)(B _- a2) eve (B _ On) = (). 

This is impossible because ap 4 0 and 6 — a; # 0 for i = 1,2,...:% 
Therefore f(x) = 0 cannot have more than n roots. 


This completes the proof. 


Theorem 5.1.2. If two polynomials f(z) and g(x), both of degree " 
take equal values for more than n distinct values of xz, then f(z) and 
g(x) are identical polynomials. 


Proof. Let f(x) = g(x) for x = Q1,@2,...,@m_ where m > n. 

Then f(a1) = 9(a1), f(a2) = g(az),..., f(am) = 9(@m)- 

Let o(z) = f(x) — g(x). Then (2) is either a zero polynomial oF * 
polynomial of degree < n., 

In the case of the second possibility, ¢(z) = 0 happens to be 
equation having m roots @1,@2,...,Qm, since d(a,) = 0, (a2) = 
0,...,0(Qm) = 0. Again since m > n, the degree of the equation g(x) = 


cannot be 7 or less than n, i.e., the de anpot 
ae ee of th al d(x) ¢ 
be < n, @ contradiction. = or e polynomial ¢(z) 
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Therefore (2) is a zero polynomial and this proves f(z) and g(z) are 
identical polynomials. 
This completes the proof. 


Definition. If f(x) be a zero polynomial then f(x) = 0 is said to be an 
identity. In other words, if f(x) and g(x) be two identical polynomials 
then f(z) = g(x) is said to be an identity. 


Examples. 

1. (a—b)[(a +b)? + 2 + 1) + (b—c)[(b+c)a? +241) + (c—a)[(c+ 
a)z? + z + 1] = 0 is an identity, because the left hand side polynomial is 
a zero polynomial. 


2, a(a?+bz+1)+b(2? +cx+1)+c(2?+ar+1) = a(x? +cr+1)+b(2? + 
az +1)+c(z? + br + 1) is an identity, because the equality is satisfied 
byr=a,2=b,2=c. 


We have seen that if f(z) = 0 is a polynomial equation of degree n 
then the equation has n roots, say 01,02,...,@n. In this case f(z) can 
be expressed as the product of n linear factors ag(x — a1)(x—a@2)...(4@—- 
Q,), a9 being the leading co-efficient of the polynomial f(z). The factors 
need not be all distinct. If may be that aj = ag =... = a,. In this 
case (t§ — a1)" is a factor of f(x) and a is said to be a multiple root of 
order r. There may be many multiple roots of f(a) = 0. If however, each 
root is counted according to its multiplicity, the number of roots of the 
equation f(r) = 0 is exactly n. 

If a be a root of the polynomial equation f(z) = 0 of multiplicity r, 
then (t — a)" is a factor of f(z). 

Then f(r) = (x ~- a)" (x), where ¢(z) is a polynomial of degree n—r 
and ¢(a) 4 0, because ¢(a) = 0 would imply z—a is a factor of ¢(x) and 
ph (x—a)"+) would be a factor of f(x) contradicting the multiplicity 
Or a, 


Theorem 5.1.3. If a be a multiple root of the polynomial equation 
F(z) = 0 of order r, then a is a multiple root of the equation f'(r) = 0 
of order  — 1. 


Proof. Let f(x) = 0 be an equation of degree n. Since a is a multiple 
"Oot of order r, r <n. f(x) can be expressed as f(x) = (x — a)"¢(z), 
Where $(sr) is a polynomial of degree n — 7 and ¢(a) # 0. 

fi(z) r(x — a)"—1(z) + (x — a)" ¢'(z) 
(2 — a)"—[r¢(x) + (x — a) ¢'(z)| 
(x —a)"—1¢h(x), where (x) = r(x) + (x — a)¢"(z) 


Hl 
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d w(a) = rd(a) #0. 
7 Aa Bean a is multiple root of f’(x) = 0 of order r ~ 1, 
Note 1. ais a multiple root of f’(«) = 0 of order r i @ multiple tog, 
of f’"(x) = 0 of order r — Siuange simple root of f7~*(x) = 0 and gj, 
not a root of f"(x) = 0. 


2. If a is a multiple root of f (xz) = 0 of ore r, then the hf. of the 
polynomials f(z) and f(x) contains (x—a)"~" asa factor. This gives . 
method of determining multiple roots of f(x) = 0. 


To determine the multiple roots of an equation f(x) = 0, we find oy 
the h.c.f. of the polynomials f(x) and f’(z). The zeroes of the het 
polynomial give the multiple roots of f(x) = 0. 


Worked Examples. 
1. The equation az* + 3bz* + 3cr + d = 0 has two equal roots. Prove 
that (bc — ad)? = 4(b? — ac)(c? — bd) and the equal root is a ocmad 


2 ac—b?* 

Let f(x) = az® + 3bz? + 8crz + d and a be a double root of f(z) =0. 
Then f(a) = 0 and f’(a) = 0. 
Therefore aa® + 3ba*+3ca+d=0 ... (i) 

and aa*+2ba+c=0 ... (ii) 
Multiplying (ii) by a and subtracting from (i), we have 

ba? +2ca+d=0 ... (iii) 
From (ii) and (iii) 


ee ee 5 OP 1 

2(bd—c*) ~~ be—ad ~ 2(ac—b*)° 
2(bd—c? = bc—ad 

Therefore wee) d= Wacb 


or, (be — ad)? = 4(0? — ac)(c? — bd). Also a = bead. 


2. Determine the multiple roots of the equation 2° + 224 + 22° + 4a? + 
xr+2=0. 


Let f(z) = 2° + 2n4 4273 + 422 494.9. 
Then f!(x) = 5a* + 823 + 62? +. 89 4.1. 
The h.c.f. of f(x) and f'(z) is 241 = (x + %)(x — 4). 


Therefore the multiple roots of the equation are i and —7. 


5.2. Polynomial equations with real coefficients. 


We shall discuss some 


0 
properties of ; ‘ons whose © 
efficients are all real. Polynomial equatio 
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Theorem 5.2.1. If an equation with real coefficients has a complex root 
a + iB then it has also the conjugate complex root a — if. 

In other words, in an equation with real coefficients imaginary roots 
occur in conjugate pairs. 


Proof, Let f(x) = 0 be an equation of degree n with real coefficients and 
jet a+ if be a root of f(x) = 0. It is obvious that n > 2. 

Let us divide f(z) by the product {x — (a + i8)}{z — (a — if)}, ie., 
by (t- a)? + 8?. Let q(x) be the quotient and r(x) be the remainder. 
Then the degree of q(x) is n — 2 and the degree of r(z) is at most one. 

Since f(z) is a real polynomial and (x — a)? + A? is also a real 
quadratic, g(x) and r(x) are both real polynomials and we assume 
r(z) = ax + b where a and 6 are both real. 


Therefore f (2) = [(e - a)? + B?]q(x) + ax + b. 

Since a + if is a root, f(a+if) =0,ie., a(a+if)+b=0 

or, (2a + beta) + iaB = 0 and this implies aa + b = 0, a8 = 0. 

But 6 4 0. Therefore a = 0 and consequently, b = 0. 

So f(x) = [(z — a)? + B*]q(z). 

f(a —iB) = [(a — iB — a)? + B?]q(a — if) = 0 and this proves that 
a—if is a root of the equation f(z) = 0. 
This completes the proof. 


Note. If a+78 be a multiple complex root of f(x) = 0 whose coefficients 
are all real, of multiplicity r then a — if is also a multiple root of the 
equation f(x) = 0 of multiplicity r. 


From the theorem it follows that imaginary roots of a polynomial 
equation with real coefficients occur always in pairs. Therefore in such 
an equation the number of imaginary roots is always even. 


If the degree of a polynomial equation with real coefficients be odd 
then it follows that the equation has at least a real root. If however, the 
degree be even then the equation may not have a real root at all. 


If f(z) be a polynomial with real coefficients, to each linear factor x— 
®~16 of f(x) corresponding to an imaginary root a+if there corresponds 
another linear factor z—a+if corresponding to the conjugate root a—7/ 
and the product (t—a—iB)(x—a+tiP) = (a—a)* +f? is a real quadratic 
factor of f(a). 

Therefore we can say that a real polynomial can always be expressed 
“S the product of real linear and real quadratic factors. 
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Worked Examples. ae 
1. Solve the equation x4 +27 — 2x +6 = 0, it Is given that l+iisa Toot 


Let f(x) = 24 +27 — 20+ 6. . 

Since f(z) = 0 is an equation with real coefficients and 1+; is 4 ng 
of the equation, 1 — i is also a root. ; 

Therefore (x -1—i)(x-1 +1) = 2° —2e+2isa factor of f(z), 

Let f(x) = (22 —20+2)q(z). Then q(x) ==? + 22 +3. 

q(x) = 0 gives « = —1+ V2i. 

Therefore the roots of the equation are 1 +71,-—1+ V2i. 
ae that the roots of the equation aI + a Part = 2 are all 
real. 


Let us assume that the equation has a root a+ where a, B are teal, 
Since the coefficients of the equation are all real, a — 7f is another root 
of the equation. 


Since a +18 is a root, Peer sg Spar? ess =at+ifp. 


Since a — 7f is a root, Se + eT + aa =a-ifp. 
On subtraction, we have 
1 1 1 1 lL \=9 
(sais ~ qaipai) +2  aziar3 = acigza) + 3(aagss a acip=3) = dip. 
_og al. 1 2 3 = 
or, 2i8| (an1)?4B? + tanayeee? + Tan3)4e? +1] =0. 
Since the expression within the bracket is positive, 8 = 0. This prove 


that the equation cannot have a root a+if, where 8 # 0. In other words 
the roots of the equation are all real. 


3. Solve the equation x* — 23 + 22? — 2 +1 = 0 which has four distint! 
roots of equal moduli. 

Let r be the modulus. Two possibilities may occur. 
I. Two roots real and two complex. The roots are r, —r,r(cos 6+¢ si i) 
II. All complex roots. The roots are r(cos 9 +i sin 0) and r(cos o? 
i sin ¢). 
Case I. The given equation is identical with 


(2 —r)(2+r)(x? — 2r cos 6x +17) =0 
or, 2*—2r cos O23 + 2r cos Oz —r4 = 0. 


‘ , : ive? 
This cannot happen, since there is a term containing 2” in the & 
equation. 
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case Il. The given equation is identical with 
(x2 — 2r cos 6x +7r)(x? — 2r cos dx +r?) =0 
or, 2'—2r(cos 8+cos )xz*+2r?(1+2 cos @ cos ¢)x?—2r3(cos 6+ 
os $a tr = 0. 
Therefore 2r(cos 8+ cos $) = 1, 2r7(1+2 cos @ cos ¢) = 2, 
9r3(cos 8 + COs ¢) =1, r4 =1. 
These give r= 1,cos 6+ cos $= $,2cos 6 cos $= 0. 
Therefore either cos 6=0 or, cos ¢=0. 
Taking cos 6 = 0, we have cos ¢ = 3,sin ¢ = ¥3 sin 6=1. 
1 
2 


Therefore the roots of the equation are +1, 1b /3i Bt 


Theorem 5.2.2. If an equation with rational coefficients has a surd root 
at+/p, where a, 6 are rational and f is not a perfect square, then it has 
also the conjugate surd root a — /f. 

In other words, in an equation with rational coefficients surd roots 
occur in conjugate pairs. 
Proof. Let f(x) = 0 be an equation of degree n with rational coefficients 
and let a + /B be a root of f(x) = 0. It is obvious that n > 2. 

Let us divide f(x) by the product (x — a — /8)(z —a + VB) ie., by 
(t —a)? — B. Let q(x) be the quotient and r(x) be the remainder. Then 
the degree of g(x) is n — 2 and the degree of r(z) is at most one. 

Since f(x) is a polynomial with rational coefficient and (x — a)? — is 
4 quadratic with rational coefficients, g(x) and r(x) are both polynomials 
with rational coefficients. We assume r(x) = az + b, where a and b are 
both rational. 


Therefore f(a) = [(a — a)? — Blg(x) + ax + b. 

Since a + /B is a root, f(a + VB) =0. 

Therefore a(a + VB) +b =0, or, (aa +b) +aV/B =0. 

But 80. Therefore a = 0,b=0 and f(x) = [(x —- a)? — Blq(z). 

f(a— VB) = [(a — /B — a)? — B]q(a — VB) = 0 and this proves that 
«~ V/B is a root. 


This Completes the proof. 

Note, Tn an equation with rational coefficients, the number of surd roots 
always even. If the degree of such an equation be odd, then it must 
= at least one rational root. If however, the degree be even, then it 
Y Rot have a rational root at all. 
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Worked Example (continued). 7 
4. Solve the equation at + 2a? — 16x” — 222 + 7 = 0 which has q Toot 


2+ V3. 

Since the equation contains only rational eoctiGien =, 2- v3 is anothe 
root. Therefore (x — 2 — V3)(e -2+ V3); Le. 2° — 4a +1 isa factor of 
the polynomial 2x‘ + 2x3 — 16x? — 222 + 7. 

Let x4 + 22° — 162? — 222 +7 = (x? — 4a + 1)q(z). 

Then q(x) =z? + 62 +7. q(x) =0 givesz =—3+ V2. 


Hence the roots of the equation are 2+ J3,—-3+ V2. 


Theorem 5.2.3. Let f(x) be a polynomial with real coefficients. If a, 
be two distinct real numbers such that f(a) and f(8) are of opposite 
signs, then the equation f(z) = 0 has at least one real root lying between 
q@ and £. 


Proof. For the purpose of this theorem we assume 7 is a real variable. 
Since f(z) is a polynomial, the function f is continuous for all real z. 
Since f(a) and f(8) are of opposite signs, it follows from the property of 
a real continuous function that there is at least a real number + between 
a and 6 such that f(y) = 0. 


That is, the equation f(z) = 0 has a real root + lying between a and f. 


Corollary. If f(x) keeps the same sign for all real values of 2, thet 
f(z) = 0 has no real root and conversely. 


Theorem 5.2.4. Let f(x) be a polynomial with real coefficients and a B 
be two distinct real numbers. 

If f(a) and f(G) are of opposite signs then the equation f(z) = 0 hes 
an odd number of real roots (counting multiplicity) lying between & 
B. If f(a) and f(8) are of the same sign then the equation f(z) = 0 be 


either no real root or an even number of rea] roots (counting raultiplicity 
lying between a and f. 


Proof. Let us assume a < B and a1, 02,...,dm are the real roots ies 
necessarily all distinct) of f (x) = 0 that lie between a and B. : 
(z — a1)(z — ag)... (2 — am) is a factor of f(a). 


Let f(z) = (x — a1)(t@~ az)... — Am) o(z). 
Then f(a) = (a eta ~ ie: es - — Neh and 
f(B) = (B-a)(B-a2)...(6- Om) $(8). 


zl 
(a) and $(8) must be of the same sign, because otherwise ? a) be 


eer a real root lying between a and B and consequently ae ait 
another real root of the equation f(z) =0 lying between @ 40 
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.; contrary to our assumption. 


Case 1. Let f(a) and f(8) are of opposite signs. 

Then (a — @1)(@— @2)...(@—Qm) and (8 — a1)(B —a2)...(B —Am) 
are of opposite signs. Since a; < # for i = 1,2,...,m, the product 
p—a)(B - Q2)...(8 — @m) is positive and therefore the product (a — 
a)(a—-22) ...(@—Qm) is negative. Since a < a; fori = 1,2,...,m there 
is an odd number of factors in the product (a — a1)(a— a2)... (@— @m) 


and this proves that m is an odd positive integer. 


Case 2. Let f(a) and f(@) are of the same sign. 

Then (a — a1)(@— ag)... (@—Gm) and (8 —a1)(8 —a2)...(8 — am) 
are of the same sign. By similar arguments as in Case 1, we can prove 
that m is either zero or an even positive integer. 


This completes the proof. 


Note. Very often we shall be interested in the sign of the polynomial f(z) 
for a sufficiently large positive value of x. Such a value will be denoted by 
f(co). Similarly the value of f(x) for a sufficiently large negative value 
of z will be denoted by f(—oo). 


Worked Examples (continued). 
5. Show that the equation x? 4+ 27% — 2x —1 = 0 has one positive 
root and two negative roots — one lying between —3 and —1 and another 
lying between —1 and 0. 
Let f(x) = x3 + 227 — 22 — 1. Then f(oo) > 0 and f(0) < 0. 
Therefore there is at least one positive root. 
f(0) <0 and f(—1) > 0. 
Therefore there is at least one real root lying between —1 and 0. 
f(-8) < 0 and f(—1) > 0. 
Therefore there is at least one real root lying between —3 and —1. 


i The equation has exactly three roots. One root is positive, one root 
€s between —1 and 0 and one lies between —3 and —1. 


8. Show that for real values of A, the equation 
er (x + 3)(x+1)(x — 2)(x — 4) +A(e + 2)(z — I)(z— 3) = 0 
*S all its roots real and simple. 
ret (2) = (w+ 3)(0 + 1)(— 2)(2— 4) + No +2)(a—- (7-3). 
€n f(~o0) > 0, f(—2) < 0, f(1) > 0, f(3) < 0, f(co) > 0. 
tains etefore each of the intervals (—0o, —2), (—2, 1), (1,3), (3, 00) aaa 
ee ha least one real root of the equation f(x) = 0. Since the equation 
“etee 4, all its roots are real and simple. 
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. real values of A, the equation 
7. Show ra Ate — 3)(x — 5)(z — 7) +A(x — 2)(z - 4)(x —6)(x — s) 26 
has all its roots real and simple. 
Let f(z) = (x—-1)(z-3)(2—5)(z — 7) + A(z ~2)(x —4)(-6)(x~g) 
Then f(2) <0, f(4) > 0, f(6) < 0, f(8) > 0. 7 
If 1+.> 0 then f(—oo) and f(oo) are both positive. 
In this case each of the intervals (—o0o, 2), (2, 4), (4,6), (6, 8) contains 
at least one real root of f(x) = 0. So the roots are all real and simple, 


If 14+ <0 then f(—oo) and f(0o) are both negative. 

In this case each of the intervals (2, 4), (4, 6), (6,8), (8, 00) contains at 
least one real root of f(z) = 0. So the roots are all real and simple. 

If 1+. = 0, f(x) = 0 is a cubic equation. In this case each of the 
intervals (2, 4), (4,6), (6,8) contains a real root of f(x) = 0. 

Therefore the roots of the equation are all real and simple, whatever 
A may be. 


Theorem 5.2.5. Rolle’s theorem. 


Let f(z) be a polynomial with real coefficients. Between two consec- 
utive real roots of the equation f(z) = 0 there is at least one real root of 
the equation f’(z) = 0. 

Proof. Let a, be two consecutive real roots of the equation f(x) =0 
with multiplicity r and s respectively. Then (x — a)"(x — 8)° is a factor 
of the polynomial f(z). _ 

Let f(x) = (« — a)"(a— 8)*4(2). 

Then $(a) # 0 and ¢(8) 0, because otherwise the assumed mullti- 
plicity of a, 8 would be contradicted. Also ¢(a) and (8) have the same 
sign, because otherwise ¢(z) = 0 would have a real root between a and 
B and consequently f(r) = 0 would have a real root between a and f, 
which is a contradiction. 

f(z) = r(z—a)""*(x— B)*d(x) + (2 — a)" 
(x — B)*""$(x) + (x — a)" (a — B)?¢ (a) 
= (r-a)")(r- B)*-wW(x), where 
(x) = r(x — 8) (x) + s(x — a) (x) + (x — a)x — B)$"(2). 
Therefore 7(a) = r(a — B)¢(a), (8) = s(B — a)¢(B). 
Since ¢(a) and (8) are of the same sign, (a) and ¥(3) are of 


ferent signs and this shows that the equation W(x) = 0 and consequé 
the equation f’(z) = 0 has at least one real root between a and P- 


dif- 
ptly 


This completes the proof. 
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corollary 1. Between two consecutive real roots a’, 3’ of the equation 
f'( 2) = Q there is either no real root or at most one real root of the 


equatio 

Because if there exist two real roots of the equation f(x) = 0, say a, 8 
in between a’ and ’, then by the theorem there would exist a real root 
of the equation f'(z) = 0 in between a and £ and this would contradict 


that a’, B’ are consecutive. 


n f(z) =0 and such a root must be simple. 


Therefore the number of real roots of f(x) = 0 lying between a’ and 
1 ig at most one. Such a root of f(x) = 0 must be simple because a 
multiple root of the equation f(r) = 0 must also be a root of f(x) = 0. 


If \’ be the least and yp’ be the greatest real root of the equation 
f'(z) = 0, each of the intervals (—oo, X’), (u’, 00) will contain either no 
real root or at most one real root of the equation f(r) = 0. 


It is evident that the interval (a’, 8’) will contain no real root of the 
equation f(z) = 0 if f(a’) f(6’) > 0 and will contain just one real root 
of the equation f(r) = 0 if f(a’) f(p’) < 0. 


2. If all the roots of the equation f(x) = 0 be real and distinct, then all 
the roots of f’(z) = 0 are also so. Any two consecutive roots of f'(z) = 0 
are separated by a root of f(x) = 0. 


Let the real roots of f(z) = 0 be a1,Q9,...,@, where a1 < ag < 
... <Q. There are n—1 intervals (a, @2), (@2,03),---,(Q@n—1, Qn) each 
containing a real root of f’(x) = 0, by the theorem. Since the degree of 
f'(z) is n — 1, these n — 1 real roots are all the roots of f’(x) = 0. 


Theorem 5.2.6. Let f(z) be a polynomial with real coefficients. If 
the equation f(z) = 0 has r real roots, the number of real root of the 
equation f’(z) = 0 is at least r — 1. 


Proof. Let 1, Q2,...,@, be the distinct real roots of f(z) = 0 with 


"spective multiplicities m1, m2,..-, Ms: Then m, + m2 +--+ ms, =r. 
Let us assume a1 < a2 <... < Qs. 
Each of the s ~ 1 intervals (a1, @2), (22, 03),---)(@s—1, 42) contait 


at least one real root of f'(x) = 0, by Rolle’s theorem. Therefore we have 
not less than s — 1 distinct real roots of f’(x) = 0. 


Moreover, a, is a root of f(z) =0 of multiplicity m, — 1; 
Q2 is a root of f’/(z) =0 of multiplicity m2 — 1; 
Os is . root of f/(z) =0 of multiplicity m, — 1. 


Therefore the total number of these real roots becomes 


206 HIGHER ALGEBRA 


(my = 1) + (mg 1) to + (me +83 

= (my +mgt::-+ms)—1 

=r-l. 

Therefore the equation f’(z) = 0 will have at least r — 1 real Toots, 


This completes the proof. 


Corollary. If all the roots of the equation f(z) = 0 be real, then th, 
equation f’(xz) = 0 cannot have an imaginary root. 


Worked Examples (continued). : : 
8. Show that the equation (#7 — a)? + (2 —b)° + (a —c)* + (a - d)? =9 
where a,b,c, d are positive and not all equal, has only one real root, 

Let f(x) = (x —a)3 + (x — 6)? + (w—¢)? + (x — d)*. 

Since the equation is of degree 3 it has either only one real root or 
three real roots. Let us assume that the equation has more than one rea] 
roots. Let a, 8 be two such. Then f’(x) = 0 has a real root between a 
and £. 

f'(z) 3(a — a)? + 3(x — b)? + 3(x — c)® + 3(@ — d)? 
122? — 6(a+b+c+d)zr+3(a? + b? +c? +d’). 
The discriminant of the equation f(z) = 0 is 

36(a ++ b+c+d)? — 144(a? + b* +c? + d?). 
Since a, b,c, d are all positive and not all equal 
a?4+b*+c?+4d? > (atbbetd)2 


I ll 


4 
or, 4(a? + b? +c? + d*) > (a+ b+c+d)?. 
Therefore the discriminant of the equation f’(x) = 0 is negative and 
so f'(z) = 0 has no real root. 
This proves that the equation f(x) = 0 has only one real root. 


9. Find the values of k for which the equation x4 +423 —22?-122+k =9 
has four real and unequal roots. 

Let f(x) = x4 + 4x3 — 22? — 122 +k. 

Then f(z) = 4254122? —47-—12 
= A(x —1)(x + 3)(x +1). 

The roots of f’(x) = 0 are —3, -1,1. Hi 

Since the roots of the equation f(z) = 0 are to be all real and distin¢ 
they will be separated by the roots of the equation f’(x) = 0. 

Therefore one root is less than —3, one root lies between —3 and 
one root lies between —1 and 1 and one root is greater than 1- 


-i, 
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(-00) is positive, f(-3) = -9+ k, f(—1) =a Fie k, f(1) = —9+ 
k f(co) is positive. Eth 
""Gince only one root is less than —3 and f(—oo) is positive, therefore 
(-3) must be negative. Hence k < 9... (i) 
since only one root lies between —3 and ~1 and f(-—3) is negative, 
therefore f(—1) must be positive. Hence k > —7... (ii) 
Since only one root lies between —1 and 1 and f (—1) is positive, 
therefore f(1) must be negative. Hence k < 9... (iii) 


From (i),(ii) and (iii) we have -7 << k < 9, 


Theorem 5.2.7. Let f(z) = aox” + ayz™"1 + --- + ay, where 
Gp,@1)-++14n are integers. If p/q be a rational root of the equation 
f(a) =0 where p,q are integers prime to each other, then 
(i) pis a divisor of a, and q is a divisor of ao, 
(ii) p—q is a divisor of f(1) and p+q is a divisor of f(—1). 
Proof. (i) Since p/q is a root of the equation f(x) = 0, 
agp" +.a;p"—"q +--+ +@n_1pq™! + ang” =0 


n—l n—2 n—-1 ang” 
or, Gop + aip GQ+-:-+Gn-19 == ; 


Pp 
The left hand expression is an integer and therefore p is divisor of 
a,q”. Since p and q are prime to each other, p is a divisor of ap. 


Again, mare = ayp"—! ee. an—1pq"* a ag”. 

The right hand expression is an integer and therefore q is divisor of 
agp". Since p and gq are prime to each other, q is a divisor of ap. 

(i) f(cr+1) = ag(x+1)"+a,(2+1)""+---+an 
= Agz™+A,0"-!4---+ An, say 
where Ap = ao, A, = f (1). 

Since f(p/q) = 0, F—lisa root of the equation f(* +1) =0. 

Therefore a is a root of the equation Aga" +A,2""!+---+An = 0. 

P—q and q are prime to each other, since p is prime to q. 

By (i) p—q is a divisor of An, ie.. p—q is a divisor of f(1). 

Proceeding similarly with f(x —1), it can be established that p+ q is 
& divisor of f(-1). 

S completes the proof. 
Corollary, Let f(z) = 2” + pit) + pat? +++ + Pn where 
TiP2s**+,D_ are integers. If p be an integer root of the equation f(x) = 0 


t 
hen i) p is a divisor of pn and Sob 
(i) p~1isa divisor of f(1) and p+1 1s a divisor of f(—1). 


208 HIGHER ALGEBRA 


Worked Example (continued). P 
10. Find all integer roots of the equation and solve x“ +23 — 9,2 
24 = 0. 
Let f(z) = 24+2° — 20? + 4¢ — 24. Then f(1) = -20, f(-1) = ee 
Let p be an integer root of the equation. Then p is a divisoy of ~2, 
The divisors of —24 are +1, +2, +3, £4, £6, £8, £12,424, ' 
Since f(1) £0 and f(—1) £0, it follows that p # 1, ~1., 
p—1isa divisor of —20. Therefore p # —2, 4, —6, 8, —8, 12, ~12,24 
p+1 isa divisor of —30. Therefore p # 3, 6. 
Thus the only possible values of p are 2, —3, —4. 
f(2) =0, f(—3) =0 and f(—4) # 0. Therefore 2 and ~3 are integer 
roots. (x — 2)(x+3) is a factor of f(x) and f(x) = (x — 2)(2+3)(2? +4) 
Therefore the roots of the equation are 2, —3, +27. 


4p 


~U4, 


Exercises 5A 


1. If a, 8, 7,6 be the roots of the equation 24 — x? + 277 + 2+ 1=0 find the 
value of 


(i) (@+1)(64+1)(7¥+1)(64+)), 

(ii) (2a + 1)(28 + 1)(2y + 1)(26 + 1), 

(iii) (a? +.1)(6? + 1)? + 1)(67 + 1), 

(iv) (a + 1)(8? + 1)(? +:1)(8 +1). 
2. If a1,@2,...,Qn be the roots of the equation x” + naz + b = 0 prove that 
(a1 — a2)(a1 — a3)... (a1 — Qn) = n(ap~! + a). 
3. Solve the equation, given that it has multiple roots. 

(i) 244203 +20? 42041 =0, 

(ii) 2° + 304 + 509 450743044 = 0, 

(iii) 2° + 20° + 504 + 623 + 72? 4 4 42 = 0. 


4. If a be a double root of the equation 2" + piz™14...4+p, =0, prove thet 
a@ is also a root of the equation 


pia"! + 2pon"-? + 3psz"-3 +... 4 np, = 0. 


: 2 vs tiple 
8. Prov that the equation 1+ 2+ 2° +...4 2" — 9 cannot have a multi 


, By 
6. Find the values of k for which the equation x° — gz? + 24¢ + k = = 
have multiple roots and solve the equation in each case. 
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7, Find the values of a for which the equation az* — 6x? + 92 ~ 4 = 0 may 
nave multiple roots and solve the equation in each case. 


g. Prove that 1 is a multiple root of the equation 2° — 573 4.57? —1 = 0. Find 
i. order and solve the equation. 
9, Solve the equation 

(i) 2t- a* + 2x” — 2x + 4 = 0, one root being 1 + i: 

(ii) a — 42‘ + 52° + 2? — 4r + 5 =0, one root being 2 + i; 

(ii) 204 — 32° — 32? — 32 — 1 = 0, one root being 1 + V2; 

(iv) g° — 2° — 824 + 22° + 212? — 92 —54= 0, one root being V2 + i; 

mn 

(v) ai +2° — 22 +8 =0 having a complex root of modulus V2; 

(vi) 3x4 + 22° + 9x? + 4c +6 = 0 having a complex root of modulus 1. 
10. Form a biquadratic equation with rational coefficients two of whose roots 
are V3 + 2. 


11. Form a biquadratic equation with rational coefficients two of whose roots 
are 21+ 1. 


12, The equation 3r° + 52? + 52 + 3 = 0 has three distinct roots of equal 
moduli. Solve it. 


13. The equation x* — +? 4+ 32-27 = 0 has three distinct roots of equal moduli. 
Solve it. 


14, The equation 324 +- 2° + 42? + 2 +3 =0 has four distinct roots of equal 
moduli. Solve it. 


15. The equation x4 — 273 + 182? — 182 + 81 = 0 has four distinct roots of 
equal moduli. Solve it. r 


16. Prove that the roots of the equations are all real. 


@ oat + a 4.25 ra = 1 , where @1,42,...,@n are all 
Positive real numbers, 

(ii) eT + am fieee pt — = 2, where @1,42,.-.,@n are all 
tegative real numbers, 

(iii) =n — ee ee = rat where 01,02). ++ 4n and b 


are all positive real numbers and b > ai for all 2, 


i on a2,..-,@n and b 
are al} 1 z+a2 ; 
Teal and b < a; for all i, 


A Ags fs here A;,@;, are all real and 
(v) s+ fete + fe eth , Qi; 


A: > 0 for all ¢. 


z 


Hi . x aren = 1 
nt. (i) The equation is at + z+a2 7 a3 tt+an 
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a 
ay 92. 4... 4 —B-=(n-1). ] 


17. If a polynomial equation f(x) = 0 with real coefficients has a complex root 
(a + iB)? where a, f are real and p is a positive integer, prove that (q — ipyp 


also a root of the equation. 


18. If a polynomial equation f(z) = 0 with real coefficients has a comple, 
root a+ if of multiplicity p, prove that a — if is also a root of the equation 
f(x) = 0 of multiplicity p. 


19. Prove that the roots of the equation 
(x + 4)(x + 2)(x — 3) + (x + 3)(x@ + 1)(x@ — 5) = 0 
are all real and different. Separate the intervals in which the roots lie. 


20. Prove that the roots of the equation 
(2a + 3)(2a% + 1)(x — 1)(4e — 7) + (& + 1)(22 — 1)(22 — 3) =0 

are all real and different. Separate the intervals in which the roots lie. 
21. Show that the equation 2* — 14x? + 242 + k = 0 has 

(i) four real and unequal roots if —11 < k < —8, 

(ii) two distinct real roots if —8 < k < 117, 

(iii) no real root if k > 117. 

Discuss the cases when k = 117,k = —8 and k = —11. 
[Hint. The roots of f’(x) = 0 are —3, 1,2. ] 
22. Discuss the reality of the roots of the equation 

a* + 42° — 122? — 322 + k = 0 for different real values of k. 
23. Find the range of values of r for which the equation 

324 + 82° — 62? -2r4+r=0 has four real and unequal roots. 
24. Find all integer roots of the equation and then solve 

(i) 2° — 22° ~ 207+ 32-18=0, (ii) 24 +4623 — 272 —10=0, 

(iii) a* — 84° + 252? — 382 4 24 = 9, 


25. Let f(x) = aoz" + ay"! 4....4@, where G0, @1,...,@n are integers: if 


f(0) and f(1) be both odd prove that the equation f(x) = 0 cannot have o 
integer root. 


Hence prove that the equation 24 + 623 + 32? — 142 +15 = 0 has” 
integer root. 


[ Hint. Let c be an integer root. Let ¢ be odd. Then c = 1 (mod 2). This implie® 
F(c) = f(1) (mod 2) and so f(1) is even, since f(c) = 0. Let c be even. Then ©* 
(mod 2). This implies f(c) = f(0) (mod 2) and so f(0) is even] 
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5,3. Real roots — their nature and position. 


5.3.1. Limits of real roots. 


Let @1,@2;+-+,@r be the real roots of an equation f(z) = 0. The 
number of real roots being finite, there exist two real numbers u ‘and l 
guch that | < o% <u fori =1,2,...,r. 

u is said to be an upper limit and I is said to be a lower limit of the 
real roots. 

Let the equation f(x) = 0 be written with the coefficient of the leading 
term positive. 

A real number wu is an upper limit of the real roots of the equation 
f(z) =0 if f(x) > 0 for all x > u. 

A real number /! is a lower limit of the real roots of the equation 
f(z) =0 if it is an upper limit of the equation f(—z) = 0. 

A real number A is said to be a lower limit of the positive roots of 
f(z) = 0, if + is an upper limit of the positive roots of f (+) =0. 


Worked Examples. 
1. Let f(x) = 24 + 22? —x-1. 

Then f(z) > 0 if z > 1. Therefore 1 is an upper limit of the real 
roots. 

f(—z) = 24+ 227? +2-1. 

1 is an upper limit of the real roots of f(—x) = 0. Therefore —1 is a 
lower limit of the real roots of the equation f(x) = 0. 

f(4) =0 gives 24 + 2° — 2x? —-1=0. 

2 is an upper limit of the positive roots of the equation f(+) = 0. 
Therefore 3 is a lower limit of the positive roots of f(x) =0. 


2. Let f(x) = 2° — 423 + 2? —2 +1. 

Then f(x) > 0 if x > 2. Therefore 2 is an upper limit of the real roots 
of the equation f(x) = 0. 

f(—2) = 0 gives 2? — 4g? — 2? —z-1=0. 

3 is an upper limit of the roots of f (—x) = 0. Therefore —3 is a lower 
limit of the real roots of the equation f(x) = 0. 

f(2) =0 gives 2® — 24 + 2° — 42° +1=0. | ; 

2 is an upper limit of the positive roots of the equation f(>) = 0. 
Therefore ; is a lower limit of the positive roots of f(x) = 0. 


Theorem 5.3.2. Let f(z) = 2" + pic™* + poz"? +-+++ Pn. The 
Positive roots of the equation f(x) = 9 do not exceed ¥/p + 1, where —p 
fo Steatest negative coefficient and p, is the first negative coefficient 
ot f(z), 
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Proof. Any value of x that makes 2” > p(z"~" + 2™-T"h 4... 4 1) wiy 
make f(z) positive. 
Let x > 1. Then 
xz" > p(z™-" + gnh-r-14...+1) will hold 
if «2"> pancrtted 
ie, if 2" >p* 
ie, if a7 (x—- 1) >p 
ie, if (2—1)">p 
ie., if o> Ypt+l. 


| 


Theorem 5.3.3. Let a be a positive number such that 
f(a) > 0, f(a) > 0, f"(a) > 0,..., f(a) > 0. 
Then no positive root of the equation f(z) = 0 exceeds a. 


Proof. Let the roots of the equation f(x) = 0 be diminished by a by the 
transformation z = y + a. 


Then f(x) = f(y+a) = ne + yf'(a) + uw f""(a) Se w f"(a). 

Since f(a) > 0, f’(a) > 0,...,f"(a) > 0, no Saute value of y can 
make f(y+a) =0. 

Therefore f(x) = 0 has no root greater than a. In other words, ais 
an upper limit of the positive roots of the equation f(x) = 0. 


Note 1. If f(0) > 0, f’(0) > 0,..., f"(0) > 0 then the equation f(x) =0 
has no positive root. 


Because, f(x) = f(0)+2f'(0)+ 5 ~ £(0) +--+ 2 =~ f"(0) and therefore 
f(x) > 0 for each x > 0. 


Note 2. Let f(z) = apx™ + a,2"—! + --- +a, where the coefficients 
ag, @1,--.,y are all non-negative. Then the equation f(z) = 0 has 0° 
positive root. 


Because here f(0) > 0, f’(0) >0,..., f"(0) > 0. 


Practical application. 


While searching for an upper limit of the real roots, the theorer 
discussed here can be applied to an equation. There is no gene eral ru 
about the suitability or superiority of one particular method over anothet: 
Sometimes one of them gives a closer limit, sometime another. 

Sometimes a better approximation is achieved by grouping the ¥ 
of the equation in a suitable manner so that the sum of the terms in of he 


group > 0 for x > h. Then obviously h becomes an upper limit ° 
real roots. 
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worked Examples (continued). 
g, Find an upper limit of the real roots of the equation x4 — 273 + 37? — 
Ir + 2 = 0. 
Let f(z) = 74 — 273 + 32? — 27 + 2. 
The equation can be arranged as x3(z — 2) + 32(2 — 2)49=0 
, 3 ° 
f(z) > 0 for z > 2. Therefore 2 is an upper limit of the real roots. 
By the theorem 5.3.2, 2+ 1 is an upper limit. 


Let us apply the theorem 5.3.3. 

fi)= 4x3 — 62? +62 ~2 = 2(2a3 — 3a? +. 32 — 1), 
f(x) = 12x? — 122 + 6 = 6(2x? — 2¢ + 1), 

f'" (a) = 24x — 12 = 12(22 - 1). 


f'"(1) > 0, f"(1) > 0, f’(1) > 0, F(1) > 0. 
Therfore 1 is an upper limit of the real roots. 
Note. The theorem 5.3.3 gives the closest limit. 


4, Find an upper limit of the real roots of the equation x4 — x? — 22? — 
44+1=0. 


Multiplying the equation by 3 the equation can be arranged as 

(x4 — 3x3) + (a4 — 6x?) + (xt — 122) +3 =0 

or, 23(x — 3) + 2?(x? — 6) + x(x? — 12) +3 =0. 

Each group > 0 for z > 3. Therefore 3 is an upper limit of the roots 
of the equation. ; 

By the theorem 5.3.2, 4+ 1 is an upper limit. 


Let us apply the theorem 5.3.3. 


Let f(t) = 24-29 — 22? -4r +1. 
Then f’(x) = 423 —32?—42—4, 
f"(z) = 1227 —6e ~4 = 2(62? — 3c — 2), 


f(z) = 2%4r—6=6(4a—1). 
f(x) > O for x > 3, f’(x) > 0 for z > 2, f"(x) = Ofora 2 1,f"(x) 20 
for £ > 1. 
Hence 3 is an upper limit. 


5. Find an upper limit of the real roots of the equation at — 303 — 227 + 
"+3 =0. 
The equation can be arranged as x?(r? — 3a — 
t > 4 makes each group positive. 
Therefore 4 is an upper limit of the roots. . 
By the theorem 5.3.2, 3+ 1 is an upper limit. 


2) + (72 +3) =0. 
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Let us apply the theorem 5.3.3. 
Let f(x) = 2t—323 — 2n?+7r +3. 
Then f’(xr) 4x3 — Qa? — 4x + 7, 
f" (2) 12x? — 182 — 4 = 2(627 — 9x — 2), 
f'"(z) = 242-18 = 6(42 — 3). 
f(x) > 0 for x > 3, f'(z) > 0 for x > 3, f"(z) > 0 forz >9 
f(z) > 0 for x > 1. 
Hence 3 is an upper limit. 


5.3.4. Descartes’ rule of signs. 


- In a sequence of real numbers ao, 4,...,@n, none of which is zero, 
the signs of two consecutive elements may be same or different. When 
Same sign occurs we say that the elements show a continuation of signs; 
when the signs are different we say that the elements show a variation of 
signs. 

For example, in the sequence 1, 3, —5, —7,9, —4, 10, 2 there are 3 con- 
tinuations and 4 variations of signs. 


If some of the elements of a sequence be zero, we ignore their presence 
in the sequence and count the number of continuations and variations of 
signs. 

For example, in the sequence 1,3, —2,0,—3,0,4,0,0,7 there are 3 
continuations and 2 variations of signs. 


We state here without proof a celebrated theorem of Descartes, 
known as “Descartes’ rule of signs”. 


Statement of the rule. 


The number of positive roots of an equation f(x) = 0 with real coeffi- 
cients does not exceed the number of variations of signs in the sequen 
of the coefficients of f(x) and if less, it is less by an even number. 

This says that if v be the number of variations of signs and r be the 
number of positive roots, then v = r+ 2h where h is a non-negative 
integer. 


Deductions. 


1. The number of negative roots of an equation f(x) = 0 with real cote 
ficients does not exceed the number of variations of signs in the sequene 
of coefficients of f(—z) and if less, it is less by an even number. 


Proof. Let r’ be the number of negative roots of the equation f (x) = e 
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then 7’ is the number of positive roots the equation f(—z) = 0. Let 
yi be the number of atone of signs in the sequence of coefficients of 
f(-2)- By the rule, v =r + 2h where h is a non-negative integer. 


9, If f(z) = 0 be an equation of degree n with real coefficients having 
no zero root and v, v! are respectively the number of variations of signs 
in the sequence of coefficients of f(x) and f(—xr) such that v +! < n, 
then the equation f (x) = 0 has at least n — (v + 0! ) complex roots. 


Proof. Let r be the number of positive roots and r’ be that of negative 
roots of the equation f(z) = 0. Then by the rule, v = r + 2h and 
y' =r’ +2h’ where h,h’ are non-negative integers. 

Therefore r < v,7’ <u’ andn—(r+r')>n—-(v+v’). 

But n — (r +7’) is the number of complex roots of the equation 
f(z) = 0 and the assertion is established. 


3. If all the roots of the equation f(z) = 0 be non-zero real and v,v’ are 
respectively the number of variations of signs in the sequence of coeffi- 
cients of f(x) and f(—a) then the equation f(z) = 0 has v positive roots 
and vu’ negative roots. 


Proof. Let r,r’ be respectively the number of positive and negative roots 
of f(z) = 0 and let n be its degree. Then r+7r’ = n. Again the minimum 
number of complex roots of the equation is n — (u+v’), by deduction 2. 

Since all the roots are real, n — (v+v’) = 0. Therefore r+r’ = 
v+ul=n. 

By the rule, v > rand v! > r’. Buty > rand v4+v! =rtr’ Sv! <1, 
4 contradiction. 

Therefore v = r and consequently v’ = 1’. 


Worked Examples (continued). 
6. Apply Descartes’ rule of signs to examine the nature of the roots of 
the equations 

(i) 244972432 -1=0, 

(i) 284 ¢44924743=0. 

(i) Let f(x) = 24 + 227 + 32-1. 

Then f(—2) = 24 + 22? - 32-1. 

The signs in the sequence of coefficients of f (x) are ++ +-. 
,, rhere is only one variation of signs and therefore the number of pos- 
Itive Toots of f(z) — Q is exactly 1. 


The signs in the sequence of coefficients of f(—x) are + + ——. 
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There is only one variation of signs and therefore the numbe; 
ative roots of f(z) = 0 is exactly 1. 

The equation has no zero root. Therefore the number of rea] 100tg ; 
2. The equation being of degree 4 has 4 roots. Consequently, the Dube, 
of complex roots of the equation is 2. : 


of Nep. 


(ii) Let f(z) = 25 +24+0? +243. 

Then f(—z) = 2° + 24 +2?-z+3. 

The signs in the sequence of coefficients of f(x) are + + + + ra 
As there is no variation of signs the equation has no positive root. 


The signs in the sequence of coefficients of f(—x) are + + +-—4, 

There are 2 variations of signs. Therefore the number of negative 
roots of the equation f(x) = 0 is either 2 or 0. 

The equation has no zero root. Therefore the number of real roots is 
either 2 or 0. 

The equation being of degree 6 has 6 roots. Consequently, the number 
of complex roots of the equation is either 4 or 6. 


7. Let f(x) be a complete polynomial, with real coefficients and v, v’ are 
respectively the number of variations and continuations of signs in the 
sequence of its coefficients. If all roots of f(z) = 0 are real prove that 
the equation has v positive roots and v’ negative roots. 

[A polynomial apz” + a;2"—1 + --- + a, is said to be a complete 
polynomial if no a; is zero.] 

Since f(x) is a complete polynomial, if two consecutive elements in 
the sequence of coefficients of f(z) show a variation of signs then the two 
corresponding elements in the sequence of coefficients of f(—x) show 4 
continuation of signs and vice-versa. 

Therefore v’ is the number of variations of signs in the sequence of 
coefficients of f(—z). 


Since f(x) is a complete polynomial, 0 is. not a root of f(a) = 0. BY 
deduction 3 of the rule, the desired result is derived. 


5.3.5. Sturm’s method for location of roots. 


Descartes’ rule of signs does not give the exact number of real roo! 
of an equation. Sturm’s method which will be discussed here gives *” 
exact number as well as the position of the real roots of an equation 
real coefficients. 


} 
a 
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gurm’s functions. Let f(x) be a polynomial with real coefficients and 
(x) be its first derivative. Let the operation of finding the h.c.f. of 
f (x) and fi(z) be performed with the following modification. 


"The sign of each remainder is to be changed before it is used as the 
nest divisor and the sign of the last remainder is also to be changed.” 


The modified remainders (i.e., the remainders with their si 
changed) are denoted by fo(x), f3(x),..., f(x). i 


f(a), fa (x),-.-,fr(z) are called  Sturm’s functions and 
fla); fax), +++ fr(z) are called auziliary functions. 


In the usual process of finding the h.c.f. of two polynomials we can 
multiply (or divide) any remainder by a constant, positive or negative 
but in this modified process of forming Strum’s auxiliary functions it is 
essential that such multipliers should be positive. 


If q:(x), g2(Z),---,9r—1(z) be the quotients in the successive steps, 
the Sturm’s functions f, fi, fo,..., f, are connected by the equations 
f = afi-he 


fi = @fe—fs 


fr9 = Qr—1Fr—-1 = Sr. 

It is to be observed that the last remainder —f,(z) is a constant if 
f(x) has no multiplé root. But if f(z) has multiple roots then the h.c.f. 
of f(x) and f(x) is a polynomial, say p(x). In this case all the Sturm’s 
functions are divisible by p(x) and the remainder —f,(x) = p(x)¢,(z), 
where @,(x) is a constant. 


We state below without proof Sturm ’s theorem for locating the posi- 
tion of real roots of an equation. 


Sturm’s theorem. 


I. All roots unequal. 

‘th real coefficients and a,b are real num- 
eal roots of the equation f (x) = 0 lying 
he number of changes of signs 
..,f-(z) when 2 =a 
hen x = b. 


Let f(x) be a polynomial w 
bers (a < b). The number of r 
ines a and b is equal to the excess of t 
: the sequence of Sturm’s functions f (x), fa(z))- 

ver the number of changes of signs in the sequence W 


IJ E 
‘ Uqual roots. 
eal coefficients and a, b are real num- 


Let f(z) be ‘al wi 
a Dol l withr : 
em quation f(x) = 0 lying 


"(a < b). The number of real roots of the e 
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between a and b (a multiple root, if there be any, being counted 
0 


only) is equal to the excess of the number of changes of signs in th Ce 
quence of Sturm’s functions f(z), fi(x),...,f-(z) when z = g ie fe 
number of changes of signs in the sequence when z = b. he 


Worked Examples (continued). 
8. Find the number and position of the real roots of the equation a3 
32 +1=0. 
Here f(z) = 2° —3r+1, 
fi(c) = 2z*—-1, (removing the factor 3) 
fo(z) = 2@-1, f(x) =3. 
f(z) fi(z) fe(x) fs(x) changes of sign 


(—co) — = es 5 3 3 
0 + = (Se + 2 
0) + a Se - 0 


The equation has 3 real roots, one negative and two positive. 


Location of roots. 
f(z) filz) fe(x) fa(x) changes of sign 


a + + 

-1 + 0 - + 2 
O + - = + 2 
4 0 + + 1 
2 + + + + 0 


One root lies between —2 and —1; one lies between 0 and 1; and one 
lies between 1 and 2. 


9. Find the number and position of the real roots of the equation 
xt — 623 + 102? — 62 +1=0. 


Here f(z) = x*—623+4 102? —6xr +1, 
fi(z) = 22° — 9x? + 10x — 3, (removing the factor 2) 
fo(z) = Ta*-12r+5, f3(z) =a2—-1. 


f3(x) divides fo(x) without remainder. This establishes that the giv” 
equation has multiple roots. 1 is a double root. 
f(z) fil) fe(x) f3(x) changes of sign 
(—oo) + - + - 3 
0 + - + an 3 
oe) ae 2 + + 0 


The equation has 3 distinct real roots, but one of them 1s @ 2 
root. Therefore all the roots of the equation are real and all of the 
positive. 


double 
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‘on of roots. 
ue f(z) fi(t) fe(x) f(x) changes of sign 
Q. ee = 3 
i = 0 ++ = 9 
Q. ae + 1 
3; = 0 + + 1 
4 + + + + 0 


One root lies between 0 and $3 one root (the double root 1) lies 
petween 4 and 2; and one lies between 3 and 4. 


Remarks. The calculation of Sturm’s functions becomes very often 
Jaborious. But labour may be saved by the following considerations. 


1. If there is no multiple root the last function f,(x) is a constant and 
its sign only is required. Let a be a root of f,_1(x) = 0 then f,_2(a) 
and f,(a) are of opposite signs, since f,2(a) = q,-1f;-1(a) — f,(a). 
Therefore the sign of f,(x) can be ascertained from the calculation of 
fr-2(a). Thus the labour of actual calculation of the constant f,(z) can 
be saved. 


2. If at any stage we obtain a function f,(z) such that all of its roots are 
complex, then the h.c.f. process need not be continued further and the 
determination and location of real roots will be possible from the set of 
functions f(x), fi(z),..., f(x), because f,(x) retains the same sign for 
all values of x and no alteration in the number of changes of sign can 
take place in the sequence of functions beyond f,(z). 


Condition that all roots may be real and distinct. 
Let f(x) be a polynomial of degree n with leading coefficient positive. 
order to ensure the existence of n distinct real roots, n changes of signs 
must be lost in the sequence of Sturm’s functions as & changes from —co 
tooo. Therefore n +1 functions must be present in the sequence and the 
eading coefficients of all these functions must be positive. 


io Examples (continued). . 
‘ tind the nature of real roots of the equation 
2 —5r+2=0. 
F(a) = 25 _ 5 2D. Alea 1 (removing the factor 5) 
f(z) = 20 4 (removing the factor 2). 
herefore f3(x) is a constant. 


1 . 
h(x) = 9 when z=, Therefore fi(s) and fa(4) are of opposite 
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signs. f1($) < 0. Therefore fz(4) > 0 and so fs(x) > 0 for alll rea} t, 


f(t) file) fa(z) f3(z) changes of sign 
(—oo) ae 3 
0 + - - + 2 
co + + + + 0 


The equation has 3 real roots, one negative and two positive. 


11. Find the number of real roots of the equation 
g4+4o3 — 7? ~-22-5=0. 
f(z) = 244+ 42° —2? ~- 2x —5, fi(x) = 22° + 62? — 2 ~1, 
fo(x) = Tz? + 2249. 


The roots of f2(z) = 0 are all imaginary. Therefore f2 (x) > 0 for all 
real z. 


The remairfing Sturm’s functions need not be calculated. 


f(z) filz) fe(x) changes of sign 
(~oo) + a 2 2 
0 - = = 1 
co 806+ sa 0 


The equation has two real roots, one positive and one negative. 


12. Find the condition that the roots of the equation 2° + 3Hz+G=0 
may have three real and distinct roots. 


The Sturm’s functions are 

f(z) =2°+3H2e+G, fi(x) =2? +4, 

fa(z)=—-2Hx—G,  f3(x) = —(G? + 4H), 

In order that the roots may be all real and distinct, 

(i) there sould be four Sturm’s functions and 

(ii) the leading coefficient of each function should be positive. 


Hence the conditions are —-2H > 0 and —(G? + 4H?) >0, 
ie., H <0 and G? +473 <9. 
These two conditions can be ex 


coh 2 + 
4H* <0, because the conditi mT essed as the single condition G 
, Ondition G* + 4H3 <9 implies H < 0. 
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Exercises 5B 


1, Find an upper limit of the real roots of the equation 
“) «4 +423 — 112? — 92 — 50 =0, 
Gi) o*— 50° + 402’ ~ 82 + 24 =0, 
ii) 2° + 2% — 62° — 82? — 152 — 10 = 9. 
(Hint. (i) Use theorem 5.3.3; (ii) 2?(a? — 524 20) + 20(a? — gx os 3) = 0; 
(ii) 2(e4 - 6x? — 15) + (x4 — 82 — 10) =0] 


9. Calculate Sturm’s functions and locate the position of the real roots of the 


equation 
(i) «3-32-1=0, (ii) «°-7e+7=0, 


(ii) 2t-—2?—-2e—5=0, (iv) 2° ~5¢+5=0. 


3, Show that the equations have no real root. 
(i) ct-2+3=0, (ii) 2®°—z+6=0, 
(ii) 2*+32° —2? —3r4+11=0. 
4. Ifa and 6 are positive prove that the equation x° — 5ax + 4b = 0 has three 
real roots or only one according as a® > or < 0’. 
5. Apply Descartes’ rule of signs to find the nature of the roots of the equation 
(i) 2*+2n7+32-—1=0, (ii) 2° +1=0, 
(iii) 2!°-1=0, (iv) 2’ +2°-2° =0. 
6. Apply Descartes’ rule of signs to ascertain the minimum number of complex 
toots of the equation 
(i) 2° — 32? — 22 —-3=0, (ii) 2? -323-2+1=0, 
(iii) 2? — 373 +27 =0. 
7. If f(x) = 203 +74? — 20 — 3 express f(x — 1) as a polynomial in x. Apply 


Descartes’ rule of signs to both the equations f(z) = 0 and f(—2) = 0 to 
determine the exact number of positive and negative roots of f(x) = 0. 


8. (a) Use Sturm’s functions to show that the roots of the equations are all 
Teal and distinct. 
0) 2 +432?_ 3-9, (ii) 
(iii) 24 +523 —13¢4+5=0, (iv) ot — 1227 +4=0, 
V) af +4 4o3 92 _ 102 +3 =0. 
(b) Use Descartes’ rule of signs to find the number of positive and negative 


Oot 
of the equations in (a). 


2? + 327-92 —3 =0, 
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5.4. Relation between roots and coefficients. 


Let f(x) = aga" +a)2""'+-+-+an bea polynomial of degree 7, with 
coefficients real or complex. Then ao # 0. 


Let 01, 09,...,Qn, be the roots of the equation f(z) = 0. Then 


agxr” + a,x" + she's + An = ao(xz — a1) (x — a2) eee (x pa Qn) 
— ao[x” - Ear"! + Yaya22"~? aires (—1)"(aza2 tes Qn)], where 


s Da; = sum of the roots, . 
a1a2 = sum of the products of the roots taken two at a time, 


hai2%2... a= sum of the products of the roots taken r at a time. 
From the equality of polynomials it follows that 


a, = ap(—Xay), 
ag = ag(La1az), 
a3 = ag(—Laya2Q3), 


Gn = ag(—1)"a1a2... An. 


a 
Therefore La; aes 
haya, = 2, 
— —%3 
Ua10203 = ao? 


Particular cases. 


1. If a, 8, y be the roots of the cubic equation apr? + a, 22 +aox+a03 = 0, 
then 


La=—i, Los = ms apy = ae 
2. If a,8,,6 be the roots of the bi 
agz* +a3x +44 = 0, then 

La=—-4, Yoas= 2 


= 43 — 24 


: : 3 
quadratic equation agz4 + a2” + 


Worked Examples. 


1. Solve the equation 223 — x? _ 1 


; ; 82+9 = 0 if two of the roots are equal 
In magnitude but Opposite in sign 


Let the roots be a,B,y anda = —B. 
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tThenat+B+y = 3 (i) 
aB + By + ye i S (ii) 
apy = 3 (iii) 


since a+ B = 0, from (i) y = 5 and from (iii) a? = 9, 

Therefore a = +3. Hence the roots are 3, -3, 5. 

9, Solve the equation 1624 — 6423 + 562? + 162 —15 = 0 whose roots are 
in arithmetic progression. 


Let the roots be a — 36,a —6,a+6,a+4+36. Then 


ao 16 (i) 


((0- 36) + (a + 35)}{(a— 6) + (a+6)} + (a? ~ 962) + (a? ~ 62) = 38 
(ii) 
{(a-36)(a +38) }H (a9) +(a+5)} + (a—6)(a+6){(a—38) + (a +36)} 
=- ... (iii) 
(a? —967)(a?-6?)=-#8 (iy) 


From (i) a = 1 and from (ii) 6a? — 106? = 7 or, 6= +2. 


Therefore the roots are 1 — 3, 1- T 1+ 3, 1+ 3 ie., —i 5 


1 3 
727272" 


3. Solve the equation 224 — 52° — 15x? + 102 +8 = 0, the roots being in 
geometric progression. 


First we observe that if four numbers a, b,c,d be in geometric pro- 
gression then ad = bc. 


Let a, 8,-y,6 be the roots of the equation. Then 


at+tBt+yt+6 = 2 an ()) 
(a+ d)\(B+y)+ad+By = -Z eve it) 
ad(B+y)+By(a+6) = —5 ve ii) 
ad.By = 4 soe: AV) 
ad — By ets (v) 
From (i),(iii) and (v) we havead =By=—-2  .«.. (vi) 
From (ii) (a+ 6)(B+7)=-3 + (vii) 
From (i) and (vii) it follows that a + 6,8 + 7 are the roots of the 
equation 2 — Bt = Z = 0. Therefore t = —1, f .. (viii) 


From (vi) and (viii) it follows that one of the pairs (a, 6) and (B,7) 
are the roots of the equation x? + 2 — 2 = 0 and the other pair are the 


"ots of the equation y? —ty-2=0. 
Solving, we have ¢ = 1,-2;y = 3,4. 


Hence the roots of the given equation are —$,1,—-2,4. 
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‘an od 
4. If a be a multiple root of order 3 of the equation « + br? +er+q~ 


0,(d 40), show that a = — 52 


Since d # 0, no root of the equation is 0. Let the roots be a, a, a, 8. 
Then a 4 0,6 #0. 


We have 3a+8 = 0 vee (i) 
3a7+3a6 = 0b ..» (ii) 
a +3078 = ~—c ... (ili) 
eB = d sexe “1RN) 
From (i) 8 = —3a; from ake o? = ¢; from (iv) 3a* = ~d. 
at 
Since a # 0,c 4 0, we have aa, = —¢ a _— 


5. Find the relation among p,q,7,$ so that the product of two roots of 
the equation x* + pr? + gz*+rz+s=0 is unity. 


Let a, 8, 7,6 be the roots and a8 = 1. Then 


at+tB+y+6 = -p we. (i) 
(a+B)(y+5)+oB+ 76 = -- (ii) 
aB(y+6)+y7(at+B) = —-F (iii) 
aby = 8 edie (4) 
From (iv) 6 = s and from (iii) (y+ 6)+s(a+6)=-r_... () 


From (i) and (v) a+ 8 =r. 


From (i) y+6 =—p-72 = FE. 


)(FES) +l+s=4 


or, (r — p)(ps —r) = (1—s)*(q-—s—1). 


From (ii) (= 


5.5. Symmetric functions of roots. 


A function f of two or more variables is said to be a symmetric func- 
tion if f remains unaltered by an interchange of any two of its variables. 
For example, f(z, y,z) = 2*y* + y?z? + 222? is a symmetric function 


of t,y,2. f(z,y,z) = zy + yz is not symmetric in z, y, z, because f de 
not remain unaltered if x and y are interchanged. 


A symmetric function of the roots of an equation is an expression 


that involves all the roots alike and the expression remains unaltered if 
any two of the roots be interchanged. 


For example, if a, 8, be the roots of a cubic equation, ae” + p+ t 


is a symmetric function of the roots, while a B+ Bry + 7? a is not 
symmetric function. 
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A symmetric function which is the sum of a 


came tyPe is represented by any one of itg ete number of terms of the 


‘ witha d (sigma) before 
Por example, the symmetric function q2 4+ 82 
sa’, a®hy + B?ya+ yaB is represented by ey 


ariabl 2 
For three variables a, 8,7, Yq?6? stands for a7? + p22 4 1242 


dfor four variables a, 8, y,6, Sq2e2 
oe + B26? + 7°6?. O* Stands for 026? + 6242 +770? + 


7? is represented by 
%. 


Worked Examples. 


1. If a,8,y be the roots of the cubic equation x 2 
find the value of i’ + pr +qn+r=0, 


|) La’, (ii) Ya%B, (iii) Ses. (; 292 
ins a Da se Ma se (v) 23, (vi) 

Since a, 8, -y are the roots, Sa = —p, Lab = gq, aby = —r. 

(i) La? = (Xa)? — 2La8 = p* — 2g, 

(i) La*P = La.LaB — 306) = —pg + 3r, 

see 3 Bo 
(iii) La* = La? La — La?B8 = (p? — 2q)(—p) — (—pq + 3r) 
= —p* + 3pq — 3r, 
(iv) Za? 6? = (Leaf)? ~ 2Va(aby) = 9g? — 2pr, 
(v) bl — obthytyo _ _g 
a apy ae 

: 1 _ a+ 
(vi) beg — arnt = sap 

(Mi) Bae = (03)? 2D = G — B= Pe, 
ae is assumed in (v),(vi) and (vii) that none of the roots is zero, 
& re, 
: Ifa, 8,7, 6 be the roots of the biquadratic equation x4 + px? + gz? + 
ane = 0, find the value of 
Ht) La? (ii) ZaZ, (iii) Se2By, (iv) La*A?, 
(v) Yq? 92.2 : 1 ve 1 ites Zz 1 

a B ie (vi) Le; (vii) ran (viii) a?" 


Since a,B,y are the roots, Da = —P 
“bab = 4 

apy = -=fP 

aBy6 — Ss. 


') Ba? = (Sa)? — 20ap = p? - 29 
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(ii) Xa*B = La.LaB — 3Lahy = —pq + 3r, 

(iii) Da2By = La.Lapy — 40870 = pr —- As, 

(iv) Sa26? = (Zapf)? — 2007 By — 6afyd = q° — 2pr + 2s, 
(v) Da®B29? = (Lay)? — 28a7A?75 = r? — 2s, 
( 
( 


vi) Zi= uoPy — —f 


ee 1 
vii) LB = ape 8 
F 7? og — 1=2gs 
(viii) OA = (z+)? - 2025 Sf eg 
Note. It is assumed in (vi) (vii) and (viii) that none of the roots is zero, 
i.e., s #0. 
3. If a, 8,7 be the roots of the equation x? + gx + r = 0, find the 
value of (i) Ha°, (ii) Uatg. 
(i) Since a, 8,y are the roots, La = 0, LaG = q,aby = -,r. 
Alsoa®+qatr = 0 
B+qBtr = 0 
Yt+aytr = 0 


Therefore Ya? +qda+3r=0 
or, La? = —3r. 


Again, a° + ga? + ra? 
B° + qh* + rp? 
ea any 

Hence Na 


0 

0 

0. 

—qda? — rDa? 

3qr — r(—2q), since Na? = (La)? — 2008 

Sqr. 

(ji) a*-By = aa-~ By 

—a(8 + 7) — By, since a+B+y=0 
—(aB + By + ya) 

= ~-g. 


i .._3 
Therefore apy: 


lt owt il 


| 


4. If a1,a2,...,@n be the roots of the equation 
x” + pyr} + pot™-2 4... + Pn =0 (Dn # 0), 
; 1 ee sia 
find a value of (i) uez-, (ii) Pee iil): 3) oa tae 
Since @,@2,...,Q, are the roots, 


Lay = —Py, LO a2 = P2y++ +5002... An = (—1)"pn- 


THEORY OF EQUATIONS 227 


Dayo2--.On-1 _ (~1)"~1p,_4 


De, jo = nm 
(i) ie ~ 1 012--.On, (-1)"pp = aioe 
al _n —PiPn-1 
24 
(ii) patie = na ae 
=a(2 + ae an 
+a 2 ptaptee + h)-1 
+. 
Fon (2h a@tocts)-1 


= Ya pace DD — P1iPn-1 2 
on n a n. 


Theorem 5.5.1. Newton’s theorem. 


Let 01, 02,---,Q@n be the roots of the equation 
f(c) =a" + pic" + por"? +--- +p, =0 
and let $- = Q)" +Q@2” +-:++ Qn", where r is an integer > 0. Then 
(i) p+ piSp—1 + poSr—2 +--+ + Pr-isit+rpr =0,ifl<r<n 
(ii) Sp + DiSr—1 + poSr—2 + +++ + PnSr—n = 0, ifr >n. 


First we prove the following lemma. 
Lemma. f’(x) = nx"! + (81 + npi)2"—? + (82 + pisi + mpa)z"* + 
+ (Sn—1 + PiSn—2 + +++ + MPn-1). 
Proof. f(a) = (x — a1)(z — a2)... (% — On). 
f'(2) = (x—ag)(z — ag)... (2@— On) + (2 — 01) (4-3)... (Z— On) + 
+(¢— ay) )\(z — @2).. .(& — On—1) 


(x) 


a 


Let us use the method of synthetic division in order to express =~ 
4 a polynomial in x. 
Pn-1 Pn 


1p P2 1 
ay ees + Pn-201 


a ay? +piar 


7, | : 
Ll o+p, a2 +pio1 + pe ays vet iia. 8 
Since ay is a root, the remainder is zero. 
re Le a" 4 (a+ pier + (ay? + pia + pe)? + 
| “+ (a? ae ae as +: < Dact): 
f(x) f(z) 


We obtain similar expressions for ort wag? **? Ban” 
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= “: 
Adding all these, we have f(z) = nar + (s1 + npi)z"-2 +( 


+ Npn—1) 82+ 
pisi + Mpe)a™3 +... + (Sn-1 TF PSn—2 +++++7Pn-1)- 


Proof of the theorem. 


—2 tae n—3 
(i) We have f'(x) = na +(n—l)pix” = (n 2)p2z aes et 
Comparing this with the expression for f’(z) obtained in the lemma, 
we have 


sytnpi = (n — 1)p, 

sotpisit np, = (n-2)pp 

sa tpisetp2sitnps = (n-3)pz 

Sn—1 + PiSn—2 + p2Sn—-3 T°" +7pn-i = Pn-1- 

Therefore si; tpi = O 
sotpisit2p2 = 0 
s3+p1S2+p2sit3p3 = 0 
Sn—1 + PiSn—2 + P28n—3 + °°" ae (n = L)prai = 0. 


All these together can be expressed as 
Sp + Pi Sp—-1 + PaSr—-2 tess TT Pr =Q,i<r<n. 


(ii) When r = n, putting c = a1,Q2...,Qm successively in the equa- 
tion f(z) = 0 and adding, we have 


Sn, + piSn—1 + P2sn—2 + 2 coed + NPn = 0. eee (A) 
When r > n, let us consider the equation x" "f (x) = 0, ie., 
a” + pa") + pot’? +--+ + paal—™ = 


—- a 


This is an equation of degree r whose roots are a1, @2,...,Qn and 
(of multiplicity r — 7). 

Putting 2 = a1, Q2,...,@, in succession and adding, we have 

Sp + DiSp—1 + P2Sr_a +++ + DnSpin =0, r>n. ... (B) 


Combining (A) and (B), 
Sp + PiSr—1 + PoSr-2 + °°: Da Seen = 0, Tr 2 nN. 


Note 1. $1, 52,53,... can 


be successively calculated in terms of the 
coefficients of the equation. 


We have si+p; = O and therefore 3 = 


= —Pi1) 
So+pisi+2p2 = 0 and therefore Ss. = pi? —2pe 
and so on. 
2. If none of a1,Q2,...,a, be zero then $1, $—9,8—3,... can be calcu" 
lated successively. 
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Let Us consider the equation 2-1 f(z) =0, ie 
2 -€., 
gh t+ pz" rete Dai + prt! = 9, 
putting T= 01) O21-+-) On in succession and adding, we have 
ce | + DiSn—2 sa Pn-~-1n+ PnS—1 = 0. 
But Sn-1 + PiSn—2 ++*- + (n—1)p,_1 = 0, 
Therefore Pn$—1 + Pn—1 = 0. This gives S_1. 
Let us consider the equation x? f(z) —Q, ie. 
gh? + pe oP Ve Daatg + Pp—yx7t + pnx-2 = 0, 
Putting Z = 1, @2,..-,@n in succession and adding, we have 
Sn—2 + PiSn—3 + +++ + NPn-2 + Pn_-18_1 + pys_o = 0. 
But Sn—2 + P1Sn—3 +++ + (n — 2)pp_2 = 0. 
Therefore PnS—2 + Pn—1$—1 + 2Pp_2 = 0. This gives s_o. 


Worked Examples (continued). 
5. If a1, 02,3, a4 be the roots of the equation x4 + pox? + p3r+p,4 = 0, 
find the value of 
(i) Za}, (ii) Yat, (iii) Uae, 
(i) By Newton’s theorem, s3 + pes; + 3p3 = 0. 
Here s; = 0. Therefore s3 = —3p3. 
(ii) By Newton’s theorem, s4 + pose + p31 + 4p4 = 0. 
Here s; =0 and sp = —2p9. Therefore s4 = 2(p2? — 2p,). 


(iii) By Newton’s theorem, sg + p254 + p3$3 + p4s2 = 0 


Or,S5 = —poS4 — P353 — p4Se2 
= po(4p4 — 2p”) + 3p3” + 2pape 
6p4p2 + 3p32 — 2p2°. 


6. If 4, Q2,03, a4 be the roots of the equation rt +pr 3+ pox? +p30+ 
4 =(, find the value of 
() Zara, (ii) Yaya2, (ili) Darian. 
Let $m =a™ + a2™+a3™ + a4™. 
() sos) = (a1? + a2? + a3? + a4”) (1 4 a2 + a3 + a4) 
= Ya,3 + Da12a2 = 83 + Ua1"ae. 
Therefore Yay7a9 = $182 — §3- 
Ui) Sosy = (ay? + a2” + as? + 047)” ; 
Say! + 20a 202” = 94 + 201° 02. 


Therefore Saya? = 1 (5? Sma): 
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34 a9 + a4?)(a1 + a2 + ag + a4) 
S4 + Da, az. 


(a3 + a2 


iii) $35} 
om Yay* + ba1%a2 = 


Therefore Da %aq = $391 — $4: 

., Qn, be the roots of the equation 

n—1 + pot”? +--++Dn = 0, 

d p are positive integers, 


Note. If a1,Q2,-- 
x" + pil 
Ya1"™ag? can be calculated when m an 


m 
When m # DP, Ya,™hay? = Da," + Nay QP 
or, Da, a2? = SmSp — Sm+p- 
m 
When ™ = p, Da,™)? = Ya,2™ + 24.01" a2 
2 


1 
or, 20a1™a2” = 5 (Sm = Sam): 


Exercises 5C 


1. Solve the equations 

(i) 2° +62? —3r-18=0, 

(ii) xt — 22° 4+ 427+ 62 —21=0, 

(iii) 224+ 82°+32?+4r+1=0, 
given that the sum of two of the roots is zero. 
2. Solve the equations 

(i) 2°+52?4+72+2=0, 

(ii) 24+ 22° +5274 474+3=0, 

(iii) 2a* + 223 — 332? — 102 +5 =0, 
given that the product of two of the roots is 1. 
3. Solve the equations 

(i) 2° +62? +112+6=0, 

(ii) 4a* — 4a° - 212? 4 1124+ 10=0, 

(iii) 4c*+ 202° + 3527 + 252 +6 =0, 
given that the roots are in arithmetic progression. 
4. Solve the equations 

(i) 3a° — 262? + 522 — 24 = 0, 

(ii) 2* — 523 — 302? + aor +64=0, 

(iii) a" + 150° + 702? + 1202 + 64 = 0, 

(iv) 324+ 2023 — 702? — 602 + 27 = 0, 


given that the roots are in geometric progression. 
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, solve the equations 
G) gt +5a° +82" —2+3 =0, 
Gi) 24 +102 + 26x” + 64 ~3 =0, 


given that the product of two of the roots is 3. 


g. Solve the equations 

(i) 2 +2x° — 21x’ — 227 + 40 =0, 

(i) 2% — 82° + 212” — 202 +6 =0, 
given that the sum of two of the roots is equal to the sum of the other two. 
7, Solve the equations 

(i) 24 +32° — 427-92 +9 =0, 

(i) 204 +2° +227 +3r4+18=0, 


given that the product of two of the roots is equal to the product of the other 
two. 


8. Solve the equations 
(i) a2* —122° + 47x? — 72x + 36 = 0, 
(ii) ot +207 — 182? +62+9=0, 
(iii) 2n4+ 32° — 1927 + 62+8=0, 
given that the ratio of two of the roots is equal to the ratio of the other two. 


9. Determine k and solve the equation if the roots are in arithmetic progression. 
(i) 8a° — 122? -kr +3 =0 


(ii) at — 823+ ke? + 82-15 =0. 


10. Find the relation among the coefficients of the equation 
. ax® + 3ba? + 3cr +d =0 
if its roots be in (i) arithmetic progression, (ii) geometric progression, (iii) 
harmonic progression. 
11. Find the relation among the coefficients of the equation 
2 a’ 4+ pr? + qx? +ra2+s=0 
ifits roots a, B,y,6 be connected by the relation 
(i) a+B=0, (ii) atB=7+65, (iii) af +76 =0, 
(iv) o68+1=0, (v) aB=76. 
12. If the equation 2? + pa? + gx +7 = 0 has a root a + ia where p,q,7r and 
® are real, Prove that (p? — 2q)(q* — 2pr) = r’. 
Hence Solve the equations (i) «2° — a” —4x+24=0, 


(ii) 2° — 7x? + 200 — 24 = 0. 
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2 = Q has roots of the form q+; 

13. If the equation x“ +pa°+qzr oe 5 4 2 298 = 0 ia, B49 
where a, 8 are real, prove that p> — 29 = 0 ap 

Hence solve the equations 

(i) 24 +42 + 82? — 242 + 36 = 0, 

(ii) at + 6x? + 1807 + 242 + 16 = 0. 
14. Solve the equations 

(i) af +209 +52? +4r+4=0, 

(ii) dat + 2023 + 132? — 302 + 9 = 0, 
given that each has two distinct pairs of equal roots. 


15. (a) If the product of two roots of the equation x4 + pe a gx +rr+s=4 
be equal to the product of the other two, prove that r* =p*s. 
If p 4 0 show that the equation can be solved by the substitution 
r+ a =i. 
{Hint. (i) The equation is (x? + $7) + p(x + ree +q=0.] 
(b) Solve the equation z* ~ 122° + 47x” — 72x + 36 = 0, given that the 
product of two of the roots is equal to the product of the other two. 


Note. If the roots a, 8,7,6 of the equation x4 + px? + qx? +rxr+s =0 be 
known to be in geometric progression then ad = (7. In this case the condition 


r* = p’s is necessarily satisfied and therefore the equation can be solved by 
the substituion x + =e = t. 


(c) Solve the equations 

(i) a* —5a° — 302? + 402 + 64 = 0, 

(ii) 304+ 202° — 70x? — 60x + 27 = 0, 
given that the roots are in geometric progression. 


[Hint. (ii) The equation is 3(2? + ) + 20(a2 — 3) —70= 0. 


16. If a, 8, y be the roots of the equation x? + pa? + gz+r = 0, find the value 
of 
(i) La?A?, (ii) La’ A’, 
(iv) La, (v) Ya*A?,, 
(vii) X(a— B)??, 


(iii) D(@+y7-a)%, 
) (vi) X(a—B)*4, 
(viii) (6 +7 -2a)(7 +a — 28)(a + B — 2) 


17. If a, 8,7,6 be the roots of the equation 24 + pz? + qz? +rz+s5=9, find 
the value of 


(i) Xa*py, (ii) Da?g?42, ai) (a — By 
(iv) D(a f)?76?, a oe 


(v) (a~-B)(a~)(a— 6). 
18. If a, 8, be the roots of the equation 2° +qzr+r=0 (r #0), show thet 
: of és 1 __¢ 

(i) LB, =3, (ii) “Tet Ae = fe 
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; a? _ 2¢° i 2By-a? _ g? 
(ii) >" eo (iv) ear 


h i 4 
o ian the roots of the equation 24+ pz34 ga? 4rg¢45 = O(s #0), 
fin 


j) 5g aS 


3 (iii) ms, (iv) nee, 
90. If a, 8,5 6 be the roots of the equation x4 + px3 + qu’ + ra +s = 0, prove 


hat 

(i) (eB +716)(By +08) + (By+06)(ya+ B65) + (yo+B6)(aB-+75) = pr—As, 

(ii) (aB+ 76)(By + a5) (ya + BS) = r? — 4qs + p?s, 

Show that the equation whose roots are af + 6, By + a6, ya + Bd is 23 — 
qo? + (pr — 48) — (r? — 4qs + p*s) = 0. 

Deduce that 

(i) (2+ BB+) + @)(a + 6)(B + 5) (7 + 5) = pgr — 1? — ps, 

(ii) (8-7)?(a-8)* +(y¥—@)? (6-6)? + (a—B)?(y— 5)? = 2g? —6pr +248. 


21. If a1, @2,..-,Qn be the roots of the equation 2" + p)2"~1 +4 por" -?2 +--+ 4 
Pp, = 0, show that 


(i) Zoi?a2 = —pip2 + 3p, (ii) Xai*a2a3 = —pips — 4pa4, 
(ii) yo _ PiPn—(pi?—2p2)pn—1 

a2 Pn ; 
(iv) po — PnPn-1—P1 (Pn—1*—2pnPn—2) . 

a2 Pn 


22. Ifa+ 8+ 7 =0, prove that 


(i) ore+y a ot hte HB ey 


(i) ae Brey = ci Se i a . 


3. Ifa+B+y+o= 0, prove that 
a+ 854-54 55 = a3 +H3+4+73+63 a?+B2+77+62 
5 oa 3 : 2 , 


4. (i) a+B+y=1,07 +6? +77 =3 and a® + 6° +7° =7, prove that 
+B tat = 11, 
‘ i Hatbt+c+d=1a+Ptce+d =3,0+h +c +d° =7 and 
* +6'+c*+4d* = 15, prove that a& +65 +c°+d° = 26. 
ae If sm, denote the sum of mth powers of the roots of the equation ae +qzet 
iy 0, prove that 
%8=~3r, (ii) sq = 292, (iii) ss=59r, (iv) 87=—T79°r. 
26, . 
r=, om denote the sum of mth powers of the roots of the equation 2*+ gx? + 
, ~? Prove that 
(i 84 = y) 2 oe 3 
9 —4s, (ii) s¢ = 6gs — 2q°. 
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5.6. Transformation of equations. 


When an equation is given it is possible, without knowing its ing 
vidual roots, to obtain a new equation whose roots are connected yw; 
those of the equation by some assigned relation. The method of findin 
the new equation is said to be a transformation. Such a transformatio, 
sometimes helps us to study the nature of the roots of the given equation 
which would have been otherwise a difficult job. 


We will discuss some typical transformation and then take UD the 
general problem. 


5.6.1. To transform an equation whose roots are @,@2,...,Q@, into 
another whose roots are Ma, MQ2,..., MA. 
Let the equation whose roots are a), @2,..-; Qn be 


Fi + pyc") + pox”? +--+ py, =0. 
Let y=moy,. Then a; = y/m. 
Since a, is a root of the given equation, 

a" + pray”? + poy”? + +++ + Dn = 0. 
Therefore (£)" + py(%)"~1 + po(¥)"-? +--+ + Pn = 0 


or, y* + pimy"—! + pom?y™ 2 +--+ ppm™=0. —... (A) 
This is the transformed equation. 


(Explanation. ma is obviously a root of the equation (A). We would 
obtain the same equation (A) if we put y = maj, where a; is any root of 
the given equation. This proves that ma ,maz,..., mn are the roots 
of the equation (A). Since the equation (A) is of degree n, the roots 
MQ1,MQ2,..., Map, are the only roots of it.] 


Note 1. We observe that the successive coefficients of the transformed 
equation are obtained by multiplying the successive coefficients of the 
given equation, beginning from the Ist, by 1, m,m?,...,m” respectively: 


Corollary. The transformed equation whose roots are —01, —@2)""' 


—a,, is obtained by changing the signs of the coefficients beginning fto™ 
the second, alternately. 


Note 2. The transformation is useful for the purpose of removing frac- 
tional coefficients of an equation or reducing the leading coefficient of am 
equation to unity. We are to choose a suitable multiplier of the roo! e 


that the transformed equation will have all integral coefficients with 
leading coefficient unity. 
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worked examples. : 4 

Multiply the roots of the equation x* + 323 — Bx? + ia + 3 =Obya 
“able constant so that the fractional coefficients of the equation may 
gu 
be removed. 


M ultiplying the roots by 6 the transformed equation becomes 
ged 6.32° - 36.327 SE 216.42 oi 1296.3, =0 
or, 2° + 323 — 122? + 542 + 540 = 0. 


9, One root of the equation 322° — 14x + 3 = 0 is double another. Solve 


the equation. 
The equation whose roots are double those of the given equation is 


3973 — 56x + 24 = 0 or, 423 — 77 +3=0. 

Hence the equations 322° ~ 142 + 3 = 0 and 423 —7z +3 = 0 havea 
common root. 

The h.c.f. of 3223 — 14¢ + 3 and 423 — 7x 4+ 3 is 2a — 1. 


Therefore ; and 4 are roots of the given equation. The other root is 
-3, Hence the roots of the given equation are tert 


5.6.2. To transform an equation into one whose roots are reciprocal of 
the roots of a given equation. 

Let the given equation be agz”™+a,2""!+ag2""-7+- + -+Gn-12+Gn = 0 
and let the roots be a1, @2,...,Q@n- 

It is assumed that none of the roots is zero. 

Let y= (1/ai). Then a) = (1/y). 

Since a is a root, apa" +a101"~! taza, 7 ++ +++Gn-101+Gn = 0. 


= 1 - 
Therefore ao(2)” + a1(2)"~* +.a9(4)"-* +++ +n-1(5) + an = 0 
OF, Any” + any 1 +--+ +a1y +a = 0. 

This is the transformed equation. 


Note. The coefficients of the given equation appear in the reverse order 
in the transformed equation. 


Worked Examples (continued). Bis 
. @1,02,...,Q, be the roots of the equation fy + pit" pat” + 
+ Pn =0 (Pn # 0), find the value of D(1/o1”). 
Let of = (1/a;),i=1,2,...,n. 
M15, , a}, are the roots of the equation 
Pay” + pny") +--+ + piyt1=0. 
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an s2 1\2 _ toe 
Therefore Da}, == and Xai” = (Za}) 2201; 5 
2) 


24-2 
_ ({Pa-l1 s _) Pn-2 __ Pa~1~“PnPn~2 
H (1/ar2 _ P—1~2PnPn-2 
ence L(1/ay == Dnt . 
5.6.3. Let a1, 02,...,Qn be the roots of the equation 
f(x) = a0%n +412” 4+ay0" 1 +--+ +dn =0. 
To find the equation whose roots are @1 — h, aq —h,...,Qn —h, where } 


is a constant. 


Let y= a, —h. Thenay =y +h. 

Since a1 is a root, apay” + a,Q," 1 +-:++@n =0. 

or, ag(y +h)” tar(yth)™ 1 +--+ +an =0. 

This can be expressed as Aptn + A1z™ + +-+-+An = 0, where A, is 
the remainder when f(z) is divided by x—A and let q; (x) be the quotient; 
An-—1 is the remainder when the quotient qi({x) is divided by x — h and 
let ga(x) be the quotient. 


Repeating the same process, An—2, An—3,--., Ai are obtained as the 
successive remainders and finally Ag = ao. 


Note. Here the transformation that is applied to the equation is given 
by z=yth. 


Worked Examples (continued). 
4, Find the equation whose roots are the roots of the equation 
x? + 32? —-8r+1=0, 
(i) each diminished by 4, (ii) each increased by 1. 


(i) Let a, 2, be the roots of the given equation. To find the equation 
whose roots are a— 4,8 —4,7—-4. 


Let y=a—4. Thena=y+4. 

Since @ is a root of the given equation, a? + 3a? — 8a +1 =0. 
Therefore (y + 4)? + 3(y + 4)? — 8(y + 4)+1=0 

or, y° + 15y? + 64y + 81 = 0. This is the required equation. 


(ii) To find the equation whose roots area +1,8+1,y+1. 
Let y= atl. Thena=y-—1. 

Since a is a root of the given equation, a? + 392 — 8a +1 =0. 
Therefore (y — 1)? + 3(y — 1)? — 8(y-—1)+1=0 

or, y® — lly+11=0. 

This is the required equation. 


s, Find the equation whose roots are the roots of 


THEORY OF EQUATIONS 237 


the equati 
; : quation 
x* — 8a* +8r4+6=— 0, each diminished by 2. 


Let a, 8,7, be the roots of the given equation. To find the equation 


qhose roots are a — 2,8~-2,y-26~9. 


Let y=a—2. Thena=y+2, 
Since a is a root of the given equation, at ~ 89? 4 g4 4.6 <Q. 
Therefore (y + 2)* — 8(y + 2)? 4 8(y+2)4+6=0. 


This can be expressed as Agy* + Ayy? + Agy? + A3y + Aq = 0. 
The calculation of Ap, Aj,...,A4 is shown in the following table: 


2 1 0 —8 8 6 
2 4 —8 0 
2 0 = Ay 
2 8 
4 8 Ag 
2 
6 Ag 
2 
8 = Ay 


Here the required equation is x* + 8y° + 16y? + 8y +6 = 0. 


Note. The transformation can be utilised to remove a specified term 
from an equation. We are to choose a suitable h so that the ith coefficient 
of the transformed equation may be zero. Such a transformation often 
facilitates the solution of the given equation. 


6. Transform the equation x4 + 42° + 72? + 62 —-4=0 . 
into one which shall want the second term and hence solve the given 


equation. 


let us apply the transformation z = y +A so that the transformed 


“quation may want the second term. 


(ht 


The transformed equation is 
(V+ h)4 + 4(y + A)> + T(y +h)? + 6(y +h) -4=0 
or, y* + y3(4h + 4) + y2(6h? + 12h + 7) + y(4h3 + 12h? + 14h + 6) + 
+ 4h3 + 7h? + 6h ~ 4) =0. 
- the given condition 4h + 4 - a ; 
© equation reduces to y* + y“ — 6 = ¥. . 
he roots of the transformed equation are +72, £V3i. | 
j Be = V2, —1+ V3i. 


Hence the roots of the given equation are — 


ie., A= —1. 


238 HIGHER ALGEBRA 


5.6.4. Transformation in general. 
= 0 we are to obtain an equation $(y) =i 


Given an equation f(z i 
q f(z) he roots of the given equation by a 


whose roots are connected with t 


relation (a, y) = 0. 
¢(y) = 0 is obtained by eliminating z between f(x) = 0 and (2, y) = 9, 


The method is illustrated in the following examples. 


Worked Examples (continued). ; 
7. If a, B,7y be the roots of the equation x? + px* + qx +r =0, find the 


equation whose roots are af + By, BY + ¥%, Ya + af. 
Let y = af + By. Then y=q—ya= q+ 3: 


Therefore B = 7 [Note that here ¢(z, y) = 0 is t(y~q)—-r= 0] 
Since # is a root of the given equation, B+ p62? +qB+r=0. 


r_\3 _7_\2 r = 
Therefore (==>) Os) a ak Grom ae 
or, (y—)> + 4(y— 9)? +pr(y— 4) +77 =0. 


This is the required equation. 


8. If a, 8,7 be the roots of the equation z° + px? + qx +r =0, find the 
equation whose roots are 
(i) 8? +7? — a?, 77 + a? ~ f?, 07 + 6? — +? 


ss 1 1 1 1 1 1 1 1 1 
(ii) ge tye ~ gage t ar — paar + pr ae: 


(i) Let y = 6? +7? —a?. Then y = (6? + 7? + a?) — 20? 
= (p* — 29) — 2a? 


2 
or, a? = Pa egee 


Since a is a root of the given equation, a? + pa? + ga +r =0. 
Therefore a?(a? + g)? — (pa? +r)? =0 

or, (p* — 2q — y)(p? — y)? — 2{p(p? — 2g — y) + 2r}? =0. ... (A) 
This is the required equation. 


(ii) 4, 2 + are the roots of the equation 
rz? + qr? + pr+1=0 
or, e+ 4924+ Po4+1—9, 


Hence the required equation is obtained from (A) if we replace ? qs 
by 4,2, +4 respectively. 


rordr 
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fa, Bs be the roots of the equation 2° + gr +r = 0 (r £0) 
g, IfarPeT a B B 
god the equation whose roots are BY a»? Bs x, oe 

Let ¥ = B° Then a = By. 

gince a is root of the given equation , a® + ga +r =0. 

Therefore Bey? + gBy +r =0 -. (i) 

gince Bis aroot,B°+qB+r=0 ... (ii) 

Fs ee ee 
From (i) and (ii) qry—qr oa ~~ yq—yq" 
_ rd-y*?) _ _orly?+ytl) 93 _ ar(y—1) 
Hence B = qy(y?—-1) wut >» P ~ qu(y2—1) wutt) 


Therefore r2(y? + y + 1)° + q?y*(y + 1)? =0. 
This is the required equation. 


10. Solve the equation x4 — 423 — 4x? — 4 —5 = 0, given that two roots 
a, 8 are connected by the relation 2a + 6 = 3. 

The relation is 2a=3-— f. 

Let us find the equation whose roots are 2a, 28,27, 26 and the equa- 
tio whose roots are 3 —a,3— 8,3 —7,3—6. 

The equation whose roots are 2a, 28, 27,26 is 

y’ — 8y> — 16x? — 32y -80=0, say f(y)=0 --- (i) 

The equation whose roots are 3 — a,3 — 6,3 —7,3—6 is 

(3—4)* — 4(3 — y)° — 4(3 — y)? — 4(3-y) -5 =0 

or, y* — 8y> + 14y? + 28y-80=0, say d(y)=0 --- (ii) 

The h.c.f. of the polynomials f(y) and $(y) is y + 2. 

Therefore —2 is a common root of the equations (i) and (ii). 


Consequently, 2a =3—B=-2, ie,a=—1,B=5. 


Therefore (c + 1)(x — 5) is a factor of 2* ~ 42° — 4x? — 4x — 5. 
a" ~ 403 — dy? — 4g — 5 = (2 +1)(2 — 5) (2? + 1). 
c*+1=0 gives 2 = +i. 


Hence the roots of the equation are —1, 5, +2. 


Exercises 5D 


lL, Mut 
eee the roots of the equation by a suitable constant so that the frac- 
efficients of the equation may be removed 


(i) 93 _ 
T~%e=3=0, (ii) a t+is®?+ get g =0. 
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2. If a, 8, be the roots of the equation 
aox? + aiz* +a,r+a3=0 (a3 #0), 


find the value of (i) ©1/a*, (ii) £1/a*B*, (iii) E1/o%. 
(Hint. The roots of the equation a3z° + agz? + aj + a9 = 0 are i, E ra 
3. If a, 8, 7,6 are the roots of the equation * + pri +qz?+rrz+s= 0, prove 
that 
(i) Daf = 3r—pg, (ii) Da* By =ps + 2gr —p’r, 
(iii) X(a — 8)? = 3p? — 8g. 
Deduce from (i),(ii) and (iii) respectively that 
(iv) La*s?y = 3ps—gr, (v) Lais?7? =rs + 2pqs — pr*, 
(vi) “(a — B)?776? = 3r? — 8qs. 
4. a1, 02,...,Qn are the roots of the equation z”+piz” *+pox"-?4.. ‘+p, = 
0. Prove that 
(i) D(a1 — a2)?a304... On = (-1)"(pipn—1 — npn), 
(ii) “(a1 — a2)a3a3...02 = (n —1)p?,,_1 — 2npapn—2- 
[Hint. (ii) D(a —a2)?a3aj...a2 = pa[E(s- a)? = pi [(n— Or — 25H 


5. If a, 8,7 ai the roots of the equation 2x7 + 327 +2 : 1 = 0, find the value 


eee arn +: a Oe Se 
of (i) & isaaa (ii) & ie (iii) & oaygaqa° 


(Hint. (iii) = zi eye wad ana 45] 
6. The roots of the equation z* + px? +qa+r=0 (r #0) area,f,7- 
Find the equation whose roots are 

(i) 1/a+1/B —1/y,1/B + 1/y —-1/a,1/y + 1/a—- 1/8, 

(ii) a6 +1/y,By+1/a,ya+ 1/8, 

(iii) a — 42, p — 28,4 98, 


‘ otf, B+y yt 
(iv) =: fag aa aa ea 


7. If a, 8,7 are the roots of the equation x* + gz + r = 0, find the equation 
whose roots are 

(i) a(8 +7), Bly + a), y(a+ 8); 

(ii) (a—-B)(a—7),(B—a@)(B — 7), (y — a)(y— 8); 

(iii) a? + 6,8? +77,7? +07; 

(iv) B+y—2a,y+a-28,a+ B~ 2, 
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be the roots of th i 3 
g. fa Bs © equation 2° + qr+4+r = 9 (r 40) , find the 


Ei aoe 
eqaution whose roots are > + F, 24 a, —_ B 


ra 


9, If a, B, be ae cs of the equation «° ~ 27743971 — 
roots are #2—=_,, 1e-B_ as 
whose B+y—2a’ y+a~—2B8? a+B—3y° 


0, find the eqaution 
10. Solve the equations 
(i) 162° — 442° + 36z—9 = 0, 
(ii) 1524 — 16x? — 56x? + 647 — 16 = 0, 
(iii) 4024 — 222° — 2177 +2741 = 0, 
given that the roots are in harmonic progression. 
(Hint. The roots of f(1/z) = 0 are in A.P. ] 


11. Solve the equation 4z* + 42° + 32?-2-1=0, 
given that the difference between two of its roots is 1. 


12. Solve the equations 
(i) 30°+1427+172+6=0, 
(ii) o*-— 40° +227 +2+6=0, 
given that two roots a, 8 are connected by the relation 2a = 38. 
13. Solve the equations 
(i) 22° — 927+ 77+6=0, 
(ii) 2a2* — 323 —-3r-—2=0, 
given that two roots a, 8 are connected by the relation 2a + 8 = 1. 


14. Transform the equation 2x? + 62? + 127 +35 =0 
into one which shall want the second term and hence solve the given equation. 


15. Transform the equation 2x4 + 42° + 9x? + 102 —6 =0 
into one which shall want the second term and hence solve the given equation. 


16. Find the relation among the coefficients of the equation 


aor? + 3a, 27 + 3a2r +43 = 0 
So that the second term and the third term may be removed by the same 


tranformation 7 = yth. 


17. Find the relation among the coefficients of the equation 


aox* + 4a,z° + 6a2x* + 4a3z + a4 = 0 
» that: the second term and the fourth term may be removed by the same 


“anformation 2 = yth. 
18. Obtain the equation whose roots are the roots of the equation 


4r° — 87? — 197 + 26 = 0 
ach dimini tions t 
é h diminished by 2. Use Descartes’ rule of signs to both the equations to 


© exact number of positive and negative roots of the given equation. 
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19. Obtain the equation whose roots exceed the roots of the equation 

at +327 +8c+3=0 
by 1. Use Descartes’ rule of signs to both the equations to find the exact 
number of real and complex roots of the given equation, 


20. Find the equation whose roots are squares of the roots of the equation 
ot —2° +227 -2+1=0 . 

and use Decartes’ rule of signs to the resulting equation to deduce that the 

given equation has no real root. 


21. If the equation whose roots are squares of the roots of the cubic 

x — az? +br -1=0 
is identical with this cube, prove that either a = b = 0, or a= b = 3, or a and 
b are the roots of the equation t? +t +2 =0. 


22. Find the equation whose roots are cubes of the roots of the cubic 
z* + 327 +2=0. 


23. Show that the cubes of the roots of the cubic 2° + ax” + bx + ab=0 
are the roots of the cubic 2° + a°z? + b?’z + a°b® = 0. 


24. The roots of the equation 2° + px? + qx+r = 0 are a,f,¥y. Find the 
equation whose roots are af — y?, By — a”, ya — B?. 


Deduce the condition that the roots of the given equation may be in geo 
metric progression. 


25. The roots of the equation x* + px? + qx +r = 0 are a,f,¥. Find the 
equation whose roots are a+ 8 — 2y,8+7—-2a,y+a— 28. 


Deduce the condition that the roots of the given equation may be in arith: 
metic progression. 


26. If a be a root of the equation x* — 3z — 1 = 0, prove that the other roots 
are 2—a’,a? —a—2. 


[Hint. The substitution y = 2 — x? transforms the equation into itself.] 


27. If a be a root of the equation x° + 32? 674 1=0 prove that the other 
roots are ;+~ and S=1, 


28. If a, 8, y be the roots of the equation 73 — 3px? + 3(p —1)n +1=9, 
find the equation whose roots are ] — a,1—B,1-y¥ 
t 3 —™ Ye 


Deduce that a, 8, + are all real, if p is real. 


1 1 a If 
1 — y has also roots 9: 8'7 


Xy 
Y and this shows that +y is also comple 


(Hint. The equation whose roots arel—a,1-— 8 
, ! 


possible, let a, 8 be complex. Then 1 = 1 _ 
a contradiction,] : 
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5.7 Reciprocal equations. 


A polynomial equation is said to be a rec 


: : wprocal Satie ; 
socal of each of its roots is also a root of it. P equation if the recip- 


Therefore a necessary condition for f(x) = 0 to be a reci 


ion is that 0 is not a root of it, ie., f(0) 40, procal equa- 


t 
Let f(z) = O be a reciprocal equation of degree n having 
100ts on, 02s .++) Qn. Let P(x) = 0 be the equation whose roots are 
1 1,...,g-. Then the equations f(z) = 0 and o(x) = 0 are identical. 


— 3 


ay? “2 
Let apn" + az"~" +--+ + dn =0 bea reciprocal equation. Then it 
is identical with the equation a, 2" + a,_,2"-!4...4 a) =0, 
Therefore (a9, 41,.--,@n) = k(dn,@n—1,..., 0) for some k £0, 
That is, a9 = kan, a = kan—1, a2 = kan_, Sipybla — hap: 
a9 = ka, and an = kag give k = +1. 


Two cases arise. 


Case I. k = 1. 

In this case €g = Qn, Q1 = Gn-1,.--,An = ag. 

The coefficients of equidistant terms from the beginning and the end 
are equal in magnitude and have the same sign. The equation is said to 
be a reciprocal equation of the first type (or first class). 


Case II. k — 1. 

In this case a9 = —@n, @1 = —@n—1,---)4n = —40.- 

The coefficients of equidistant terms from the beginning and the end 
are equal in magnitude but of opposite signs. The equation is said to be 
a reciprocal equation of the second type (or second class). 


Examples. 
1, The equation x2 + 1 = 0 is a reciprocal equation of degree 2 and of 
the first type. 


2. The equation 3x3 — 1322 + 13n -—3 = 01s a reciprocal equation of 


degree 4 and of the second type. 
3. The equation 274 —5a2+52—2=0isa reciprocal equation of degree 


and of the second type. 


ee 4 
—gi—zt+1=0isa reciprocal equation of degr 


: ie equation x4 
of the first type. 


: The equation 74 — 734+ a7+2-1= 0 is not a reciprocal equation. 
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Theorem 5.7.1. If f(z) = 0 be a reciprocal equation of degree », 
of the first type then f(z) = a” f (4). 


Conversely, if f(x) be a polynomial of degree n and f(x) = x" f( 1) then 
f(x) =0 is a reciprocal equation of the first type. 
Proof. Let f(x) =agx” + a,x" +-+-+@n, On FO. 
Since f(z) = 0 is a reciprocal equation of the first type, 
ao = Gn, a, = An-1;---,4n = Q0- 
Therefore f(x) = aoz" + Qn_12""' +--+ +0 
= 2" (dn + 2 +--+ 2) =a" f (3). 


M7 


and 


Converse part. Let f(x) = aor" + a,x"! +--+ +n. 


Then x" f(2) = 2"(22 + <247 +--+ +n) 


A heats 
=Ap +a,24+°-+-+4n2z”. 
Since f(x) = 2" f(+), ao = Qn, 41 = An-1;--+,An = Qo. 


This shows that f(z) = 0 is a reciprocal equation of the first type. 
This completes the proof. 

Theorem 5.7.2. If f(z) = 0 be a reciprocal equation of degree n and 
of the second type then f(r) = —a" f(+). 


Conversely, if f(x) be a polynomial of degree n and f(x) = —2z"f(2) 
then f(x) = 0 is a reciprocal equation of the second type. 


Proof. Left to the reader. 


Theorem 5.7.3. The solution of any reciprocal equation depends on 
that of a reciprocal equation of the first type and of even degree. 


Proof. We are to consider three cases. 


Case I. Let f(z) = 0 be a reciprocal equation of odd degree, say 2m+1. 
and of the first type. 


Let f(x) = apx?™*! + ayr?™ 4...4 Qom+1- 

Since the equation is of the first type, @oms1 = 40,22m ~ 
Q1,-++;Am41 = am 

Therefore f(z) = ao (224241) 4 aya(e2™-14.1)4.-.-tane™ et): 

f(x) is divisible by x + 1. If ¢(x) be the quotient, the solution of 
f(x) = 0 depends on the solution of ¢(z) = 0. 


f(z) _ att yp(4) 
$(z) =o — e+ 


Therefore ¢(+ sama = ai at my o(z). 


=z 
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This shows that ¢(z) = 0 is a reciprocal equation of degree 2m and 
ag the frst tYPS 
1. Let f(z) = 9 be a reciprocal equation of odd degree, say 2m +1, 


I 
os he second type. 


and of t 
Let f(t) = agz?™*? + ay 2° +++ + damyt. 
since the equation is of the second type 


agm+1 = —A9,42m = ~—41,-++,4m4+1 = —Am.- 


therefore f(x) = a0(2?"*? —1)+a,2(2?"—! —1)4.---+am2™(a—-1). 
f(a) is divisible by x — 1. If (x) be the quotient, the solution of 
= 0 depends on the solution of ¢(x) = 0. 


{(2) 
e = am+l1 f 1) 
¢(z) =f) = : z—1 : r 


Therefore ¢(+) = rates = ay = <a O(z). 


This shows that ¢(x) = 0 is a reciprocal equation of degree 2m and 
of the first type. 


Case III. Let f(x) = 0 be a reciprocal equation of even degree, say 2m, 
and of the second type. 


Let f(x) = apx?™ + az?" + +--+ dam. 
Since the equation is of the second type, @2m = —4@,@am-1 = 
—a, ees Qm+1 => —aAm—-1; am = 0. 


Hence f(a) = a(x? —1)+a,2(2?"~?—-1) +-+-+ Om—12™ 1 (x7 —1). 
f(z) is divisible by xz? — 1. If ¢(x) be the quotient, the solution of 
f(z) = 0 depends on the solution of ¢(x) = 0. 


#2) £2) = =e) 


x2—1 
Therefore (4) =a = amy == —an=7$(2). 


or, 6(z) = gems. ). 
. This shows that (xz) = 0 is a reciprocal equation of degree 2m — 2 
d of the first type. 


T . 
his Completes the proof. 


ey ae ; | 
tt . ahi A reciprocal equation is said to be of the standard form if 
the first type and of even’ degree. | 
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Theorem 5.7.4. The solution of a reciprocal equation of the first 
and of degree 2m depends on that of an equation of degree m, 


Proof. Let the equation be agz?” + ayz?™—1 4-+-4+ Gam = 0. 


Since it is of the first type, @am = @0,@2m—1 = @1)---,@m41 = Am}. 


type 


Therefore the equation reduces to 

ag(x?™ +1) + a,2(2?"-? +1) +--+ +amz™ =0. 
Dividing by x™, we have 

ag(xz™ + 1) +a,(e™14+ 544) +--+: +On = eee (i) 
Let c+ + =t,2" ++ =1u,. Then since 


(x + 2)(2"-1 + L,) = (2? + 4) + (27? + >), we have 


zro1 


Ur = tUr_1 — Ur-2. 
But uo = 2,u; = t. Taking r = 2,3,4,... we have 
ug =t?-2, ug=t?—3t, ug =t*—4t?42,------ (ii) 
Using (ii), the equation (i) can be expressed as an equation in t of 
degree m. 


Worked Examples. 
1. Solve the equation 624 + 352° + 622? + 352 + 6 = 0. 


This is a reciprocal equation of the first type. This can be written as 
6(24 + 1) + 352(x2? +1) + 62x? = 0. 

Dividing by x”, we have 

6(a? + 3-) + 35(z + 4) + 62 =0 

or, 6(t? — 2) + 35t +62 = 0 where t= z+ 

or, 6t? + 35¢ + 50 = 0, giving ¢ = —%?, -3. 

When t = —*%, we have 327 +102+3=0, or r= -3, —%. 

When t = —3, we have 227 —52+2=0,orrz= —2,-4. 

Hence the roots are —3, —2,—3,—3. 
2. Reduce the reciprocal equation 32° + 2° — 27x24 +. 272? —7-3 = 010 
a reciprocal equation of the standard form and solve it. 


The equation is of even degree and of the second type. This cal be 
written as 

3(26 — 1) + 2(a* — 1) — 272?(z? —1) =0 

or, (x? — 1){3(x* + x? +1) + 2(2? + 1) — 2727} = 0 

or, (x? — 1)(3a4 + 2° — 240? + + 3) =0. 


Either 2? —1=0 or, 324 +. 2° — 240? + +3 =0. 


aD 
as 


3. 
if 
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72-1 =0 gives = +1. 


+2 24x? + + + 3 = 0 is a reciprocal equation of even degree 
d of the first type. This is of the standard form. This can be written 
3(a¢ + 1) + o(a? + 1) ~ 242? = 0. 

Dividing by 2”, 3(z? + Jy) + (w+ 2)—24=0 

or, 3(t? -2) +t -24=0 wheret=z+1 

or, 3t? + t — 30 = 0, giving t = — 2,3. 


When t = —22, we have 3x? + 102 +3 =0, or zx = —3, —1, 


When t = 3, we have x? —-324+1=0,orz= SVE 

Hence the roots of the given equation are +1, —3, —3, 3+. 5 

Prove that the equation (x+1)* = a(xz4*+1) is a reciprocal equation 
a# 1 and solve it when a = —2. 

Let f(z) = (x + 1)* — a(x* +1). 

When a 


1, f(0) = 0 and therefore f(x) = 0 is not a reciprocal 


equation. 


When a ¥ 1, f(x) is a polynomial of degree 4 and 
f(4) = (241)! -a(4, 41) = Steals = 2), 


=z 


Therefore f(r) = x* f(+) and this proves that f(x) = 0 is a reciprocal 


equation of degree 4. 


4, 


“quation 


When a = ~2, the equation is (x+1)4+2(24+1)=0 
or, (x? + 22 + 1)? + 2(24 +1) =0. 

Dividing by x?, we have (a + 4 + 2)? + 2(2?+ +) =0 
or, (t+ 2)? + 2(¢? ~—2)=0 where t= z+ + 

or, 3¢? + 4¢ = 0, giving t = 0, —4. 

When ¢ = 0, we have z7+1=0, or 2 = +1. 

When t = —4, we have 327+ 4x+3=0, orr= 2S 


Hence the roots are +i, =i V5t 


Find a substitution of the form x = my +7 which will transform the 
at — 743 +132? —12¢+6 = 0 into a reciprocal equation. Utilise 
to solve the equation. 


BY the Substituion the equation transforms to 
™Y +n)4 — 7(my +n)3 + 13(my +n)? — 12(my +n) +6 =0 
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or, m4y* + m3y3(4n — 7) + m2y?(6n? — 21n + 13) + my(4n3 ~ 2172 4 
26n — 12) + (n* — 7n3 + 13n? — 12n 4+ 6) = 0. 


This will be a reciprocal equation if m+ = n* — 7n° + 13n? ~ ldn+¢ 
and m?(4n ~ 7) = (4n3 — 21n? + 26n — 12). 


Therefore (4n3 —21n?+26n—12)? = (4n—7)?(n*—7n* +13n?—12n+6) 


or, 16n® — 168n5 + 649n4 — 1188n? + 1180n? — 624n + 144 
= 16n® — 168n5 + 649n4 — 1263n? + 1405n? — 924n + 294 


or, 75n° — 225n? + 300n — 150 = 0, giving n = 1 and m= +1. 
Taking m=1,n=1, the equation is y* — 3y® — 2y? — 3y+1=9 
or, (y4 + 1) — 3y(y* + 1) — 2y? =0 
or, (y? + gz) —3(yt+ 5) -2=0 
or, t? —3t-—-4=0, wheret=y+ =. Therefore t = 4, ~1. 
Whent=4, y=2+V3. Whent=-1, y=-3+ Wi. 
Hence the roots of the given equation are 3 + V3, 5 aE V3, 
Note. Taking n = 1, m = —1, the equation transforms to another 
reciprocal equation y* + 3y? — 2y? + 3y+1=0. 
5. If a, 8, be the roots of the equation az?+bar?+cr+d=0,d#£0, 
find the equation whose roots area + 5,8+3,7+ 5. 
Since d # 0, none of a, £,+¥ is zero. 
i, f 7 are the roots of the equation da?+czr? + br+a=0. 
Therefore (ax? + ba* + cx + d)(dx? + cx? + ba + a) 
= ad(x — a)(2 ~ 3)(x — B)(x - 3)(a —7)(@- 3) 
or, ad(x® +1) + (ac-+bd)(x® + 2) + (ab + be+ cd)(x4 + 2) + (a? +0°+ 
c? +.d?)a3 = ad{a?— (a+ 2)a+1}{2? — (8+ 4)0+1}{a?— (y+ 2)0+ I} 
or, ad(x? + Js) + (ac-+bd)(x? + Je) + (ab+be-+cd)(a+2)+(2 +h 
+2 4d?) = ad{(0t })-(at LH (@+2)-(8+ dH e+2)-(r+ 
Let ++ =t. Then : 
ad(t? — 3t) + (ac + bd)(t? — 2) + (ab + be + cd)t+ (a2 +b? +07 +4 ) 
=ad{t — (a+ 1)}{¢— (8+ 3)HE- (7+) 
Hence the required equation is 
adt® + (ac + bd)t? + (ab + be + cd — 3ad)t + (a —c)? + (b- 4)? =9 
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5.8 Binomial equations. 
binomial equation 2” ~—j—= os 
eee “ee 0 has n roots cos 2k + 5 sin 247 | 
qhere b= Us by Aa- os , 
They are called te nth roots of unity. The roots can be expressed as 
(cos 22 +4 sin)”, where k =0,1,2,....n—1 


n—1 
or, a8 1,a,a°,...,a@"~", where a = cos 22 + j sin 22, 


If n be an odd integer, the equation has only one real root, by 
Descartes’ rule of signs. The real root is 1. Therefore all the roots 
6 a?,...,07" are imaginary. 


. Wu n—-—1 1 = 
ea" = 1, we have a = + o9%2— 1 .,) nlfatea 1 
Sinc ’ are af af )/ cssren 


Therefore the imaginary roots are reciprocal pairs (a, +), (a7, 4), 


“ 1 
vn, (al? -Y/?, Sze) and they are the roots of the reciprocal equation 


ar} tar 2 +... + e41=0, 
If n be an even integer, the equation has only one positive root and 
only one negative root by Descartes’rule of signs. 
They are 1 and —1. All other roots are imaginary and they are 
Do aN Eka fk eae anal, 
These can be arranged in reciprocal pairs (a,+), (a?, 45), ---, 
(a"/?-1, —7,-;); and they are the roots of the reciprocal equation 
gr? 4g 44 ...4 77 41=0. 


Let a be a non zero complex number and a = r(cos@+i sin 6), —7 < 
O< mn. 

The binomial equation 2x” —a = 0 has n roots Yr(cos Att? + 
i sin 4"+8) where k= 0,1,2,...,n—1. 
| The roots can be expressed as /r(cos 2&* +i sin 2m) (cos % + 
isin 2), where k = 0,1,2,...,.n—1 
_ OF, as ao.a*, where ap = ¢/r(cos 2 +4 sin 2) and a = (cos 2% + 
i sin an) 

Qo is called the principal nth root of a. i3 

Therefore all the n roots of the equation are obtained by multiplying 
the principal nth root of a with all the nth roots of unity. 


Properties. 
I, Ifa be any root of z* —1= 0, then a™ is also a root, where m is an 
Integer, 


Proof. Since a is a root, a = 1. Therefore (a™)® =a™ = (a")™ = 1. 


This Proves that a™ is a root of 2” = 1. 
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II. If m,n are integers prime to each other, the equations 7™ ~] 
and 2” — 1 =0 have no common root except 1. 


= 


Proof. Since m and n are prime to each other, there exist integers a ang 
b such that am + bn = 1. : 

Let a be a common root of 2™ —1=0 and 2” —-1=0, 

Then a™ = 1 and a” = 1. : 

Therefore a = a2t" = (q™)*.(a")? = 1. 


This proves that 1 is the only common root. 


ITT. If d be the g.c.d. of m and n, the common roots of z™ ~~] . 
and z™ — 1 = 0 are roots of 4 — 1 = 0 and conversely, all the roots of 
z* — 1 =0 are common roots of s™ — 1 =0 and x” —1=0, 


Proof. Since d is the g.c.d. of m and n there exist integers m’,n’ prime 
to each other such that m = dm’,n = dn’. 


Since m’ and n’ are prime to each other, there exist integers a and} 
such that am’ + bn’ = 1. 


Let a be a common root of 2" ~1=0 and xz” —1=0. 

Then a™ = 1 and a” = 1. Therefore at = qélam'tin’) _ 
(a4™")4 (qan' yb ant a 

This proves that a is a root of z?—1=0. 


Conversely, let B be a root of z?—1=0. Then 64 = 1. 
Therefore 84 = 1 and 64 = 1. 
That is, 86" = 1 and f” = 1, 
Hence £ is a common root of z™—1=0 and 2" —1= 0. 


IV. If n be a prime and a is an imaginary root of 2” — 1 = 0 then 
1,a,a7,...,a"~1 is a complete list of the roots of the equation 2"—1 = 0. 


Proof. First we prove that no two of 1,a,a7,...,a@"7} are equal. 
If possible, let a? = a7 where 0 < Q<p<n-1. Theno?s=l. 


This shows that the equations z* —~ 1 = 0 and zP-4 — 1 = 0 have® 
common imaginary root a. But since n is a prime and p—q <7"* 
prime to p — q and therefore the equations 2” —1=0 and 2? 4-1 = 
cannot have a common root other than 1. 


ss o of 
Thus we arrive at a contradiction and therefore no tw 
1,a,a7,...,a"—} are equal. 
° 2 —1 en hesé 
Aagin each of 1,a,07,...,a"-1 is a root of 2® —1 = 0. Since t 


‘ ots 
roots are n in number, 1,a,a?,...,q"—) is a complete list of the T° 
of 2” -1=0. 
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Note. If n be a composite number and aq is an 
equation zg” —1=0, then 1, a, a”, ee QP 
of the roots of z” —1=0. 


, imaginary root of the 
may not give a complete list 


4 asl af 
For example, cos rt oT : sin aE =218 an imaginary root of 8 -1=0 
but 1,i, i, ..-,2 do not give a complete list of roots of 78 —-1=0 


Sich Sle ie SOC 
On the other hand, 6 = cos ¥ +4 sin 8 ig an imaginary root of 


78-1 =0 and 1, 8, B?,...,B" givea complete list of roots of 78 —1=0 


Therefore if n be a composite number, the theorem is true for some 
imaginary roots of x” — 1 = 0 but not for all imaginary roots. Such an 
imaginary root for which the theorem is true, whether n is a prime or a 
composite number, is called a special root of x” —1=0. 


Worked Examples. — 
1. If @ be an imaginary root of 2” — 1 = 0 where n is a prime number, 
prove that (1 — a)(1 — a@?)...(1—a~') =n. 

Since n is a prime, all the roots of z*” — 1 = O are given by 
1,a,a7,...,a7-}, 

Therefore x” — 1 = (a — 1)(a —a)(x — 0”)... (nt —a""*) 

or, c?-1 49%? 4.--4+24+1= (x —a)(x —a*)...(r—a"~"). 
When x = 1, we have n = (1—a)(1—a”)...(1—a"™"). 


2. If be an imaginary root of the equation gz’ —1| = 0, find the equation 
whose roots are a + a®, a? + a°, a? + af. 

Since 7 is a prime and a is an imaginary root of «’ —1=0, all the 
roots of 27 — 1 = Q are given by 1,a,0”,.-- 0°. 

Therefore x” — 1 = (x — 1)(z — a) (x — a?)...(2- a®) 

1, 24+ e534 744 a3 +a%7+041 3 4 

= (0 ~ a) (a — 08)(x — a2)(a — a8)(e — o°)(@ — 0") 

4 
= {27 (4 ate + 1}{a2 - (0? +ab)ot Ie" — (oh tel. 
Dividing by 2°, we have 
3, 7 

HR) + (+ eter sth Stat) +4)} 

ae ae a =)>. 

={e~ (a4 a8) + 4)}{2 — (a? 0%) + s)He = 
Let + J 
yh es a ft — (a + 0°) Ht (a? + 0°) Ht - (a +4 )}. 


He °,a 
y_ ce the equation whose roots are 4 or 
T—~] — 0 


4 ig 73 
2495 at +a° is x + 
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3. If a be an inaenery root of the equation z°—1 = 0, find the equation 
whose roots are a + 2a4, a? + 203, a? + 2a, a4 + 2a. 


Since 5 i is a prime and a is an imaginary root of z° — 1 =0, al] the 
roots of z° — 1 = 0 are given by 1, a,a”,.. er 


Therefore a, a7, a3, a4 are the roots of the equation 24 + 23 + 72 + 
z+1=0 and 2a, 20°, 203, 204 are the roots of the equation «4 + 973, 
4c7 4+ 82+16=0. 

Therefore (x* + 23 + 2? +44 1)(x4 + 223 + 4x? + 82 + 16) 

= («&—«a)(z — 204) (a — a*)(x — 203) (x — 0°) (x — 2a”) (x — a4) (2-20) 

or, 28 + 327 + 7r® + 1525 + 3124 + 30x? + 28x? + 242 + 16 

= {x? — (a+ 204)x + 2}{2? — (a? + 203)a + 2}{2? — (a3 + 20?)2 4 
2}{z? — (a4 : 2a:)x + 2} 

or, (c* + 18) + 3(03 + &) + 7(2? + 4) 4+ 15(e + 2) +31 

= eee — (a+ 2a4)}---{(a + 2 — (a4 + 2a)}. 

Let c+ 2=t. Then 2?+4=-4,0°+ % =¢-6t,c4+ = 

— 817 +8. 
Therefore ¢* + 3t? — ¢? —3t+11 = {t—(a+2a‘*)}--- {t— (a4 +2a)}. 


Hence the required equation is 7* + 32° — 2? — 32 +11=0. 


4, poe the equation z° — 1 = 0 and deduce the values of cos ¢ and 
cos 42 


The roots of z°® —1=0 are cos 24% +4 sin 247 | k = 0,1, 2,3, 4. 


i.e., 1,0, 0°, a°,a* where a = cos # +i sin 2. 


As a® = 1, the roots are 1, a, a”, eM i. 

Therefore x4 + 23 + 2? +.2+1= (2 ~a)(x — +)(2 — a?)(x— 3) 

= {x? — (a+ 2)a + 1}{2? — (a? + S)a + 1}. 

Dividing by z?, we have 

(a? + 3) + (@+ B) +1 = {let 3) — (at 2H (e+ 3) - (7 + aad) 

Let z+4 = t. Then 

t?4+¢-—1= (t—2cos 22) (t — 2cos an). 

This shows that 2cos 22 ™ 2cos = are the roots of the equation + 
t—1=0. The roots of i equation are Y5=1 =vbo1 


= ‘ an < 
Therefore cos 2% = Y2=1, cos 42 = — YSt1 since cos 22 > 0, 608% 
0. Hence cos = — cos F = V5+1 and cos 2m = Yon}. 
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5.9 Special roots of the equation x2” — 1 = 0. 


A root of the equation x” — 1 = 0 which is not a root of the equation 


pm-1=9, where m is any integer less than n, is said to be a special 
root of the equation x” —1=0. 


Theorem 5.9.1. The special roots of the equation x” — 1 = 0 are 
orn 


cos BE +i sin ", where r is a positive integer less n and prime to n. 
Proof. The roots sof x” —1 =O are 1,cos #7 +7 sin 22%, whereQ <r <n. 


1 cannot be a special root. The scsi root, if na be any, must be 
one or more of cos 22% +4 sin 22% arm where 0<r <n. 


Let us consider this following cases. 


Case I. r is not prime to n. Let gcd(r,n) = d. Then d > 1 and there 
exist integers r’,n’ such that r = dr’,n = dn’. Clearly, n’ < n. 


t Ss ? 
cos 22" + j sin 25% n= cos 2222 +i sin 2°22 


tt oA tnt 

= cos 22r nt 4+%4 gin 22r22 
TL rt) 

= cos 2r’x +72 sin2r’nx = 1. 


This shows that cos arr +i sin 2 is a root of the equation z” —1 = 0 
n 


where n' <n and hence cos 2" 2rt 44 sin 2" cannot be a special root of 
the equation x” — 1 = 0. 


Case II. r is prime to n. We prove that cos 2“ +i sin 2“ cannot be 


a root of the equation 7” — 1 = 0, where m is “any positive integer less 
than n. 


If possible, let (cos 2°" +4 sin 2rn\m — | where 0<m<n. 


Then cos armen +i sin omit = 


This requires rm must be divisible by n. But since r is prime to n,m 
Must be divisible by n which cannot happen since m < n. 


This proves that cos os +i sin arn is a special root of x” ~-1=0. 


Note 1. If n be a prime number, every root of the equation s” —1=0 
“xcept 1 is a special root. 


Note 2, A non-special root of the equation x” — 1 = 0 is a root of the 
“Wation 2” _ 4 0 for some m <n. Since the omnee roots of the 
faa 2” 1 =(0Q and 2™ —1=0 are the roots of az? —1=0, where 
cd(m,n), (i.e., d is a divisor of 7), it follows that each non-special 


om e equation x2” —1=0 is a root of the equation x? —1=0 for 
€ divisor d(< n) of n. 


tot of ¢ 
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For example, the non-special roots of the equation ~t=g ie 
given by the roots of the equations z — 1 = 0 and 2° —1 = 0, since 1 ang 
3 are the only divisors of 9 and less than 9. 


Note 3. The number of special roots of the equation 2” — 1 = 0 is the 
number of positive integers less than n and prime to n. Thus the numbe; 
of the special roots of the equation z* — 1 = 0 is $(n), where ¢ is the 
Euler’s phi function. 


Theorem 5.9.2. If a be a special root of the equation z” — 1 = 0, then 
+ is also a special root of it. 

Proof. The special roots of the equation z” —1 = 0 are cos orn +i sin arn 
where r is less than n and prime to n. 


If r is less than n and prime to n, then n —r is also less than n and 
prime to n. Therefore if cos arm +1 sin arn be a special root, then 

2(n—r)m ge os 2(n—r)x _ 2rm eg otn 2re 1 . 
cos “——- +7 sin = cos S* —1 sin = coe 22044 ain Zaz 18 also 
a special root. 

This shows that if a be a special root of the equation x” — 1 = 0, 
then = is also a special root of it. 


Note. The special root of the equation +” — 1 = 0 are the roots of a 
reciprocal equation of degree ¢(n). 


Theorem 5.9.3. If a be a special root of the equation x” —1 = 0, 


‘then 1,a,a?,...,a%~! is a complete list of distinct roots of the equation 
zg” -1=0. 
Proof. First we prove that no two of 1,a,a7,...,a"~! are equal. 


If possible, let a? = at where0 <p <n-1,0<q<n—landp>4@. 
Then a@?~4 = 1. 


This shows that a is a root of the equation z?—% — 1 = 0 whose degree 
is less than n and consequently, a@ is not a special root of the equation 


xz” — 1 = 0, a contradiction. Therefore no two of 1,a,a?,... ja"? are 
equal. 

Again each of 1,a,a7,...,a"~! is a root of x” — 1 = 0. Since these 
roots are n in number, 1,a,a”,...,a"- is a complete list of the roots 


of the equation x” —1= 0. 


Note. Ifn be a prime and a be a special root of the equation 2" —1 = 0, 
then a,a?,...,a"—' is a complete list of special roots of the equatio® 
xz" —-1=0. 
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orem 5.9.4. If a be a special root of the equation 2” — 1 = 0, the 
e set of special roots is given by {a%,a°,.. ee ee 
less than n and prime to n. 


The 
complet 
integers 
proof. Each of a*,b’,... is a special root by the previous theorem. No 
-wo of them are equal, because a* = a? => a?-> — 1 and sincea—b <n, 
this implies that a is not a special root. 


We now prove that each special root of x* — 1 = 0 is included in the 
set {o2, 0°, . sf 

Let 8 be any special root. Then £ being a root of x” ~— 1 = 0 is one 
of a,07,..-,077*. 

If possible, let B = a where s is less than n and not prime to n. 
Let d be the g.c.d. of s and n. Then there exist integers s’,n’ such that 
g=ds',n=dn' and n’ <n. 

Now 6” = as™ = ats’ — (q")§" = 1, a contradiction, since 9 is a 
special root. Therefore 6 is one of a°, a?,... and the proof is complete. 


Theorem 5.9.5. If n = pqr where p,qg,r are distinct primes or powers 
of distinct primes, the roots of x" — 1 = 0 are n terms of the product 
(Itata?+---+aP)(1+ 84+ 6? +---+89 *)(l+yt+yt--+7"74), 
where a is a special root of z? —1 = 0, @ is a special root of z?-—1=0,+¥ 
is a special root of x” —1=0. 
Proof. Since @ is a special root of the equation x? — 1 = Q, 
1,a,07,...,a@?-1 is a complete list of distinct roots of the equation 
z?~1=0. Similarly, 1, 6, 6?,..., 897+ is a complete list of the roots of 
the equation 2? — 1 = 0; 1,7,77,...,7"~? is a complete list of the roots 
of the equation x” — 1 = 0. 

Any term of the product is of the form a°8°y° where 0 < a < p—1,0< 
b<q-10<c<r-1. 

a*Bby? is a root of r* — 1 = 0 because (a78°7°)” = a Ayr = 
(a?)99" (g9)brp(-yr yopa =]. 

The n terms of the product will give a complete list of roots of z*—1 = 
if we can prove that no two terms of the product are equal. 


If possible, let a%B?° = a: Bey, where 
O<a<p—-1,0<b<q-10<SceKSr-1 
O<a'<p—-1,0<0'<q-10<e<Sr-l1. 


Then g2-2’ — Br’ —bye'—e, 
a a®-2' is 2 root of a? — 1 and BY-°y°-* is a root of 4” —1=0 
SItce p and gr are prime to each other, the equations 2? — 1 = 0 and 
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zi” — 1 =0 have no common root except 1. . 

Since a is a special root, a # 1 and also at-? #1, unless a = g : 
a —a’ is an integral multiple of p- 

Therefore a%B?y° = a® 6? 7° can occur only when a = a’,b =} ang 
c=c. 

This proves that no two terms of the product are equal and therefore , 
terms of the product give a complete Itst of distinct roots of the equation 
xz” -1=0. 


Note. The theorem can be generalised to the case when n is the product 
of a finite number of distinct primes or powers of a finite number of 
distinct primes. 


Examples. 
(i) Let n = 6 = 2.3. 
—1 is a special root of x? — 1 = 0, w is a special root of x? —1=0, 
Then the 6 terms of the product [1 + (—1)][1 + w +w?] give all the 
roots of the equation z® — 1 = 0. The roots are 1, —1,w, —w,w?, —w?. 
(ii) Let n = 12 = 22.3. 
i is a special root of z* — 1=0, w is a special root of x? —1=0. 
Then the 12 terms of the product [1 + 7+ 77 + ®][1 + w +4} 


give all the roots of the equation 212 —1 = 0. The roots are 
1, w, w?, i, iw, iw”, —1, —w, —w?, —i, iw, —iw?. 


Theorem 5.9.6. Let n = pq, where p and gq are prime to each other. If 
a be a special root of the equation z? — 1 = 0 and 8B be a special root 
of the equation z7 — 1 = 0, then af is a special root of the equation 
a" —1=0. 
Proof. (a8)" = (af)?4 = 1 and therefore af is a root of the equation 
xz" —1=0. 

Let (af8)* = 1. Then a* = B-*. Therefore a* = Bra, 

B being a root of x? —1= 0,87 = 1 and therefore a%* = 1. 


Since a is a special root of z? ~1 = 0 and a% = 1, it follows thet 
qk > p. 


Let gk = sp+r where s andr are integers and 0 <r <p. 
l=a%*% >l=aq?t’ s1=q'. 
Therefore r = 0 and hence gk is divisible by p. 


Since p and q are prime to each other, gk is divisible by p implies 
is divisible by p. 
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By similar arguments, k is divisible by gq. 


gince p and q are prime to each other, k is divisible by n. 
Therefore (aB)* =1 oz k is divisible by n. This proves that af is a 
ecial root of the equation x” —] = 0. | 
$s 


Note 1. T he theorem can be generalised. 

Let 2 = P1P2--Pr) where P1, P2, ---, Pr are pairwise relatively primes or 
powers of pairwise relatively primes. If a; be a special root of z?!—1 = 0, 
ay be a special root of z?? —1 = 0, ..., a, be a special root of 2?" -1=0 
then 011.02 - - - Or is a special root of the equation «” — 1 = 0. 


Note 2. If p and q are relatively prime, ¢(pq) = 4(p).¢(q). Therefore 
the number of special roots of z?? — 1 = 0 are obtained by multiplying 
each of the @(p) special root of z? — 1 = 0 by each of the ¢(g) special 


root of x7 —1= 0. 
In particular, let n = pg, where p,q are distinct primes. 

If a be a special root of z?—1 = 0 and £ be a special root of c7—1 = 0, 
then the special roots of x” —1 = 0 are (p—1)(q—1) terms in the product 
(ata? +---+aP—1)(8+B?+.---+ 89-1), since each term in the product 
is a special root of x?? — 1 = 0 and there are ¢(pq) terms in the product. 


Examples. 
1.6=2.3. 2and 3 are relatively prime. The special roots of 3-1 =0 


are w,w*; and the only special root of z? — 1 = 0 is —1. 


2 


. 1+ V3i 
, 1.€., . a 4 


Hence the special roots of «© — 1 =0 are —w, —w 


Note. The special roots of x? —1 = 0 are all non-real roots of z?—1 = 0. 
Hence the special roots of «®—1 = 0 are negative of all the non-real roots 
of the equation x? — 1 = 0. But the equation whose roots are negative of 


the roots of the equation x? — 1=0 is 2° +1=0. 
Therefore the special roots of z° — 1 = 0 are all the non-real roots of the 


equation 7? +1 = 0. 


The number of special roots of x” —1= 0. 
l.lfnbea prime, the number of integers less than n and prime to n is 
”%~1. Therefore the number of special roots of z"° -1=0isn—1. 
_ fn = p*, where p is a prime and a is a positive integer > 1, the 
negers < p® and not prime to p® are p, 2p, 3p,..- ,p°—*p. Therefore 
wpe of integers less than p* and prime to 
~p) =n(1— 5) 
P a) ; 
So the number of special roots of 2” — 1 = 0 is n(1 — a): 


p* is p* — pe See 
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3. If n = p%q?, where p,q are distinct primes. 
Let ¢(m) denote the number of integers less than m and prime to m 
Then ¢(mn) = ¢(m)@(n), where m,n are prime to each other. 


Since p,q are distinct primes, p*, g° are prime to each other. There. 
fore $(p%q") = $(p%)9(q°). 

b(n) = $(p")6(g8) = p2(1 - 4)a*(1 — 3) = (1 - F)(1— 9). 

Therefore the number of special roots is n(1— 5)(1 — 7). 


4. If n = p{'p>?...pye* where pi,p2,---,Pke are distinct primes, the 
number of special roots of x" — 1 = 0 is n(1 — +) - +) (1-4), 


For example, the number of special roots of the equation r*° — 1 =9 
is 6(40) and $(40) = ¢(2°.5) = 40(1 — 4)(1— §) = 16. 


Worked Examples. 
1. Find the special roots of the equation x}? — 1=0. 


The special roots of +1* —1 = 0 are cos art +7 sin arn , where r is less 


than 12 and prime to 12. 


The integers less than 12 and prime to 12 are 1, 5, 7,11. 
Thus the special roots are cos <* arm +7 sin an , where r = 1,5. 


ie., cos 2 +i sin Z,cos +i aie i.e. , MBE VBE 


Alternative method. 


Since 1, 2,3,4 and 6 are the only divisors of 12 and less than 12, the 
non-special roots of the equation z!? — 1 = 0 are the roots of zs —1= 
0,2? —-1=0,2? -1=0,24-1=0 and r® -1=0. 

The lem of x — 1,2? —1,2° —1,2°—1 and 24 —1 is (x6 —1).(z? +1). 


121 Sane ey 
CESSES) DG wy =2 za +1. 


The special roots of 2!” — 1 = 0 are the roots of 4 — 2? +1=0. 
Dividing by z?, wehave (27+ 4)-1=0. 
Let t= 2+ +. Then t? —-3=0. This gives t = + V3. 
When t = V3,2 = Y3#!. When ¢ = —V3,2 = =VS#i, 
Hence the special roots are bee =v 
2. Show that the special roots of the equation x9 — 1 = 0 are the roots 
of the equation 2° + 27 +1=0. 


Since 1 and 3 are the only divisors of 9 and less than 9, the non-special 
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° 9 _ P 
oot of the equation 2° — 1 = 0 are given by the roots of + — 1 = 0 and 


gale 


qhe lem of x — 1 and 2° — Lis 43 — 4, zt =o +7341, 


The special roots are the roots of the equation 1° + 73 .4=5 
3, Find the special roots of the equation x4 — 1 = 0. Deduce the values 
of 08 7 and cos oe 


—~)])=— 2r 
The special roots of x?“ — 1 = 0 are cos a +i sin 222 where r is less 


than 24 and prime to 24, ie., when r = 1, 5 7, 11, 13, 17,19, 23. 


Let « = COS jy +7 sin 75. Then the special roots are 


5 27 ,z11 _1 1 1 1 
Ot, OO Os GIT) G7) OB? as 


The divisors of 24 (< 24) are 1,2,3,4,6,8 and 12. The non-special 
roots of x24 — 1 = 0 are the roots of z!* -1 =0 and 2? —1 = 0, since 
the divisors 1, 2,3, 4,6, 12 of 24 are also divisors of 12. 


The lem of x1? — 1 and 28 — 1 is (x!* — 1)(a* + 1). 
ar aye AT) =a2°—a* +1. 
The special roots are the roots of the equation 2° — 2 +1=0. 
Therefore 2® — 24 + 1 = [(2 — a) (x — 4)][(x - a\(e - +)| 
[(2 — a”)(2 — a7 I(x — a)(x — on air) 
= [2? — (a + 2)a + 1][x? — (a5 + Jp) + [2 - (a7 + ar)e +1] 
[x2 — (at! + sy)a + 1]. 
Dividing by x*, we have 
a+ 3-1 = [(e + 4) —2cos S][(e + 5) - 2.cos $F 
[(a + 2) — 2cos 43][(x + 1) — 2cos 47]. 


aa: = t. Then ue 
tf — 442 nt l=(t— 2cos 4 )(t — 2.cos 25 25 y(t — 2cos 4 wat — 2cos == 
= (t? — 4cos* =)(? - 4 cos” 8). 
Taking ¢2 = z,227—-A4z+1=(z- 4 cos? 45)(z — 4 cos” 2%). 
— = 0. 
This shows that 4.cos? % 4 cos” Sz are the roots of 227 -4z+1= 
The roots of the equation 27 — 4z+1= 0 are 2+ V3. 


on 
He cos” ied cos? 23. 
Tce cos? b= 2+V3 | cos? 8% = 2-v3 since 12 


v3 _ y3-1 
Therefore cos & = v24v3 Yah cos 5% ia ay JA Si 
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Exercises 5E 


1. Solve the reciprocal equations 
(i) at + 2° +227 +2+4+1=0, 
(ii) at — 82° + 172? — 8c +1 =0, 
(iii) xt — 4a? + 3a? — 4e +1=0, 
(iv) 2n° + 5a* — 5a —2 =0, 
(v) 3a° + 7a* — 42° + 4? - 72 —3 =0, 
(vi) 22° — 324 — 2? — 2? - 32 +2=0, 
(vii) 2° — 824 + 827 -1=0, 
(viii) 2° + 824 + 82? +1 =0, 
(ix) 2§ — 25 4+ 24 — 223 +2? -2+1=0, 
(x) 2” + 42° + 425 + 24 — 2° — 40? — 40 —-1 = 0. 
2. Prove that each equation is reciprocal and solve it. 
(i) (ce +1)*+244+1=0, 
(ii) 2 +14 (x? +.1)(2? —2 +1) =0, 
(iii) (2? +2 +1)? +2° -—2? +1=0, 
(iv) (2? +2+41)* + (2? —24+1)44+2°+1=0. 
3. Find a substitution of the form z = my +n which will transform the 


equation 327 + 2° + 32? + 312 + 10 = 0 into a reciprocal equation. 
Utilise this to solve the equation. 


4. Find a substitution of the form 2 = my which will transform the equation 
x’ + 5a? + 142” + 202 + 16 = 0 into a reciprocal equation. 
Utilise this to solve the equation. 


5. Diminish the roots of the equation 24 — 82° + 202? — 242 +12 = 0 by 1 and 
hence solve the given equation. 


6. Increase the roots of the equation +4 + 72° + 202? + 272 +15 = 0 by 2 and 
hence solve the given equation. 


7. If w1,wW2,...,Wm be m distinct mth roots of unity, prove that 

(i) (a+ bus)(a-+ boa). (a+ bam) = a™ + (1) "24M, 

(ii) (a + bwi)™ + (a + bw2)™ + +>» + (a+ bwm)™ = m(a™ + b™). 

[Hint. (i) Take = —¢ in the identity 2” ~1 = (2 —wi)(a—we) >: (c-wm)] 


8. Solve the equation x —1=0. Deduce that 2cos 2%, 2cos 4¢, 2cos oF are 
roots of the equation t® + 4? — 2t-1=0. 
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ive the equation z'' ~1=0. Deduce that 


So 4n 5 
9, 2 cos 3% cos 4® cos 82 = 1 
cos 71 08 ir CO° 11 i 1i ~ 35: 


_yfa be an imaginary root of 2"! — 1 = 0, prove that 
() (a+ 1)? +1)---(@ +1) = 1, 
(i) (a + 2)(a? + 2)... (a +2) = 2 


sp. 1b, By be the roots of the equation 2° + 227 + 1 =0, find the equation 
whose roe 1 | oe os 

()at ght prtyi  (ii)o+By,8 + 0,74 af; 

(ii) 2a + 2,28 + Br. 27+ 5. 
12. If a, 8,7 be the roots of the equation 2° + 3z +1 = 0, find the equation 
ghose roots are G + Bey fate: 


13. If a, 8,7,6 be the roots of the equation z* + 327+ 2+41 = 0, find the 
equation whose roots are 

é 1 . - 

()atst,B+ 5,74 4,64 5; (ii) a+ 3,8+3,7+ 2,64 2; 

(iil) 2a + 2,28 + 5, 2y + +, 26+ 4. 
14, If a be a special root of the equation z° ~ 1 = 0, prove that 

' 8 

(i) (@+2)(a? +2)...(a7 +2) = 254, 

(i) 1+ 3a +50? +---4+15a7 = 38. 


15. If « be a special root of the equation 27? — 1 = 0, prove that (a + a!) 
(o° +07) = -3. 


16. Find the special roots of the equation z? — 1 = 0. Deduce that 
2cos 2", 2cos 4* 2 cos 8 are the roots of the equation x* ~ 3x +1=0. 


17. Find the special roots of the equation z’° — 1 = 0. Deduce that 


2 . 4_ 3 
2cos 7f, 2.cos 4% 2cos or 2cos +82 are the roots of the equation 2° — x2” — 


tt dot 1 — 9, 
1& Find the special roots of the equation 279 —1 = 0. Deduce that 


"08 75, COs 1 COS i cos 2% are the roots of the equation 16¢* — 2027 +5 = 0. 
18, Show that the special roots of the equation 2’° — 1 = 0 are the non-real 
Toots of the equation 7° +1 = 0. 

0. If n be a prime number, prove that the special roots of the equation 


gn : os 
1=0 are the non-real roots of the equation 2° +1=0. 


21, ‘ 2n 4a 
2 lfn be an odd positive integer, prove that the equations 2°" — | 0 and 


~1=9Q have the same number of special roots. 


22. FB: : 
Find the number of special roots of the equation 
a4 19, (i) 297-1 =0, (itl) 27 -1=0, (iv) 2-1=0. 
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5.10. Equations with binomial coefficients. 

The general equation of degree n can be taken in the form 

aoz” + naz") + (n=) gonr? +++: +@n = 9, 
where the coefficients of x” is "c,a,, the murce ical component "¢, being 
the numerical coefficient of 2” in the expansion of (1 + x)”. 


The equation having such a form is said to be an equation with jj. 
nomial coefficients. Denoting such a polynomial of degree n by U,,, we 
have 


U, = apr+ ai, 
U2 = apz + 2a,2 + aa, 
U3 = agx? + 3a,27 + 3ag% 4+ a3, 


Us, = anu? + 4a, 23 + bax? + 4a37 + a4, 


It is easy to deduce that the derived polynomial of U,, is nU,_}. 


The main advantage of taking an equation with binomial coefficients 
is that it becomes very convenient to express the transformed equation 
when the roots are diminished by h. 


If a), Q2,...,Q@n be the roots of the equation 
f(x) = agx™ + nayx™1 + mn—D gaan? +-+--+a, =0, 


then the equation whose roots are a,—h,a2—h,...,a,—h is f(r+h) = 
0. 


Now f(x +h) = f(h) +af'(h) + 5 f"(h) +--- + 2 f7(h). 
If f(z) =U, (x) then f(z) = nUz_1(z), 
f(z) = n(n-1)Uy_2(2), 
f--'(z) = n(n-1)...2U;(z), 

f" (x) = nlapo. 
f(a + h) = aga” + nUy(h)a™-} + 2D yy, (pg? 4... + Un(h) 
= apz” + n(agh + ay )a™-1 + nin~) (agh? + 2agh + ag)a"2 +°°'°T 

(doh + nayh2 +--+ aq) 

= Apz” + nAyor-14 w=) Arg? $ret A, 


This shows that the transformed equation is also an equation with 
binomial coefficients. 
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; The cubic equation. 
; ig general form of a cubic equation with bi 
aor? + 3a 27 + 3ao2 + az =0 (i) 


Let us apply the transformation x = y + h in order that the trans- 
ed equation may want the second term. 


fo The transformed equation is 
ao(y + h)° + 3ar(y + h)? + 3ao(y + h) +a3 =0 
of aoy? + 3(agh + ay)y” +b 3(agh? + 2ayh + a2)y + (agh? ee 3a,h? de 
jah + ag) > | 
since the equation wants the second term, h = —%. and the equation 
0 


reduces to ; 
3 4 glooaa ar), 4 (a0°as—Sa0araat+ai°) 
y + a! ao y + ao — 0. 


Using the standard symbols H = agaz — a7, G = ap2a3 — 3a9a,a9 + 
90,3, the equation takes the form | 
y+ 24y+ & =0... (ii) 
The roots of the equation are a + at, B+ i,y+% where a, 8,7 are 
the roots of the cubic equation (i). 


nomial coefficients is 


Sincea+B+y7 = a the roots of the equation (ii) are $(20 — 6 — 
1),3(28 — 7 — @), 3(27 — a — B). | 

Multiplying the roots of this equation by ao, the transformed equation 
becomes 27 + 3Hz+G=0. 


This is called the standard form of a cubic equation. 
The roots of this equation are apa + a1, a08 + a1, 407 + a1 


ie., $2(2a — 8 — y), 2 (28 —y—@), P(2y—-a— A). 


Note. E(2a — 6 — 7)(28 —y—a) = ZF and 


Qa ~B — )(28 — 7 — a)(2y -a— B) = —71G. 


SLL, The equation whose roots are squares of the differences 
of the roots of a cubic equation. | 

Let a, 8,-y be the roots of the cubic equation 2° + qx +7 = 0. 

To find the equation whose roots are (3 — 9)? (y- a)’. (a — 3y. 


net y = (8 — )? 

a crea ix : = 
Then y = (8+)? —4By = a2+*%. since ate ty = 0, ao, = 7% 
her 

Aerefore g3 — ay + 4r = 0. 3r 


Ree a8: oop = 0, we have (¢+y)a — 37 = 0, Or a= F4G° 
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Hence a) + (25) rae 


2 — 
or, (y + q)* +3q(y +9)? +27 =9 
or, y3 + 6gy? + 9q2y + 27r? + 4q° = 0. 
This is the required equation. 


(A) 


If it is proposed to form an equation whose roots are squares of the 
differences of the roots of the cubic equation 
doz? + 3a;27 + 3a2z + 43 = 0 - (i) 
we first remove the second term. The transformed equation is 
y+ hy+S=0 -- i) 
and its roots are a+ a B+ ait ani where a, 8, y are the roots of the 
equation (i). 
_ ae a fs a. 

Let a’ =a+ mie = oe a0? 7 =yt+ ao" 

Then #’ —7/ =6-17,7 -o =y—-4,0°-f =a—B. 

Therefore the equation whose roots are squares of the differences of 
the roots of the cubic equation (i) is same as the equation whose roots 
are (B’ — 7')?,(7' — a’)*, (a’ — 8")?, and the equation can be obtained 
by putting gq= sar = os in (A). 

Therefore the required equation is 

a? + Hy? + SEs + 25 (G24+4H%)=0. --- (B) 
Note 1. It follows that (a — 8)*(8 — y)?(y— a)? = —25(G? + 4H). 
Note 2. Nature of the roots. 


Assuming that the coefficients are all real, we discuss the nature of 
the roots of the equation apr* + 3a; 7? + 3agr + a3 = 0. . 


Case IJ. G* + 4H? > 0. 
In this case (a — f)?(B — y)?(y — a)? < 0. The cubic has two imag- 
inary roots, because otherwise, if all the roots be real then each of 


(a — B)*, (8 — 7)”, (y — a)? is non-negative and therefore their product 
cannot be negative. 


Case II. G? + 4H? <0 and H < 0. 

In this case the signs of the coefficients of the equation (B) are alter 
nately positive and negative and therefore, by Descartes’ rule of sign: the 
equation (B) has no negative root and consequently, the given equation 
has all its roots real. Because otherwise, if \ + pi be a root of the give? 
cubic then A — i will be another root and the square of their differen? 
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qpich is root of the equation (B) 
; contradiction. 
case III. G* + ey 0. 
boy ae, altel eee _ ‘ ie) 2€TO and 
case IV. G? + 4H® = 0 and H =9, 

In this case the equation (B) reduces to 23 = 0 and this proves that 


“sf 2 — 0, = 2 = 0, = 2 = : 
ae se m a a Therefore the given cubic has 


1 


this proves the 


Worked Examples. 
1. Find the equation whose roots are squares of the differences of the 
roots of the equation x° + 92? + 24x + 20 = 0. What conclusion do you 
draw about the nature of the roots of the given equation? 

Let a, 8,y be the roots of the given equation. _ 

Let us apply the transformation z = y + h in order to remove the 


second term. 
The equation transforms to 


(y +h)? + Oy +h)? + 24(y +h) +20 =0 
or, y> + (3h + 9)y? + (3h? + 18h + 24)y + (h? + 9h? + 24h + 20) = 0. 
Since the second term of this equation is to be absent, h = —3. 
The transformed equation is y? — 3y + 2 =0. 
The roots of the transformed equation are a + 3,8 + 3,7 + 3. 


Let a! =a + 3,f' =B+3,7 =7+3. 2 
Therefore the equation whose roots are (a — 8), (8 yy, (y = a) 1S 
same as the equation whose roots are (a’ — §’)?, (8’ — 7’), (7 — 2’). 
2 , 
Let z = (a! — B')?. Then z = (a’ +f’)? - 40'8’ = 7° + 37, Since 
a + Bl 4 =e 0, a! Bly! = =2 
Therefore 7’ oe yVz2+8=0. ; 2 
Since 7/3 — 35/ + 2 = 0, we have 7/(z— 3) = 6, 8 Y = 2-3" 
Hence (-8,)% — 3(=8,) +2=0 
or, 2(z — 3)3 — 18(z — 3)? + 216 = 0 
or, 23 — 1822 4 giz = 0. 
This is the required equation. 
One root of the transformed equation, 
Toots of the given equation are equal. 


say (a — 8)° is zero. That is, 
Wyo 
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2. Find the equation whose roots are squares of the differences of the 
roots of the equation 7+ 2+2 = 0 and deduce from the Tesulting 
equation the nature of the roots of the given cubic. 


Let a, 8, be the roots of the given equation. 

Let y = (8 — 7)?. 

Then y = (8 +)? — 467 = 02 + 2, sincea+ P+7=0, aBy=~» 
Therefore a® — ay +8 = 0. 

Since a? + a +2 = 0, we have a(y +1) =6, or a= mea 


Hence ($7)? + 77 +2=0 
or, (y+ 1)? + 3(y +1)? + 108 = 0 


or, y® + Gy” + 9y + 112 =0. 
This is the required equation. 


By Descartes’ rule of signs, this equation has at least one negative 
root. Therefore the given cubic must have a pair of imaginary roots. 


5.11.2. The general solution of a cubic. Cardan’s method. 


Let the cubic equation be az*+3b27+3cr+d=0 --- (i) 
This can be put in the standard form z? + 3Hz+G =O, 
where z = ax +b, H = ac— b?,G = a*d — 3abc + 20°. 


To solve the equation, let us assume z = u+ v. 

Then 23 = u? +. v? + 3uv(ut+ v) = u3 4+ v3 + 3uvz 
or, 2° — 3uvz — (u® + v3) = 0. 

Comparing this with z> + 3Hz+G =0, we have 
w=-H wirv=-G. 


Therefore u? = $(-G + /G? + 4H3), v3 = 4(—G — VG? + 4H). 


If p denotes any one of the three values of {3(-G + VG? +43 yp, 


then the three values of u are p,wp,w*p where w is an imaginary cube 
root of unity. 


And since uv = —H, the three coresponding values of v al 
—H —w*H -wH 
po? Pp 2 p 


Hence the values of z are p — E wp — wd wp — oe and the three 
2 
values of x are +(p — = — b), (wp - oH — b), 4(wp — wif — b). 


This gives the complete solution of the equation (i). 


The method of solution is called the Cardan’s method of solution 
although the method owes its origin to Tartaglia. 
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ba: When G?+4HP < 0, the roots of 


the : : 
Car dan’s solution gives them in ci equation are all rea] 
u a 


In this case we use De Moivre’s theorem to obtain 
the following manner. 
tet G? + 4H* = —k?. 


Then us? = $(-G + ik), v? = +(-G _ ik). 


_ k —d i 
Let ee =rcos 0,5 =rsin 0, where —x <O< 7. 


Then u? = r(cos@ +7 sin@) and r? = — 73. 


the real roots in 


Therefore the three values of u are Vr(cos $ +3 sin gy, 
2n+0 . ain, 24+80 4 Pe 
y(cos 25¢2 + i sin 8E2), Yr(cos SAH! +; sin dnt8) 
Also since uv = —H, the corresponding values of v are 
6 4 wy 9) 3 2n+O sos) Onteg = 
¥/r(cos 3? Sin a), W/r(cos ante ~ sin ante), */r(cos dato —i sin Ant0). 


Hence the values of z are 24/r cos 3, 2.,/r cos 2#+8, 2./Fcos doe, 
ie. 2/—H cos g. 2/ —H cos 2nt6 | 2./—H cos dnt9 


Worked Examples. 
1. Solve the equation 2° — 182 —35=0. 
Let zr =ut+v. 
Then 2? = u? + v3 + 3uvz 
or, 2° — 3uva — (u3 + v3) = 0. 
Comparing with the given cubic, we have uv = 6 and u® + v? = 35. 
Therefore u? = 1(35 + »/357 — 864) = 27 and 


v3 = 1(35 — \/357 — 864) = 8. 
The three values of u are 3, 3w,3w” and the three values of v are 
2,2w, 2w?, Since uy = 6, we have ut+v=3+2,3w+ Qu, 3w? + w. 
; = i —5—V3i 
Hence the roots of the given equation are 9, 54 V5i | a 
2. Solve the equation 23 — 15a? — 33 + 847 = 0. 


Let us apply the transformation x = y + h in order to remove the 


Second term. 


The transformed equation is 
V+ h)> — 15(y 4+. n)2 — 33(y +h) +847 =0 , aa 
93+ (3h — 15)y? + (3h? — 30h —33)y + (A? — 15h? — 33h + 847) = 0 


= =0 - @ 
"5 and the equation reduces to y° — 108y + 432 
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Let y=u+u. 

Then y? = u3 + v3 + 3uvy 

or, y® — 3uvy — (u? + v°) =0 

Comparing with the equation (i), we have wy = 36 and uP + 43 . 
—432. Therefore u® = v? = —216. 


The three values of u are —6, —6w, —bw?. 


Since uv = 36, the corresponding values of v are —6, ~6w?, —6w, 
Then y = —12,6,6 and the roots of the given equation are —7, 11,1), 


3. Solve the equation 2? -—3r—1=0. 
Let r=u+v. 
Then x? = u? + v? + 3uve 
or, 2° — 3uva — (u? + v’) = 0 
Comparing with the given cubic, we have uv = 1. and u? + v3 = 1. 
Therefore u3 = 3(1 + V3i), v3 = §(1 — ¥31). 
or, u = (cos} +2 sin 2)3, v = (cos 5-1 we 
The three values of u are cos§ +7 sin 7 cos z+ 4 sin 2 , cos #4 lan 4 
i sin in 


and the three values of v are cos  —i sin Z,cos @ —i sin %, cos # - 
A3a 
i sin 43% 


Since uv = 1, 


u=COs> g +7 sin § corresponds to v = cos § —i sin § 

u = cos % +i sin 2 corresponds to v = cos iz —1i sin “ta 

u = COS 18s +4 sin 4" corresponds to v = cos 13% — i ; sin 4$*. 
Taking a = u+ uv, the roots of the given equation # 


137 


2 cos =, 2cos @ , 2 Cos “3 


Note. The roots of this cubic equation are al] real. 


Exercises 5F 
1. Find the equation whose roots are squares of the differences of the roots of 
the equation 
(i) 2° + 32+1=0, 
(ii) 2? + 62? +97 +4=0, 
(iii) 2° + 3827 — 24a + 28 = 0. 
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5 Determine the nature of the roots of the equation in Ex.1. 
g, If a B, 7 be the roots of the equation 73 — 3qr +r = 
(i) (a — B)(B — 9) (7 — @) = £/27(493 — 73), 
(ii) (a — B)(B — y) = —9q. 
4. If a, 8, 7 be the roots of the equation x3 — 397 4. = 0, show that 
(i) (078 + By + ya) + (af? + By? + a2) = 3p, 
(ii) (078 + B’y + 77a) (0B? + By? + ya?) = ~27q3 + 9r?, 
(iii) a° 8 + By + a = af? + By + ya = ~997. 
5. If a, 8, be the roots of the equation x? — 92 + 9 = 0, prove that 
(a — B)(B — y)(y — a) = £27. 
6. If a, 8,7 be the roots of the equation x* — 32 — 1 = 0, show that 


(i) the equation whose roots are (a —6)(a—~), (8@—7)(8—«@), (y—a)(y—8) 
is x? — 927 +81 = 0; 


(ii) the equation whose roots are a — 8,8 — 7,7 —a is x? ~9x+9=0. 


0, show that 


7. Ifa+b+c=0,a? +b? +c? = 42, a? +b? + c® = 105, show that 
(a — b)(b — c)(c — a) = +63. 


8. If a, 8,7 be the roots of the equation x* — qx + r= 0 find the relation 
between g and r so that (a — 8)”, (8 — y), (y — a)? may be in 


(i) arithmetic progression, (ii) geometric progression. 


9. If a, 8,-y be the roots of the equation x* — 3z + 1 = 0, prove that 


a gq? 1 a4 a 1 
(i)| 68 Bp? 1 [=+27, (ii) Bs p 1 j= +27. 
1 a a ee 


10. Solve by Cardan’s method 
(i) 2° - 272 ~— 54 = 0, 
(ii) c° — 92 + 28 = 0, 
(iii) 27 ~-127 +8 =0, 
(iv) 2° — 37 —2cosA =0(—7 < AS7™); 
(v) 3 -6¢44=0, 
(vi) 923 — ge — 4 =0, 
(vii) 229 — 32 +1 =0, 
(Viii) 23 + 92? + 15a — 25 = 0, 
(ix) 2 _ 6? _ 62 —7 =0, 
(x) 29 + 322 _ 3 — 9, 
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11. Pape that the relation among the coefficients ao, 2,43 SO that the 
tion aox? + agz+a3 = 0 ney be put in the form x* = (2? + pa + q)? is “qua, 
az? + 8apa3" = 0. 

Utilise this to solve the equation 

(i) 12527 — 102 —1=0, 

(ii) 642° — 72a + 27 = 0, 

(iii) 272° — 62 +1 =0, 

(iv) 82° — 362 — 27 = 0. 


2 
[ Hint. (i)p= 5 =-$.4=2 ss: | 


12. Use the identity 
(x+p+4q)(2+wp+wq)(c+w?p+wg) = 2° +p + 9° — 3pqz to solve the 
equation 


(i) 2*—122+16=0, (ii) 2? —-127+65=0. 


5.12. The biquadratic equation. 
The general form of a biquadratic equation with binomial coefficients 
is - 
aoz* + 4a;x° + Gagr? + 4agxt+ag=0. --- (i) 
Let us apply the transformation x = y + h in order that the trans 


formed equation may want the second term. 
The transformed equation is 


ao(y + h)4# + 4ai(yt+ h)s + 6ae(y + h)? + 4a3(y + h) +44 = 0 
or, aoy* + 4(agh + a1)y? + 6(agh? + 2azh + ao)y? + 4(aoh® + Sash? + 
3agh + a3)y + (agh4 + 4a,h3 + 6agh? + 4a3h+ a4) = 


Since the transformed equation wants the second term h = a and 
the equation reduces to 


ee 
agy* aa & ~ (aga2 —4a;")y? a an (a a3 — 3a9a aq + 2a) 3)y+ as (ag 

4ag*a1a3 + Gandia — 3a;*) = 
Using the standard symbols H = agaz — a,7,G = ag2a3 — 30091" 


2a;3 and I = aga, — 40143 + 3a”, the equation takes the form 


aoy* + SH y? i “Gy + a3 (a7 — 3H7) = = 


pet 
The roots of the equation area + 2, B+ 3,7 + eer af 
a, B, y,6 are the roots of the equation (i). Lg6- 
Sinceea+B+7+d= ar the roots are $(3a — 8 - —y- 44 
7-6-0), 4(87 -5 — a — B), §(85 - a — B- "). 


THEORY OF EQUATIONS 271 


Multiplying the roots by ag, the transformed ion j 
z4+6H2z? +4Gz4 (ag? — 3H?) — aie 


This is called the standard form of a biquadratic equation. | 


The roots of this equation are 4a0(3a — pa dns 4 ke 
2),40(37 - 5 @— 8), 440(35 — a — B— 4), ), 440(36 — 7-5 — 


worked Example. 


1, Ifa, 8,7,6 be the roots of the equation aox* + 4a, x + Gaya? +4a3x+ 
a, = 0, find the value of 


(i) (e+B-y—4)(8+7-a-6)(y+a-f-5), 
(i) (Ba—B—y—0)(38-7-a—5)(3y—a-B-65)(35-a-B-7). 
Let us apply the transformation z = y + h in order to remove the 


second term. Then 
ao(y + h)* + 4ai(y + h)® + 6a2(y +h)? + 4a3(y +h) +04 =0 


or, agy4 + 4(aph + a1)y* + 6(agh? + 2ajh + a2)y? + 4(agh? + 3a,h? + 
Sanh + a3)y + (aoh* + 4a,h? + 6agh? + 4azh + a4) = 0. 


Therefore h ina and the equation reduces to 
cane Pe 3 
agy* + 6( 202221 )y? + 4( so-aa—Bageaat 2a) yy 
$.ni5 2 a 
ref a4ao” —4a9 0103-60004 a2—3a} )= 0. 


ao 
Let a’, B’, y’, 6’ be the roots of the transformed equation. 
Then a =a! — 2B = B'— B,y= 7 — Gb =F — a 
(i) (a+ B-—y—d)\(B+y-a—-5)(y+a-B-94) 
= (a! + p’ — 7! Be 5')(B" +7! — aq! — 5')(7 +a’ — p S 6’) 
= ~8(7/ + d'\(a’ + 5')(B! + 6’), since a! + B+’ +6'=0 
a —8[5"° + 5 (a! + p' +7) + 6'(a’ p’ + ply +a’) +a’ p’y’] 
= -8Da0’8'7', since a’ + #’ +7 = —§ 
ad y a oe 3 G 
= 32(20-da~Sancgaa+2a1- ) = 2g, 
Mi) (30.~ p —— 6)(38 -y— 9-0) (817-82 B) (35-4 PY) 
= (Ba! — p! — 4! —5')(36" —9/ - 4! — a! (37 — 8-0" BBE — FP =) 
= 4a!48'.4y’ 46’, since a’ + Bi+y td =0 


4 021-3H? 
~ 256 (24002 —ag?aos-+-6a0e1"a2—S02") = 256( “got 
a0 
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5.12.1. Ferrai’s solution of a biquadratic equation. 


Ferrari’s method reduces the problem of solving a biquadratic ¢ 
tion to that of solving two quadratic equations. This is done by EXPressing 
the biquadratic as the difference of two perfect suqares. 


Let the equation be ax‘ + 4ba® + 6cx? + 4dx + e = 0. 
Multiplying by @,a2x4 + 4abr3 + 6acx? + dadz+ae=0 ... ty 
Let the left hand expression be expressed as the difference of two 
squares in the form 
(ax? + 2ba + A)? — (mz +n) 
Comparing with the left hand expression of (i) we have 
6ac = 4b? + 2a — m?, 
4ad = 4b’ — 2mn, 


ae = \2 — n?. 


2 


Eliminating m,n from these we have 
4(bA — ad)? = (2Aa + 4b? — 6ac)(A? — ae). 

This is a cubic equation in 4, giving at least one real root .,. 

Corresponding to 4 = A,, we have the values of m? and n? and 
morever the relation mn = 2b, — 2ad determines only one value of n 
corresponding to one value of m. 

Thus the given equation is now put in the form 

(ax? + 2br + ri)? — (myx +n)? =0, where m,n are the values of 
m,n corresponding to A. 
The roots of the quadratic equations ax? + 2bx + Ay + (mix +m) =9 
give the solution of the given biquadratic equation. 


Worked Examples. 
1. Solve by Ferrari’s method 
a* — 1023 + 35x? — 50x + 24 =0. 
The equation may be written as 
(x* — 5x + A)? — (maz +n)? = 0, where X, m,n are constants. 
Equating coefficients of like powers of x 
35 = 25+ 2A—m? or, m? = 2d— 10; 
—90 = -10A—2mn_ or, mn = —5\ + 25; 
24 = \* —n? or, n? = 2 — 94. 
Eliminating m,n we have 
(A? — 24)(24 — 10) — (5\ — 25)? = 0 
or, (A — 5)[2\? — 48 — 25) 4 125] = 0 
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or, (A — 5)[2A? — 25\ + 77] = 0. 
Therefore \ = 5,7, 2. 
Taking \ = 5, we have m =0,n = +1. 
The equation takes the form 
(x? —5a +5)? -1=0 
or, (x? — 5x + 6)(a? — 5244) =0 
or, (x — 2)(a — 3)(a — 1)(a ~ 4) =0. 
Therefore x = 2,3, 1, 4. 
Hence the roots of the equation are 1,2, 3, 4. 


9, If f(z) = at + 6x7 + 14x” + 2227 +5, find a, 8B, so that f(z) may 
be expressed in the form (a? + 3x + A)? — (ax + B)?. Hence solve the 
equation f(x) = 0. 
ot + 6x? + 142? + 229 + 5 = (a? + 30 + A)? — (ax + B)?. 
Equating coefficients of like powers of x, we have 
14=9+4 2A — a?, or a? = 2-5; 
22 = 6A — 2a, or a8 = 3A — 11; 
5 = \? — B?, or B2 = A? —5. 
Eliminating a, 8 we have 
(A? — 5)(24 — 5) — (3A — 11)? =0 
or, 23 — 14)? + 56 — 96 = 0 
or, (A — 3)(2A? — 8A + 32) = 0. 
Therefore \ = 3,2 + 2V3i. 
Taking A= 3, we have a = +1, 8 = +2 and aB = —2, 
Therefore a and # are of opposite signs. 
The equation can be expressed as 
(x? + 32 + 3)? — (24-2)? = 
or, (x? + 4x + 1)(x? + 22 + 5) = 9. 
Hence the roots of the equation are —2 + V3, -1 + 21. 
5.12.2, Euler’s method of solution of a biquadratic a ace 
=—-Q--- (1 
Let the equation be aga + 4a12° + Gazz? + dasa + a4 = 0 (i) 
1 the equation reduces to 
a0 
(ap? 7 3H?) a 0, 


BY the transformation y = x + 
l 
apy? + Sy? + Ao y+ a8 


fe H 2 
Qe = aga — ai7,G = 20°43 
3+3a,2 


% 


274 HIGHER ALGEBRA 


Again by the transformation z = @0Y the equation takes the stan. 

dard form js . 
24 + 6H2? + 4Gz + (ao7l - 3H*7)=0 -:- (ii) 
1/2 

To solve the equation, let z = pil? + gtr /?, Then 

{22 ~(p+qtr)}? = 4{pqtar+rpt apl/2gl@rl/2 (pl? + gl/? +rl/2y, 

or, 24 -Ap+qtr)z2—8piq?r2z+ (p+aqt7)’ ~A(pg+ ar trp) =o, 

Comparing with (ii) we have 

p+tqtr= —3H, 
pi/2gl/2pt/2 — ae 
(ptq+r)? —4(pq t+ qr + rp) = a0" — 3H’. 
Therefore pg + gr + rp = 3H? — oor 
Hence p,q,7, are the roots of the cubic equation 
2 2 wee 
3 + 3Ht? + (3H? — 2 7)t-G =0. --- (iii) 

This is called the Euler’s cubic. 

Corresponding to a root p there are two values of pi/2, 
Considering two values of each of p'/?, q!/?,r1/2 there will be eight values 
of z but they are restricted to satisfy the relation p!/2g!/2rl/? = —. 

Taking into account this limitation, there will be only four values of 
z, the possible combinations being determined by 


VBJaVT = JR(-Va)(-V7) = (-yB)\(-VaVF = (—vB) Val-v7) = ~5 


G <0, 


or by (~VP)(—Va)(—vF) = (-VB) Javr = Vo(-Vavt = vBVa(-v?) * 


—-€ ifG>0, 
where ,/p denotes the (positive) principal square root of p. 
The Euler’s cubic (iii) can be expressed as 
(t+ H)? — ty Gs4H* _ 9, 
Using the standard symbol 


J = aga2a4 + 2a ;a2a3 — aga” _ ay7a4 _ a? 


ao Qa, a2 
=| Qi ag ag |, 
@2 a3 a4 


we have G? + 4H? = ag?(HI —a,J). 
The equation takes the form 
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(t+ H)? — OL (e+ A) 4 aod = 9, 
pking t+ H = ao, the equation reduces to 493 164 7 =0, 
This is called the reducing cubic of the biquadratic equation. 


Let the roots of the reducing cubic be 6, 62,63. Then 


apo, = t+H 
= pt+aga2 — a3”. 

Therefore p = a3” — aga2 + aodj. 

Similarly gq = a1” — aga2 + aobo, 

r = a17 — aga2 + ands. 
Hencep—q = ao(0; — 62), 
q—T = ao(82 — 6s), 
r-p = ao(63 — 61). 


Relation between the roots of the biquadratic and the roots of 
the Euler’s cubic. 


Let the roots of the biquadratic equation (i) be a, 8, yd. 
Then four values of z are aga + 41, 408 + 41, @07 + 21, 40d + 41. 
Let us take 

oa +a, = /p—/q- v7, 

a8 +a, = /p+/a- vr, 

my +a = /p— Vat vr; 

M5 +a, = /pt+/qt vr. 
Then 09?(B + -y — a ~ 6)? = 16p, 

%°(y + a — B — 4)? = 169, 


Ay? (a + 8 —y- 6)? = l6r. 
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Relation between the roots of the biquadratic and the root, of 


the reducing cubic. 


a. —62) = p- 

001-02) = “jana — (9 ~ 2 
ap(62 —83) = —3Za0°(B— Va 9s 
sae = b052(y - 0)(B - 9). 


Therefore ao(03 — 91) — ao(81 — 92) 
= —1a9?{(y — a) (8 — 6) — (a — B)(y — 9)}. 
Since 6; + 62 + 63 = 0, 
126; = ao{(y — a)(8 — 6) — (@ — B)(y — 9)}, 
1262 = ao{(a — B)(y — 6) — (8 — y)(a — 4)}, 
1203 = ao{(B — y)(a — 4) — (y — &)(B — 4)}. 


Worked Examples. 
1. Solve the equation x4 — 6x? + 16x — 15 = 0 by Euler’s method. 


Let 2 = p!/24 91/24 71/2, Then 
z4 —2(p+qtr)2? —8p/2qrl/2a +4 (p+q+r)? —4(pq+qr+rp) =0. 
Comparing the coefficients, we have 
p+q+r=3, 
p'/2gl/2p1/2 — 9 
(p+q+1)* —4(pq¢+ qr +rp) =—15. 
Therefore pg + gr + rp = 6. 
Hence p, q,r are the roots of the cubic ¢3 — 32 + 6t—4=0. 
The roots of the equation are 1 + /3i,1 — /3i, 1. 
Let p=1+ V3i,qg=1 - V3i,r = 1. 
1/2 _ 4 Y3+i wr 
Then p¥/? = £¥9R gl? = 4¥Sqi 71/2 — 47. 
But p!/?.q1/2 71/2 — 9. 
Y3+i 3—i ; ad ; =i 
Hence eno are 3 +55 1, Vint — vt 1, Sti 4 a3 +1 
and _Vv3ti _ Y3-i 1 
v2 v2 
ie, V6 — 1, V2i+1,-V2i+1 and —Y6 — 1. 


2. Solve the equation x* — 32? — 6x ~2 = 9 by Euler’s method. 
Let z= pi/2 + qi/2 “. pi/2_ Then 


z4—2(p+q-+r)a?— 8p gle 4 (p4.947)2—A(pg tart) 2" 
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comparing the coefficients, we have 
ptqtr=3, 
pil2gi/2pi/? a ey 
(ptaqtr)’ — 4(pq + qr +rp) = —2. 
Therefore Pq +qr+rp= a. 


Hence p, 9,7 are the roots of the cubic 16¢3 — 244? + 17¢ 9 = 0. 


The roots of the equation are 14 2V2i 123i Be 
Let p = 14202 g = 1-223 | =. 

Then pl? = VGH, g'/? = VF 4 pl/2 — 41, 
But pl/2q’/2rt/? = 3. 
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Therefore the roots are vai + vant +1, v2+i i Vani os vet ra 


ici —1 and —¥SH — Yat 41. 
ie, V2+1,i—1,-i—-1 and —V2+1. 


3, (i) If a biquadratic equation has all its roots real, prove that the roots 


of the Euler’s cubic are all non-negative real. 


(ii) If a biquadratic equation has two real and two imaginary roots, 
prove that the Euler’s cubic has two imaginary and one non-negative real 


root. 


(iii) If a biquadratic equation has all its roots imaginary, prove that 


the roots of the Euler’s cubic are all real, at least one being negative. 


Let a, B,y,5 be the roots of the biquadratic eqaution apz* + 4a;2° + 
bane? + daz + aq = 0 and ?,9,7 be the roots of the Euler’s cubic. Then 


p= (8 +-a-6), 
q= %(y+a—-B 8), 
r= (a+ B-7-6). 
(i) If a, B,-y,65 be all real then p > 0,q > 0,r 2 0. 
(i) Let a = a+ ib, 8 =a -— ib and 7,6 are real. Then 


a 2 
P= SF (~2ib +7 —6)?, = BE (2ib +74)", 7 = Te Ra—9 — 4)". 


Therefore p,q are imaginary, r > 0. 


(iii) Let a = a + ib, B —g-iby= c+ id,é = c— id where a,b, c,d 


Teal, bf 0,d+0. Then 
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2 2 2 = ag? _— p\2 
p= —%-(b-d)?, q= —%-(b+d) , r= 4 (a c) : 
Therefore p < 0,q < 0,r 2 0. 


At least one of p and q is negative, because p = q = O>b=q~ 0 
a contradiction. 


5.12.3. Descartes’ method of solution of a biquadratic equation, 
Let the biquadratic equation be taken in the standard form 
a! + 6Ha? + 4Gx + (ap2J —3H*)=0 --- (i) 
To solve the equation, let us express the left hand expression as the 
product of two factors in the form 
(a? + lx +m)(x? —lx+n). 


Comparing with the left hand expression of (i) we have 


m+n—l? = 6H or, m+n = aes ++ (ii) 
In-m) = 4G or, m-n = —-*% ... (iii) 
mn = (azI —3H?) --- (iv) 
Eliminating m,n we have 
(6H + 1)? — 8F = 4(ap?- 3H?) --- (v) 


This is a cubic tae in /? giving 1. Then m and n can be deter- 
mined and finally the solution of the equation (i) is obtained. 


Note. Unless the cubic equation (v) has rational roots, the numerical 
work for finding the roots of the equation (i) becomes laborious. 


Worked Example. 
1. Solve the equation x* — 3x? — 4x — 3 = 0 by Descartes’ method. 


Let x* — 32? — 4x — 3 = (x? + lx + m)(x? — lx +n). Then 


mtn—-l? = -3 or, mtn = [2-3 w+ (i) 
In-—m) = -4 or, m-n = ¢ .++ (ii) 
mn = —3 ee (iii) 


Eliminating m,n, we have 

(1? — 3)? — 3 =-12 

or, A(A — 3)? + 12\ — 16 = 0, taking \ = [? 
or,A® — 647 + 21A—16=0 ... (iv) 

= 1 is a root of the equation (iv). 


Taking | = 1, we have m = 1,n = —3, 
The given equation takes the form (x? + 2 +1)(2? -—2- 3) = 
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= 0 gi = =livzi 5 
trti=0 gives x =1evai OF ~ 0 Gives x = Levis. 
The roots of the equation are =1EV3i 1 pears 


se Taking ! = —1, we get the Same roots of the equation. 


Exercises 5G 


1. Solve the equations by Ferrari’s method 
(i) zi +122 -—5=0, 
(ii) 2*+ 322 ~60=0, 
(iti) r++ 32+20= 0, 

(iv) 2*- 62? + 162 —~15 = 9, 

(v) *— 227+ 82-3 =09, 

(vi) 2* +60? + 32410 ~9, 

(vii) 2*+ 112? + 102 4.59 = 0, 

(viii) 2*+ 2x3 — 742 — 8 + 12 =9, 


io 


< 


(ix) 2* +423 — 6? + 202+ 8=0, 
(x) o*+ 1203 4 5452 + 96r + 40 = 0, 
(xi) of + 393 4 542 + 4r+2=0, 
(xii) 2art + 63 — 327 +2 =0, 
2. Solve the €quations by Euler’s method 
() s*+ 122-5 =0, 
(i) ot ~ 297 4 gp _ 3 — 0, 
(ii) o4_ gp? _ 4, +3=0, 
() 24 1997 4 4g 0, 
) 2*~ 62? _ 162 — 15 =o, 
Solve the “quations by Descartes’ method 
(i) t ~ 32? — 62 2 = 0, 
i) 4 66? 4 162 15 = 0, 


ae Se oe 

4, = 0 has two 

“qual - biquadratic equation aox* + 4a;x° + Gaaz” + dasz + a4 = 0 has 
1 ro 


hat 
in ty. O0ts, Prove that two roots of the reducing cubic are equal. Deduce tha 
NB ease 1° 9772 
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2 — 
5. If the biquadratic equation aox* + 4a: x + 6aax + 4a3t + a4 = 0 has three 
equal roots, prove that all roots of the reducing cubic are zero. Deduce that 
in this case J = 0 and J = 0. 


2 
6. If the biquadratic equation aox* + 4aiz° + Gazz" + 4agx u 24 = 0 has ty, 
distinct pairs of equal roots, prove that two roots of the Euler’s cubic are zero, 
—a1+/3(a1?—a0a2) 


Deduce that the equal roots are ao 


6. SUMMATION OF SERIES 


er 
gels Introduction. 
Let u +U2 . ~ bi +--+ be aseries where u,, is some function of the 
positive integral varia en. The sum of the first n terms uj+ug+:+:+tn 
n 
is denoted as x Ur, OF as > ur. The sequence {s,} where s, = zo Ur 


is said to be the sequence of partial sums of the series. If the sequence 
sn} converges to a finite limit s then the series uj + ug+--:+Un+-:° 
is said to be convergent and in that case s is said to be the sum of the 
series. If the sequence {s,,} is divergent, the series is said to be divergent. 


We shall discuss in this chapter some methods of finding the sum sp, 
for the series uz + U2 +++: +Unt+-::: 


6.2. Method of difference. 


Let u; + ug + ug +--: be a given series. If we can express U, as 
nr 
lly = Up — Vp, where v, is some function of r, then 3 Ur can be readily 


obtained. 
Here uy = V1 — V0 
ug = v2— U1 
Un = Un Un-1- 


By addition, Ur = Un — V0- 
1 


Worked Examples. 
l, Find the sum upto n terms 3 +ggtgatc 


Let the series be denoted by uy + U2 + us t+ 


Th Ts Oe 1 
iis cia r(r+1) rr. rtl' 
1: 


Therefore u; = 1 — 


meee | 
a 
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re) eee: oe 
Un =n 7 nti" 


n 1 mr 
By addition, Buy =l- oy oad 
2. Find the sum upton terms 1. 1!+2.2!+3.3!+------ 
Denoting the series by uy + ug + U3 t-** °°" , we have 


up =r.r!=(r+1).r!—r! 
= (r+1)!—r! = up41 — Ur, where v, = rl. 


Therefore 5 ty = Uni — U1 = (n+1)!-1. 


3. Find the sum upto n terms a+az+azr?+-----: where x #1. 
Denoting the series by uj; es Ug tug tess ss , we have 
Up =agr bt = ges 
= Ur —Ur—1, Where v, = 472". 
n a(z™ —1 
Therefore 3 Ur = Un — Vo = aor). 


The method of difference can be effectively applied to the following 
types of series. 


A. To find the sum of n terms of a series each term of which is composed 
of m factors in some arithmetic progression, the first factors of successive 
terms being in the same arithmetic progression. 


Let the series be u; + ug +---+Un+---, where 
= (a+rb)(a+r+1b)---(a+r+m-—Ib). 
u, can be expressed as 


= (a+rb)(a+r+1b)---(atrt+m— r +m — 1b) {(orrtmb)—(atr¥) } 
= Ur — Ur-1; 


where v; = mis(atrb)(atr +1b)---(a+7+mb). 


Therefore uj = v1— 9 
U2 = U2-V\ 
Un => Un a, Un-—1:- 


By addition, 3 Uy = Un — Vo 


= gap (2 + nb)(a+n+ 1b)---(a+n+mb) — v 


= un lernen) +c, where c is independent of n. 
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nr : 
working rule to find 5 Ur. 


write down Un: Introduce the next factor of the arithmetic progres- 
ig at the end. Divide by the number of factors thus increased and 
510 mmon difference. Then add a constant. The constant c can be 
d by giving a particular value to n. 


worked Examples (continued). 
4, Find the sum upton terms = 1.34+3.5+5.7+...... 


Let ui + U2 tug t--: °:- be the given series. 
Then ur = (27 — 1)(2r + 1). 


n  - (2n —1)(2n + 1)(2n + 3) 


Hence % Ur = 3.9 +c, where c is a constant. 


But ui = 1.3. Therefore 3 = abe +c. This gives c= 3. 


n — 
Therefore % Ur = Mane) antl (2n+3) 1, 


5, Find the sum upton terms 1.3+2.44+3.5+---.-.. 
Denoting the series by uj + ug +ugt+------ , we have 
ur = 7(r + 2). 
Here the rule is not applicable. Each term of the series is the prod- 


uct of two factors in an arithmetic progression but the first factors of 
successive terms are not in the same arithmetic progression. 


uy can be expressed as ou, =r(r+1+1) =r(r+1)+r. 


Hence Duy = Ant at?) mat) +c, where c is a constant. 


But u) = 1.3. Therefore 3 = 128 + 12 +c. This gives c= 0. 


Therefore 33 u,= 2(n+1)(n+2) nt) (nia)... moe ntl) 
I 


6. Find the sum upto nterms 12+427+3*+-:- ++: 


Denoting the series by uj + ug +u3 tet’ **° , we have 

St Set fT 21) =r(r+1)-r. 

Therefore > Ur= n(n tint?) int? = n(nt}) +c, where c is a constant. 
1 


But uw = 1. Therefore 1 = 128 + 12 +c. This gives ¢ = 0. 


Therefore Syme Bnt1)(n+2) _ n(nt)) = n(nt1)(2n4)) | 
wees 3.1 2.1 
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B. To find the sum of n terms of a series each term of which is the 
reciprocal of m factors in arithmetic progression, the first factors of 
successive terms being in the same arithmetic progression. 


Let the series be w1 + t2+°°* + Un +--+, where 


1 
a 
Ur =(atrb)(atr+ib)--(a+r+m—1b) 
u, can be expressed as 


1  (etrtm=1h) (err) ae ee 
Orr oT 
aS (a+rb):-:-- (a+r+m-—1b) (m—1)b 
= 1 ee 
where Ur = Ga—I)6° (a+rb)(atrtio)--(atr+m—2b) 
Therefore u, = V1 — 2 
uz = vU2—U3 


TL 
By addition, 2 Ur = V1 — Un41 


1 1 
= eS — oS :2:00 0 0 aaoaowassns 
= CG —1)b" (a+n+1b)(a4+n+2b).--(atn-+m—1b) 


=c— Gani Un (a + nb), where c is independent of n. 


Working rule to find E tr. 


Write down un. Delete a factor from the beginning. Divide by the 
number of factors thus diminished and the common difference. Then 
change the sign and add a constant. The constant c can be determined 
by assigning to n some particular value. 


Worked Examples (continued). 
7. Find the sum to n terms of the series 
1 1 1 
1.2.3 + 534 + 328 5 


Denoting the series by ui + u2 + ug + 


asia i ie a , we have 
Ur = FI)F2)* 
Hence 3 uy mae es pe where c is a, constant. 
1 2.1.(n + 1)(n +2)’ 
But ui = 735 = Z. Therefore § =C— shy. This gives c= e 
Therefore Su, = 1 — 1 
1 


4 A(n+1)(n+ 2)’ 
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1.5 
Denoting the series by u; + ug+ug+-..... 
1 


ty = (ar—1)(2r+3) : 


,, Find the sum to n terms of the series 1. + 


The rule is not directly applicable here. Each term of the series is the 
reciprocal of the product of two factors in an arithmetic progression but 
the first factors of several terms are in a different arithmetic progression. 


y- can be expressed as 
- _ 2r+1 
Up = (Qr—1)(2r+1)(2r+3) 


a 2r—1)+2 
= — (2r—1)(2r+1)(2r+3) 


1 2 
= (r+1)(2r+3) v Ge Derry: 


mT 
ee ee 
ae ied 12(Qn+3) 2.2(Qn41)Qnyay’ “here cis 
a constant. 
But u; = 4. Therefore § =c— 35 — z3q- This gives c=} 


a 

Therefore >» = : : 

ore Du, = - —- — ee - rr: 
cretore Hur = 3 2(2n+3)  2(2n+1)(Qn+3) 
9. Find the sum to n terms 
1 3 5 
ts tasatazag tet 
Denoting the series by uy + Ug + ug t+: -°: , we have 


a, 2 1 
mn TED ED) = (r+i)(r42)  r(rt+i)(r+2)" 


Tt 
2 1 
Therefore yy Ur= C— 45 t ICES NCEE where c is a constant. 


2 1 Py ° _ 3 
But uy = >34 = G- Therefore 4 =c— 3+ x99: This gives c= @. 
1 


3 2 
Theref - —~2%__ 4. 4. 
eane ae 4 n+2 = 2(n + 1)(n + 2) 


C. To find the sum of n terms of the series U1 + U2 fees $Un t:': 


Where y _ a(a+d)(a+2d)---(a+7—1d) 
7 'b(b+d)(b+2d)--(b+7—1d) * 


sf (a+d) , a(atd)(at2d) 
The series is ; 4- bb td) + b(b+d)(b+2d) + 


Ur Can be expressed as 


U, = 2(a+d)--.(a+7—1d) { a+rd)—(b+r—ld } 


© Bb+d)-(b+r 1d) a-b+d 
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(atd):--( ) (a+d)---(a+r—Id) 

alat+d)--(atrd) _ _ 1. 2% a 

= obra Wbrd)-Orr=id) a—b+d' b(b+d)---(b+r—2d) 
1 a(a+d)-: a+rd 

= Up — Up—1, Where Ur =G—pFd" b(b+d)---(b+7—1d) 


Therefore uy = v1 — 0 
uw = v2- V1 
Un = Un— Un-1 


By addition, Ete = Un — VO- 


Worked Example (continued). 
10. Find the sum to n terms 
Aj AT 4.7.10 . 
5 ge) sear 
Denoting the series by uj + 2 + ug +: °°: , we have 


_ 4.7 (Srt]) _ Ee (eee) 
2 


Ur =5.8--(3r+2)  5.8--(3r-+2) 


— 1 4.7--(8r+4) — 1 4,7---(3r+1) 
~~ 2°5.8-(3r+2) 2° 5.8---(3r—1) 


_ _. 4.7-+-(3r+4 
= Ur — Up—1, Where vu, = eae 


_ 4.7-++(8n 4+ 4) 


 -2.5+++(3n + 2) ao 


nr 
Therefore Su, = Un — Up 
I 


D. Application of the method of difference to find the sum to n terms 
of some Trigonometrical series. 


(i) Find the sum of first n terms of the series 
sina + sin(@ + B) +sin(a + 28) +... ... 


Here the angles are in arithmetic progression, the first angle being 
a and the common difference being /. 


Here u, = sin(a + r — 18) 
_ 2 sin(a+r—1£) sin B 


2sin 2 


cos(a+ 253 8)—cos(a+ 2n=1 g) 


aE a 


2 


ar-3 
= Ur — Ur+1, Where vu, = solo 
2sin § 


nm 
Therefore } up = v1 — Un41 
1 
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ae cos(a— B)_cos(a+ 2n~} B) 
Oe ne 


2 


sin 22 . er 
~~ sin 3 sin(a + “zB) 


. n Gift 
= Sai sin( “St angle + last angle ) 
2 s 
2 


: 


sin 


) Find the sum of first n terms of the series 

cosa + cos(a + 8) + cos(a +28) +4... ... 

Here the angles are in arithmetic progression, the first angle being 
yand the common difference being £. 


Here uy = cos(a + r — 1) 


2sin g cos(a+r—18) 
2sin A 
sin(at+24=* 6)—sin(a+ 24-38) 
2sin 2 


sin(a+ ar=3 8) 


= Up41 — Ur Where Uv; = ae 
2 


Therefore 5 ty = Un+1 — V1 

__ sin(a+ 2n-1 8)_sin(a—&) 

— 2sin B 

= ey cos(a + ®=*8) 

_ sin 5 2 
sin 2 Giff. _ first angle + last angle ) 
eames a cos( 5 : 


sin -Gut. 


(iii) Find the sum to n terms cosec 0+ cosec 26 +cosec 278 +--+ --- 


We have cot 6 — cot 26 
— cos? cos20 __ as = cosec 26. 


sin @ sin29 sin @sin2 
Therefore cosec 6 = cot g — cot 6 


cosec 26 = cot 6 — cot 28 
cosec 229 = cot 26 — cot 276 


cosec 2"-19 — cot 27-29 — cot 2-78. 
By addition, 


5 a _ n—-l : 
Cosec # +cosec 29 + ----+cosec 27718 = cot 5 cot 2"-°0 
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2 2 
(iv) Find the sum to n terms tan9 + 2tan20 + 2°tan2°0+....., 


2 2cos20 _. 
os” @—sin_@ — 2 cot 26. 
we have cot @ — tan9 = “a7 9c0s@ ssn 20 


Therefore tan 0 = cot 9 — 2 cot 20. 
2 tan 20 = 2cot 20 — 2? cot 270 
2? tan 226 = 2? cot 276 — 2° cot 2°0 
2-1 tan on-19 — 97-1 gt 27-19 — 2 cot 270. 
By addition, 
tan 6 + 2tan2@ +--+: +277! tan2”-10 = cot @ — 2” cot 278. 


(v) Find the sum to n terms 


= = tr Pe dat gay 
tan7! 545 + tan rng + tan eat 


= Pr 
Here u, = tan Gti 


= —1 (r+l1)—r 
tan eH 


= tan-!(r+1)—tan7'r 

= Up41 — Up Where v, = tan7!r. 

= =1 —41 
Therefore x u, = tan “(n+1)—tan “1. 


(vi) as the sum to n terms 


sin 7. sin 20 Ba sin 20 sin 30 ae sin 3; sin 46 se 
Here u; 


1 
sin r@ sin(r+1)0 
= sin{(r+1)0—ré 
™ sin @sin r@ sin(r+1)6 


= gro {cotrd — cot(r + 1)6} 


= _ — cotré 
Vp — Up41 Where u, = Str. 
nr 
Therefore zip = U1 — Un41 = {cot 6 — cot(n + 1)0} cosec 9. 


(vii) Find the sum to n terms 
tan 0 sec 26 + tan 20 sec 276 + tan 276 sec 236 + 


Here u,. = tan 2°—!@ sec 2"6 


sin 2°19 
™ cos 27-16 cos 2°60 
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___sin(2”0—2"~'9) 
™ cos 27-16 cos 279 


= tan 2"6 — tan 27-19. 


Therefore u, = tan26—- tang 
U2 = tan270—tan29 
Un, = tan2"6—-tan2"-19. 


By addition, Eup = tan 26 — tan@. 


Exercises 6A 


1. Sum the series to n terms 

(i) 12.342.344+3.45+--- 

(ii) 2.3.4.5. + 3.4.5.6 + 4.5.6.7 +--- 
(iii) 2.5.8. + 5.8.11 + 8.11.14+4--- 
(iv) 1.27+2.37+3.4?+--- 

(v) 144+254+3.6+4+--- 

(vi) 1.2.4? + 2.3.5? + 3.4.67 +--- 
(vii) 13.5424.6+3.5.7+--- 

(vii) 124+3.4+5.6+--- 


+ 


2. Sum the series to m terms 
i 


(i) staitit::: 

ji) peteht+apt 
(ii) thatageastsaset 
(iv) o+ektsm 

“) sot+egitaet 


vi) 2 4 2.4 24.6 4... 
(vi) Se tgs7tags79t 


vit) 23. 15.5 , 1.3.8.7 4... 
( ) 2.4 + 2.4.6 7 2.4.6.8 a 
vii) 24.2.5. 2.58 4... 
(viii) 24 a7 + a7a0 + 


3. Sum the series to n terms 
i) sing — sin 20 + sin 30 —--: 
(ii) sin? 9 + sin? 29 + sin? 30+ °°" 
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(iii) cos? 6 + cos? 30 + cos? 50 + °°: 

(iv) sin @sin 20 + sin 20 sin 36 + sin3@ sin 40 + --: 

(v) cos@cos 26 + cos 36 cos 48 + cos 56 cos 66 + --- 
(vi) tand+itan$+4tan%+-: 

(vii) tana tan2z + tan 2ztan 3x + tan3ztan4z+-:-:- 
(viii) sec 6 sec 20 + sec 20 sec 30 + sec 30 sec 40 + --- 


(ix) 2cosec 26 cot 20+4cosec 40 cot 48+ 8cosec 86 cot 86 +--+ --- 


sin 0 sin 20 sin 30 Lok cate 
(x) cos 6+cos 26 < cos @+cos 40 a cos 6+cos 60 Be 


(xi) log(2cos@) + log(2 cos 20) + log(2 cos 276) +--+ «ss 


(xii) sin zsec 3x + sin 3xsec3*x + sin37xsec3°x +--- --: 


1 1 


sar t tan”? 54, + tan) Sa tees ee 

(xiv) cot71(1+1+4 17) +cot7+(1+2+427)4.----- 

(xv) cot~*(2 + 42) + cot" (2 + 23) + cot (2+ &4) 4--- 

(xvi) log(1 + 2cos@) + log(1 + 2cos 30) + log(1 + 2cos 370) +--- --- 
4. Show that 

(i) 1.50 + 2.49 + 3.48 + ---+50.1 = 22100, 

(ii) 1.507 + 2.49? + 3.48? + --- +50.1? = 563500, 

(ii) 1453+ R+ Ht + = Ces 

[Hint. Let s=1+2r+---+ 502%, where z = 1. Find s— sz] 

(iv) 1n+2(n-—1)+3(n—-2)4+---+n1i= n(n + 1)?(n +2), 


(v) raatgeatet 


(xiii) tan7 


1 — n(n+1) 
n(n+1)(n+2) ~ 4(n+2)> 


(vi) 1+ 20. + 5) +3. + fe) +40. + 2) +--+ n(1+ sx) 
— P(p™ -1)—n( —~1) n(n+1) 
(p—1) peal a ile mer 
6.3. Difference operator A. 


Let us consider a sequence (u,U2,...Un,... ... ) where tp is a func- 
tion of positive integral variable n. 

We define Au, = Un41 — Un- 

Then Au = U2 — uz, Aue = U3 — uz, Aug = Ug — Ug, °° 


The sequence (Au;, Au2,...Aun,... ... ) is said to be the first order 
of differences of the sequence {uy}. 
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We define A?u, = A(Au,) = A(un41 — Un). 


The sequence (A?u;, A?uo, A?u3,... ... ) is said to be the second 
order of differences of the sequence (uz). 


In a similar manner the pth order of differences A?Pu, where p is a 
positive integer, can be defined for the sequence (un). 


It follows immediately that 


(i) ifun = k, a constant for all n then Au, = 0 for all n, and con- 
versely; 


(ii) If (un) be a sequence in an arithmetic progression having the com- 
mon difference d then Au, = constant = d for all n and conversely. 


(iii) If {un} be a sequence in a geometric progression having the com- 
mon ratio r then the sequence (Az,,) is also in geometric progression of 
common ratio r. 


Examples. 
1. Let the sequence be (8, 18, 34, 56, 84,118,...... ) 


The successive orders of differences are 
10 16 22 28 34 
6 6 6 6 
0 0 0 


Here the second order of differences is a sequence of equal elements. 
The third and the successive orders of differences are sequences of zeros. 


2. Let the sequence be (4, 12, 36, 108, 324,972,... ... ) 


The successive orders of differences are 


8 24 72 216 648 
16 48 144 432 


Here the given sequence is in a geometric progression of common 
ratio 3. The successive orders of differences are also in geometric pro- 
gression of common ratio 3. 


Let us consider the sequence (ui, U2,U3,.-- .-. ) and the successive 
orders of differences. 
uy uta ug U4 U5 
Au, Aur Aus Aus 
A? uy, Aus A?us 
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It appears from the table that 

U2 u, + Aur, 

U3 u2+ Au2 
(ui + Aui) + A(ui + Aur) 
u, + 2Au, + A?u1, 


il 


Ud ug + Auz 

(ug + Aue) + Aue + Au) 

ug + 2Au2 + A? u2 

(uy + Au) + 2A(u + Aui) + A?(u1 + Aur) 
u, + 3Au, + 3A7u, + A tui, 


lou ue il 


Theorem 6.3.1. Let (un) be a sequence and A? denote the pth order 
difference operator. Then 


Un = ut ("7')Aurt (5) Abu +--+ (8) Au +--+ Ay 
Proof. We prove the theorem by the method of induction. 
The theorem is obviously true for n = 1. 


Let us assume the theorem to be true for n = m, where m is a 
positive integer. 
Then tm =u + ("7 *)Auw + (>t) Ata +--+ + (2) Ata tet 
A™- ly 


Therefore Aum = Aw + ("V ) A2zu, + (ea) A®u, +--+ 
("ArH uy Se A™u. 
Hence um41 = Um+t+Aum 


= WwW + [i+ i ee )) Au, + en )+ (™y*) Aru t+ 
a | a + +(C. JIA "uy t-+>+A™uU4 
= wt(T)Au hs a () Ary +++++ A™u1. 
This shows that the theorem is true for n = m+ 1 if it be true for 
n =m. And the theorem is true for n = 1. 


By the principle of induction, the theorem holds for all positive i0- 
tegers 7. 


Corollary. If p be the least positive integer such that (A?un) is & 
sequence of equal elements, then u, is a polynomial in n of degree P: 
Because in this case all the sequences of (p + 1)th and the higher orders 
of differences are sequences of zeros. 


Therefore uy = ui + (n—1)Au) +---+(n—1)(n—2)-:- (n—p) Sa" 
= a polynomial in n of degree p. 
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Worked Examples. 
1, Find un where the sequence (u,,) = (3,10, 21,36,55,... ... ) 
The successive orders of differences are 


7 11 15 19 
4 4 4 


= 2n?+n. 
Alternatively, u, is a polynomial in n of degree 2, since the second 
order of differences is a sequence of equal elements. 


Let uj = an? +bn+c. 


Since uy = 3, a+b+c=3; 
since uz = 10, 4a +2b+ c= 10; 
since ug = 21, 9a + 36 +¢= 21. 


These determine a = 2,5=1,c=0. 
Therefore un, = 2n? +n. 


2. Find the sum to 7 terms of the series 
3+11+31+69+131+--- 


Let the series be uy + ug +ug+-:-: 
The sequence (un) and the successive orders of differences are 


3 11 31 69 131 
8 20 38 62... 
12 18 24s, 
Therefore uz, = 3+ 8(n—1)+ 12, @-U(n—2) + 6, SUE n= 3) ae m3} 
=n+nt+1. 
2 2 
Hence thn aes minty” 4 at) +n 
= nf (eo tan tn) ant 2)+ 4) 


~ p(nitantsans6), 
3. Find the nth term and the sum to n terms of the series 
6.3+4+9.8+ 12.15 + 15.244+ 18.35 +--: -:: 
Let uj +ug+ugt--* °° be the given series. Let (vn) and (wn) be the 


Sequences (6,9, 12,15,18,... ..- ), (3, 8, 15, 24, 35,... ... ) respectively. 
The successive orders of differences of the sequence (wn) are 
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3 8 15 24 30 
5 7 9 11 
2 2 2) wie Sais aa 
Thereforew, = 3+5.(n—1)+ 2 natin?) 
= n?+2hn; 

and u, = 3n(n+1)(n+2). 

‘ 1)(n+2)(n+3 . 
Hence 2 Ur = anin + int Pin +8) +c where c is a constant. 


But uj = 18. 18= 3.2.3.4 +c and this gives c = 0. 


n 3 
Therefore 2 Ur = grin + 1)(n+ 2)(n +3). 


4. Sum to n terms the series 
2.1 + 7.2 + 14.2? + 23.23 4+ 34.24 +--+ ++: 


Let (v,) be the sequence (1,7, 14, 23,34,--- --- ) 
The successive orders of differences are 
5 7 9 11 
2 2 2 
Therefore v, = 2+(n—1)5+ (fae tin=?) 9 
“. = n*+2n-1. 
Let the given series be uy + ug + ug +--+ °-: 
Then uy, = (n? + 2n — 1).2"-1. 
Let (n? + 2n —1).2"-! = f(n).2” — f(n —1).2"-! where f(n) isa 
polynomial of degree 2. Let us assume f(n) = an? + bn +c. 
Then (n? + 2n —1).2"-1 
= (an? + bn + c).2" — {a(n — 1)? + b(n — 1) + c}.2-" 
= {2an? + 2bn + 2c — a(n — 1)? — b(n — 1) — c}.2"-* 
= {an? + (b+ 2a)n -—a+b+c}.2"-}. 
Equating, we have a = 1,b=0,c = 0. 
So Un = n?,2" — (n — 1)?,27-1, 
Therefore u; = 1.2 
uw = 9? 22 —1.2 
ug = 37.23 — 27.22 


Un = 72.2" — (n—1)2.2"-1. 


By addition, ¥ Uy = 07.2", 
1 
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Let us consider the sequence (un) where u, = ar™—!, Then the 
sequence is (a,ar,ar?,ar’,..., ar?! 
of common ratio r. | 

The successive orders of differences are 

a(r — 1) ar(r — 1) ar2(r-— 1) 7 
a(r — 1)? ar(r — 1)? ar2(r on 1)2 
a(r — 1)8 ar(r —1)8 


pee eed ), & geometric progression 


Here each order of differences is a sequence in geometric progression 
of common ratio r. 


Let us consider the sequence (u,), where u, = k + ar"—!,k being a 
constant. 
Then Aun = Un41—Un 
(k + ar”) —(k+ar"-}) 
= ar™|(r—1,) 
This shows that the first order of differences is a sequence in geomet- 
ric progression of common ratio r. Therefore the successive orders of 


differences are also sequences in geometric progression of common ratio 
f 


Let un = ¢(n) + ar”! where ¢(n) is a polynomial of degree 1. 


Then Aun o(n + 1) — d(n) +ar™-}(r —1) 
k + ar"—1(r —1),k being a constant. 
Arun = ar™ (7 —1)?. 
Here the second and the successive orders of differences are sequences 
in geometric progression of common ratio r. 


Let un, = ¢(n) + ar”, where ¢(n) is a polynomial of degree p. 
Then the (p + 1)th and the successive orders of differences are se- 
quences in geometric progression of common ratio r. 


Worked Examples (continued). 


5. Find u, where the sequence (tn) = (7, 14, 33, 88, 251,... ... ) 
The succesive orders of differences are 
7 19 55 163 
12 36 108 
24 C2: .- is 


Here the second and the successive orders of differences are sequences 
geometric progression of common ratio 3. Therefore un = a.3%71 + 
®(n) where ¢(n) is a polynomial of degree 1. 
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Let u, = a.3"! + bn+c. 
Thena+b+c=7, 3a+2+c=14, 
These determine a = 3,b =1,c=3. 
Therefore un = 3" + n+ 3. 


9a + 3b+¢ = 33. 


6. Find the sum of the first n terms of the series 
74+144+33+884+251+:-"-"° 


By the previous example, the nth term Un is given by 
Un = 3° +n+ 3. 


n 1 
Therefore Fu, = 3(1+3+39+---+37-1) + MEY 4 3n 
1 
g.st=1 4 Mat) + 3n. 


6.4. Recurring series. 


The series up + uy +uet-:: +: is said to be a recurring series of 
order r if any r + 1 successive terms of the series are connected by the 
relation 

Un + PiUn—1 + potn—2 + +++ + DrUn—r = On2>r... (i) 
where pj, p2,--., Pr are constants. The relation (i) is said to be the scale 
of relation of the recurring series. 


Examples. 


1. The series 1+2+34+54+8+413+---.-- is a recurring series whose 


scale of relation is un — Un-1 — Un—-2 = 0,n > 2. The order of the 
recurring series is 2. 


2. The series 1+4+9+16+425+36+... ... is a recurring series whose 


scale of relation is un — 3U,_1 + 3un—2 — Un—3 = 0. The order of the 
recurring seties is 3. 


The series up + wiz t+ Ugr? +... ... is said to be a recurring series 
of order r if any r+1 successive coefficients of the series are connected 
by the relation 

Un + Piln—1 + P2Un—-2+--: + DrUn—, = 0,n Pe are (ii) 


where p1,P2,.--,Pr are constants. The relation (ii) is said to be the 
scale of relation of the recurring series. 


Some authors define the scale of relation in a different way. 
. : 2 hed 28 
The series up + ujr + ugr* +... ... is said to be a recurring series 


of order r if any r+ 1 successive terms of the series are connected by 
the relation 
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int a, Pit(Un—12"~") - P22" (Un_22"-2) +>. + Pp2" (Un—p£") =0Q@ 
where n2r aug P1sP2, -++)Pr are constants. The relation 1 + pix + 
pot’ + +++ + Pr&" is said to be the scale of relation of the recurring 


series. 


We shall accept either of these definitions. 


Examples (continued). 
3. The series 1 + 2x a 3x +43 4...... is a recurring series of order 2 
whose scale of relation is up, — 2un—1 +tm_2 = 0,n > 2; or, 1—22+22. 


4, The series 1+ 42 + 9x? + 1623 + 2524436254... ... is a recurring 
series of order 3 whose scale of relation is 1 — 3x + 3z? — 23 jor up — 
3un—-1 + 3Un—2 — Un-3 = 0, n > 3. 

If the scale of relation and a sufficient number of terms from the 
beginning of a recurring series be known then the whole series can be 
constructed. 

For example, if up = 1,u, = 3 and up, — 3un—1 — 4un_2 = 0,n > 
2 be the scale of relation of the series ug + uj + u2+--: <-> then 
Ug,U3,Ud,-.. --- can be determined from the given relation. 


Conversely, if a sufficient number of terms from the beginning of a 
recurring series be given then the scale of relation can be determined. 


Theorem 6.4.1. A recurring series of order r is completely determined 
if the first 2r terms are known. 


Proof. Let the recurring series of order r be 
Ug + Uy r+ Ug? +--+ 
whose scale of relation is 1 + pix + pox? + +++ + p,2". 
Then uy + prUr—1 + Potr—2 t+°* + Uo = 0 
Ug. + Pir + P2tlr-1t+-7+ui=0 .. (A) 
Urr—1 + Pi Uer—2 + Poear—3 te + Ur-1 = 0. 
In order to determine r unknowns 71, P2,--- Pr uniquely, r equa: 
tions (A) are sufficient. These r equations require 2r coefficients 


ese ales igned the scale 
Therefore if 2r coefficients Up, U1;---»U2r-1 be pre-assign 
of relation can be fully determined. 


Worked Examples. 
‘ Determine the scale of relation © 
2+ 7x + 25x? + 91? + 


f the recurring series 


eo pee 
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Here first four terms are given. Let us assume that the scale of 
relation is 1+ pz + qz?. 

Then 25 + 7p + 2q = 0 and 91+ 25p + 7q = 0. 

These determine p = —7,q = 12. 

Hence the scale of relation is 1 — 72 + 1227. 


2. Determine the scale of relation of the recurring series 
24345494: °°: 


Here first four terms are given. Let us assume that the scale of 
realtion is un + pun—1 + QUn-2 = 0. 

Then 5 + 3p + 2q = 0 and 9+ 5p + 3q = 0. 

These determine p = —3,q = 2. 

Hence the scale of relation is uy, — 3Un—1 + 2Un—2 = 0. 


Theorem 6.4.2. The sum of first n terms of the recurring series ug + 
Uj + UgE? fee eee is a fraction whose denominator is the scale of 
relation. 


Proof. For simplicity we assume the scale of relation as 1 + px + qx’. 
Whatever be the scale of relation, the method of proof is perfectly 
general. 


Let Ss, = Up tuyot ugar? +--+ --: + Un—1z"~1.Then 
pls, = pugt+ pur? +------ + pUn—2t"—) + pun—12" 
qz*s, = quoz? + +++ + qUn—3z7! + qua—2z” + qun—iz™™ 


Therefore (1 + px + qx*)s_ = ug + (u1 + puo)x + (pun—1 + qUn—2)2" 
+qUn—12"*!, since Un + pun—2 + qun—3 = 0,n > 2. 


_ uo+(ui+puo)r+ (pun—1+gun—2)2"+qun_i2"t} 
or. 3, = 


1+pz+qx? . 


Note. The sum s,, can be expressed as 
_vot(uitpuo)s , (pun—-1t¢Un—2 2"+qun—jartl 


Sn =" T+ pa+qu2 1+pr+qx? 
If the second term tends to zero as n increases indefinitely, then the 
series Up + U1% + Ua? +--+ +. is convergent and in that case the sum 
uo+(uitpuo)z 
. l+prt+qz* ° 


. uo+(ui+puo)x ; : 
If we develop the fraction l+pz+qz? iS ascending powers of Z, 


then we shall obtain as many terms of the series as we please but it 
will be the sum of the infinite series up + ujz + up? $1. oes only if 


the remainder @us=1t@tn—2)2"+aun—12"*1 


1+px+qa? tends to zero as n increases 
indefinitely. 
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Yot(uitpuo)t . 
For this reason the fraction a at id giid to bethe generating 


function of the series up + ujr+ ugn? +... ... 


To illustrate, let us consider the series 1+ 2 +224 734... ..- 
This is a recuring series of order 1. The scale of relation is 1 — x. 


Let s, =1l+2+274+.---4+2"-1. Then 


—28, = —£—7?—...—yn-1_ yn 
Therefore (1 — z)s,, = 1— x”, 
ane an ie ee | 
O,sn= pS =4-. 


The generating function is ;+-. Expanding in ascending powers of 


q, 


pe =ltetatte patty = 


= 


= 
will be equivalent to 1+2+42%+--- if and only if an tends to zero as 
n increases indefinitely. This happens only when. | x |< 1, in which case 


the series is convergent and the sum of the infinite series is yi. 


Thus we obtain as many terms of the series as we please, but cs 


Worked Examples (continued). 
3. Find the generating function, the general term and the sum to n 
terms of the series 2+ 32 + 527+ 9x9 +--+ +: 


Let the scale of relation be 1+ pz + qa”. 
Then 5+3p+2¢g=0, 9+5p+3q=0. 


These determine p = —3,q = 2 
Hence the scale of relation is 1 — 3x + 22”. 


Let s denote the sum of the series, when it is convergent. 


Thens = 2+3¢+527+90°+-+° °°: 
—~3rs = 6x — 922 — 1528 —+++ + 
2x25 = Ag? + 62° foresees 


2-3 
Adding, we have s(1 — 3x + 2x) = 2— 32, or, $= ere 


2-32 
The generating function is jrisioe? =~ er eas ia" 


r: 1 
The coefficient of x” in i+: is 17, and the coefficient of z” in 7-35 
g Or a 


Hence the (r + 1)th term of the series is (1 + 2")z”. 
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n-1 
The sumtonterms = PAC + 2°)" 


= (l+2+27+- ee) 
arate ae ee ae) 


= 1—2"2" 
= ios” + 1—22 


4. Find the general term and the sum of first n terms of the series 
2+7+254+91+--> ++: 


We shall find the general term and the sum of first n terms of the 
recurring series 2 + 7z + a2 +91e3+--- -' and put xz = 1 in the 
results. 

The scale of relation can be obtained as 1 — 7x + 122. 

Let s be the sum of the infinite series when it is convergent. 


2+72 +252? +9129 4--- ++ 
—T2s —~14¢ — 49x? — 17523 —... --- 
1227s Qn? + 8473 +--+ +> 


Then s(1 — 7x + 1227) = 2-72 


____2-7Tr ee | 1 
Or, §={—754 190? = 13a + ae 


s 


ll oie il 


The coefficient of x” in the expansion of woe is 3” and the coefficient 
of x” in the expansion of ce is 4”, 


Hence the (r + 1)th term of the series is (3" + 4")z”. 
The sum tonterms = "53" + 47)z" 
=0 


= (1432 + 322? +...437-1¢"-1) 
+(1 + 4a + 427? 4... 4 4n-1zn-}) 
1-3" 4) mon 
ae oe 
Hence the (r + 1)th term of the given series is 3° + 4" and the sum 
of first n terms of the given series is $(3" — 1) + 1 (4% — 1). 


Theorem 6.4.3. If un is a polynomial in n of degree p then the series 
_ +uir sc 5 a is a recurring series of which the scale of relation 
(1 — x)? 
Proof. Let s be the sum of the series when it is ibe 
s = Up + Uz + Upx? +. -+up,rr+. 
s(1—z) = upt(u— Uo) +°+-+ (tn ~ age +: 


= Utz + uor? +. "eb UnZ™ +--+, ute 


Un = Un — Un, and sO Up is a polynomial in n of degree p — 1. 


SUMMATION OF SERIES 301 


s(l—x)* = up t(vy—up)a +--+ (Un — Una" +°°: 
= uot(uy —Ug)2 + wor? +++» + war” +-++, where 
Wn = Un — Un-1,N 2 2 and so wy is a polynomial of degree p — 2. 
Proceeding in a similar manner, we have 


s(1—2x)? = f(x) +k(x? +2?t1+4...), where f(z) is the sum of first 
p terms and k(= A?u,) is a constant since up, is a polynomial of degree 
Pp: 

Therefore s(1— x)? = f(x) + $= 

ae (1-2) f (x)+kax? 


(i—z)ptt and this is the generating function of the 


series. Therefore the series is a recurring whose scale of relation is 
(1—<«)Pt?. 


Worked Example (continued). 
5. Find the generating function of the series 
2+ 5@ + 102? + 1723 + 2624+... --- 
The sequence of coefficients and the succesive orders of differences 
are 


2 5 10 17 26 


2 2 2 


Since the second order of differences is a sequence of equal elements, 
uy, is a polynomial of degree 2. Therefore the series is a recurring series 


and the scale of relation is (1- x), 


Let s be the sum of the series when it is convergent. 
Thens = 24+524+102?4+172° + art +--+ --- 


—3rs = —6x — 15x? — 3022 — 51z4—--- --- 
327s = 6x? + 152° + 30a* +--+ +: 
—73s = —2e¢3 — 5at —--+ +: 


2 __ 2—a2+0:7 
Adding, we have (1-z)°s =2-2+2", or s="q" js. 


. : . 2—-a+x? 
Therefore the generating function 1s “q—;)s - 


Theorem 6.4.4. Let uo + ui +u2t-" be a recurring series of real 
numbers whose scale of relation is Un + Pun—-1 a qUn—-2 = 0 where P,q 


are constants. 
If a, 8 be the roots of the equation x? + pz + q = 0 then 
(i) if a # B, Un = Aa” + BB” where A, B are arbitrary constants 
> 
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(ii) if a = 8, uy, = (A+nB)a” where A, B are arbitrary constants. 


Proof. Let us consider the series up + ujx + uaz? + °°: 
Assuming convergence of the series, let s be the sum of the series. 
S=Up t+ uizt+uer?+--: 
BES = PUox + pyr? +--- 
qz*s = quip x? 4+..+. 
We have (1 + pr + gz*)s = up + (ui + puo)e. 
uot+(uit+puo)z _ uo+(uitpuo)zr 


a ie l+pz+qz*  ~—s (1—arr)(1—fzx)° 
(i) Since a # B, we have 
= a + fae) where A, B are constants 


= A(l+azr+a*%xz*+---+a"r"+---)+B(14+Br+f?274+---+B"2"+---), 
where | z |< min{] a |,| 6 |}. 
Therefore u, = coefficient of x” in R.H.S. 
Aa” + BB”. 
(ii) Since a = 8, we have 
s=;4-+ ay where A’, B’ are constants 
= A’(lt+ar+a*z?+---+a"r” +---)+ B14 2az + 3072? + 
-+++(n+l)a"z" +---), where | x |<] @ |. 
Therefore u, = coefficient of x” in R.H.S. 
= A’a"™+ B’(n+ 1a” 
= (A+nB)a", where A, B are constants. 


Theorem 6.4.5. Let up + uy + ug +:-- be a recurring series of real 
numbers whose scale of relation is un, + ptn—1 + qun—2 + TuUn—3 = 0 
where p,q,7 are constants. 


If a, 8, y be the roots of the equation x? + px? + qz +r =0 then 
(i) if no two of a, B, 7 are equal, u, = Aa” + BB"+cy", where A, B,C 
are constants; 
(ii) ifa=B #7, Un = (At+nB)a"+Cy”", where A, B,C are constants; 
(iii) ifa = 8 = 7,Un = (A+nB-+n?C)a”, where A, B,C are con- 
stants. 
Proof. Left to the reader. 


Worked Examples (continued). 
11. Find the nth term of the recurring series 14+2+5+414+4--- 
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Let the series be u; + ug + ug +-:- and let the scale of relation be 
Un t PUn-1 + WUn-2 = 0. 


Then5+2p+q=0, 14+5p+2q=0, giving p = —4,q =3. 
The roots of the equation z? — 4¢ + 3 = 0 are 4, 3. 


Hence u, = A.1” + B.3” where A, B are constants. 
We have A+ 3B =1,A+9B =2, giving A=},B=}. 


Hence un = $(1 +37). 
12. Find the nth term of the recurring series 
44+74+114174+274+454... 


Let the series be u; + ug + ug +--- and let the scale of relation be 
Un + PUn-1 + Qn—2 + TUn—3 = 0. 


Then 17+11p+7q+4r=0, 274+17p+1lq+7r=0, 454+27p+ 
17g + 1lir = 0, giving p = —4,q =5,r = —2. 


The roots of the equation x? — 4x? + 5a — 2 = 0 are 1,1,2. 
Hence un = (A+nB)1" + C.2” where A, B,C are constants. 


Since u, = 4,u2 = 7,u3 = 11, we have A+ B+2C =4, A+2B+ 
4C¢=7, A+3B+8C =11, giving A=1,B=2,C= t 


Hence u, = 1+2n+ 2771. 


Exercises 6B 


1. Find the nth term and the sum of n terms of the series: 
(i) 54+94+15+4+23433+4- 

(ii) 2+ 10+ 30+ 68 + 130+- 

(iii) 2.643.144 4.244 5.364+-- 

(iv) 94.174 37+93+42574+-- 

(vy) 3454104224494 107+-- 

(vi) 3464134324874 250+-- 

(vil) 3 1.2° at a aoa wet a8 ee 

(viii) 3.1 4.5.3 + 7.3? + 9.39 + 11.34+-°: 

2. Find the general term and the sum of n terms of the series: 
(i) 245413435+--- 

(i) 2464204724: 

(ii) 44124324 80+>-- 

vy) 34749419433 4+67+° 
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6.5. C+iS method of summation. 


We now discuss a method of finding the sum of two real series 
ap + a, cos @ + a2 cos 26 +:+* °°" (i) 


a, sin + agsin20+--- °°: (ii) 
where @ is real and ag, a1, @2,°-> are constants. 


Let the complex series 
Gy + aye? + age*9 +... «+: (iii) 
be convergent for some 6 and f(0) be the sum. Let f(@) be expressed 
as A+iB where A, B are real. Then 
A+iB = ao + a1(cos6 + isin) + ag(cos 20 + isin 26) +--- 


This implies the convergence of the series (i) and (ii) and 
A= dp + a) cos@ + a2 c0s26 +--- --- 
B=a,sin@ + agsin20 +--+ --- 


Therefore in order to find the sum of either of the series (i) and 
(ii) we try to find the sum of the complex series (iii) in its region of 


convergence and then express the sum f(@) in the form C' + iS where 
C and S are real. 


The sums of the series (i) and (ii) for the corresponding @ are given 
by C and S respectively. 


Worked Examples. 
1. Find the sum of the series 


sin? — 5sin20+ 3sin30—... ... (-t<O<7n). 


Assuming convergence of the series 
cos @ — 5 cos 20 + }.cos39 —.-. ... 
and sin6 — 4 sin 20+ 4 sin36—...... 
with C and S as their sum respectively, we have 
C+iS = ef — Fe 4 1630 _ 
= log.(1 +e”) = log.(1 + cos + isin 6), 
Let 1+ cos@ = rcos¢,sin@ = rsin ¢. 
Then r = 2cos § and ¢ = . 


“en 04s 


Therefore C + iS = log(1 + cos@ + isin 6) 


: = log(2 cos 8) + é§. 
This gives S = 5 and C = log(2cos $). 


Hence sin @ — 5 sin 20 + 3 sin 30 —... ae 


— 


g 
2 
and cos 6 — 3 cos 20+ 3 cos 39 —--- = log(2.cos $), when —1t <0 <7 
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Note: The restriction on 9 is necessary for the convergence of the series. 
qhe series 2 — 5+3- +++ +++ converges to log,(1 +z) when | z |< 1 


put Z #—l. 
9. Find the sum of the series 
cos 6 — 5 00830 + Z50—...... (0<0<2) 
Assuming convergence of the series 
cos — 3.cos30 + 4 cos5@ —.-. --. 


and sin @ — 3 sin 30 + = sin 50 tae aies 
with c and s as their sum respectively, we have 


ctis = ef — ae EF ose va 
= tan7*(e’) = tan1(cosé@ + isin 6). 
Therefore sin(etis} = cos@+isin@ 


cos(ctis)+isin(ctis) __ (1—sin @)+icos@ 
or; cos(c+is)—isin(ctis) — (1+sin@)—icos@ 


expi(ctis) __ {(1—sin @)+icos 6}{(1+sin 0)+i cos @ 
OT; exp —i(ctis) (1+sin0)2+cos? @ 


or, e~?9(cos 2c + isin 2c) = a7tfong 


—2s a —28 — _cosé 
Therefore e~ “* cos 2c = 0, e~** sin 2c = ;e. 


<a : 2s _. 1+siné@ —_ 
This implies e** = “24> and 2c = 4. 


Therefore s = 4 log(sec@ + tan) and c= §. 


Hence cos 6 — 3 cos 30 + += 4,when0<0< 5 
Note. The series z — a ce —-++ converges to tan! z when | z |< 1 
but z 4 +i. 


Exercises 6C 


l. Find the sum of the following series: 


(i) 1+ cos + 29828 4 20830 4... ... 

(i) 1+ ecos 6 + c? cos 20 +c? cos 30 +++ +" (0<c<1) 
lil) cos 0 + 2 cos 20 + 27 cos 30+ +++ +" (0<a <1) 

(iv) 1+acos@ + = cos 20 + 2 cos 36 + es 

\Y) cos 26 — 5 cos 40 + 4 cos60—--- +": (-3 <9< 9) 


(Vi) cos @ sin @ 4 cos"? sin 26 + 298-2 sin 30+ +++ ++: (0<6<zn) 
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(vii) sin 20+ $ sin 40 + 3 sin60+°-: +: (0<0<7) 
(viii) cos? @ — 3 cos? 26 + 3.cos? 30 —+++ -°° (-$<9<3 

(ix) cos 6 cos 6 + cos? 6 cos 20 + cos® 6 cos 38 +++: °° (6 # nn) 
(x) sin? 6 — 2 sin? 26 4 2 sin? 30-—-+- «+ (-5 <6< $) 

2. If a,b,c be three sides of a triangle and a > b, prove that 

(i) 2 cosC +  cos20 + & cos3C +: --- = log 2 

(i) sinc + 4 sinac+ 4sin3ct+--- --=B 

(iii) 14+ 2cosC + ¥ cos 2C + % cos3C +: ---= 2cosB 


(iv) FsinC +  sin2C + 3 sin3C +-- --+= 2sin B. 


7. SIMPLE CONTINUED FRACTION 


pe 
nd. Continued fraction. 


ression of the form a b 
An exp rere a 


qhere a’s and 6’s are all integers with b; 4 0 for i > 2,a; > 0 for 
;>1,a1 2 0, is called a continued fraction. 


e continued fraction is also denoted Og DBs aii 
an by ai a2+ a3+ 
ba 


ay, 2, g2,-++ are called elements of the continued fraction. 


If the number of elements be finite, the continued fraction is said to 
be a finite continued fraction. 


If the number of elements be infinite, the continued fraction is said 
to be an infinite continued fraction. 


The value of the fraction obtained by stopping at some stage is called 
a convergent of the continued fraction. 


For the continued fraction a; + we - oe 
the first convergent = aj, 
the second convergent = a; + 2a, 


: cs _b2_ bg 
the third convergent = a, + 74 3, 


As the number of convergents is finite in a finite continued fraction, 
the value of the last convergent gives the value of a finite continued 
fraction. 


In an infinite continued fraction, the number of convergents is clearly 
infinite. If U1, U2, U3,°** be the successive convergents of the continued 
fraction, the continued fraction is said to be convergent if the sequence 
{tn} be convergent. In this case lim uy is said to be the value of the 
Continued fraction. 

_ If however, the sequence {un} be not convergent, the continued frac- 
tion is said to be divergent. 


For example, the continued fraction Lt Star -++ is convergent, but 


the Cc 1 -—1 —1 2 ‘ t 
ont -., 1 —1=1.,. jg divergent. 
Inued fraction ifm g 
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7.2. Simple continued fraction. 


; b : se 
The continued fraction a, + os aap? UD which 6; = 1 for ally 


and a; > 0 for all i > 1,a; > 0 is said to be a simple continued fraction 
Thus the general form of a simple continued fraction is 


td 
1+ oF ast 
a; is called the ith quotient. 
Q1,0,+ ~, a4 = + ..» are called respectively the first convergent, 


the second convergent, the third convergent, --- 


Examples. 
1. For the simple continued fraction 1 + oc tre 


the first convergent = 1, 
the second convergent = 1+ 5 = 3 
the third convergent = 1+ 21 . 3) me 
the fourth convergent = 1+ 577753 =f 
Here the value of the continued fraction is #. 
: ate ode a ad 
2. For the simple continued fraction 7-37-7739; 
the first convergent = 0, 
the second convergent = 7, 
the third convergent = 7 34 = 2 


Here the value of the continued fraction is iz: 
Theorem 7.2.1. If u,(= &) be the nth convergent of the simple con- 
tinued fraction a; + arat -++ then the recurrence relations 


Pn = QnPn-1 + Pn-2, In = GnQn—1 + Gn—2 hold for all n > 3. 
Proof. uy =a,. Therefore p; = a,,qi = 1. 


1 _ ag2a),+1 
ug =a, + 7, = “GB . Therefore po = aga; + 1,2 = a2: 
1 


1 
ss ee ee ag = a3(a201+1)+a, 
as Uae ag+ a3 ar agag+l ~~ a3aq+1 


Therefore p3 = @3(@24 + 1) +1 = agp +p, g3 = agag +1 = asg2 tO 
This shows that the relations hold for n = 3. 


Let us assume that the relations hold for n = m where m is & natural 
number > 3. 
The —Pm — ImPm—-itPm-2 
1 Um dm Im Im—1+Gm—2 * 
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ae ee an see 
Um+1 = 41 + OF or a3+ Om+1 a+ oy ae 


1 
(amt ania 


y° 
We observe that um+i is obtained from um if am be replaced by 
Om + aa . 


Th G (am + ——— aa] Pm- 1+Ppm—2 
en —Pmtl 
ety Im+1 (Ont Spi im—1tdm-2 


= am-+1 ins 
Qam+1 (@mQm—1+Qm-2)+9m-1 


= Am+1Pmtpm-1 
Qm+19m+gdm-1 ° 


Therefore Pm41 = Qm41Pm+Pm—1, Gmt1 = Om419m + Im-1- 

This shows that the relations hold for n = m+1 if they hold for 
n=™. 

By the principle of induction, the relations hold for all n > 3. 


Note. If we write pp = 1,¢9 = 0 then po, q2 can be expressed as 
p2=42P1+ Po, 42 = 4241 + Qo. 
This shows that the recurrence relations 


Pn = QnPn-1 + Pn-2; Qn = OnQn-1 + Gn-2 
hold for all n > 2 with the assumed initial values pp = 1, qo = 0. 


If a simple continued fraction be finite then there is a finite number 
of quotients and the last convergent gives the value of the continued 
fraction. 


Since each convergent un is of the form ©* where pn, qn are positive 
integers, each convergent is a rational number and therefore the value of 
a finite simple continued fraction is a positive rational number. 


We now show that every positive rational number can be expressed 
as a finite simple continued fraction. 


Theorem 7.2.2. Every positive rational number r can be expressed as 
a finite simple continued fraction. 


Proof. Let r =2 be a positive rational number, where p, q are integers 
and p > 0,q > 0. 


Case 1. p> q. Let us divide p by q. By division algorithm, there exist 
integers a, and r; such that p = a1g+ 11 where a; > 1,0<1r, <q. 
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If r; = 0 then = = a, and it is a simple continued fraction having 
only one quotient. 
HO<n<q, 2=a+2=a+4-. 
Tl 
Let us divide g by 71. By division algorithm, there exist integers a, 
and rg such that q = agr) +72 where ag > 1,0<172<11. 


If ro = 0, then =a = a2 and = = ai ++ , a simple continued fraction 
having only two quotients. 


If0<rg <r, then 2 pre 


r2 


Therefore = =at+or 7 


Let us divide r; by roa. 


Proceeding in this way we obtain successive remainders 1, 72,73,--- 
such that g>1T1 >1T2>73>°:°° 

Since q is a positive integer and r;’s are all integers > 0, we shall 
ultimately arrive at a stage where some 7, = 0. In this case we have 
Tn—2 = AnTn—1 +0 and therefore 


P — 1 ..,1 
q a+ a@2+ Gn” 
Thus the rational number is expressed as a simple continued fraction 
m+oy: aka, Which is finite. 


Case 2. p < q. Then & = 3 and q > p. 
Pp 


By case 1, 2 = b, + 5+; --: z+ where ; are integers > 1. 


Therefore * = 5755 '** p; and it is a finite simple continued fraction. 


Note 1. . can be so arranged that the simple continued fraction repre- 
senting 7 may have an even (or an odd) number of quotients. 


Let 2=0,+----4, having n quotients. 
q a2+ Qn q 


If a, = 1," can be expressed as ay + ee a iaT? & finite simple 
continued fraction having n —1 ae 


If an > 1, & can be expressed as a; + = at: Genet a finite simple 
continued fraction having n + 1 quotients. 
It follows that if n is odd, then - can also be expressed as a simple 
continued fraction having an even number of quotients; and if n is even, 


then & can also be expressed as a simple continued fraction having an 
odd number of quotients. 


Note 2. The quotients a),@2,:-+,@, in the simple continued fraction 
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representing F can be obtained as successive remainders in the process 
of Euclidean algorithm in finding the g.c.d. of p and q. 


Worked Example. 
1. Express 38 as a finite simple continued fraction having 


(i) an even number of quotients, (ii) an odd number of quotients. 
-) 38 _ ek 1 _ 1 
(i) 16 tag 27 oes Balt PH1ts, g=lt+7. 


3 ; 
Therefore 75 = 2+ trig? @ simple continued fraction having an 
even number of quotients. 


38 ai, 


(ii) Again 2 = 2+ Git a t, a simple continued fraction having 


an odd number of quotients. 


Theorem 7.2.3. A positive irrational number can be expressed as an 
infinite simple continued fraction uniquely. 


Proof. Let a be a positive irrational number. Then there exists an integer 
a, > 0 such that a, < a < a,+1. Clearly, a; = [a], the integral part of 
a. 

Q = a, + (@ — a1) = a, + a, where qa, is an irrational number and 
0<a, <1. Therefore a = ay+-p. 


a) 
= > 1. There exists an integer az > 1 such that = = @2+a2 where 


@2 is an irrational number and 0 < a2 < 1. 


= nee 1 
Therefore a = a1 + =a55 = ato 
a2 


7 > 1. The process can be continued indefinitely because at each 
step we obtain an irrational number a; such that 0 < a; < 1 anda 
positive integer a, > 1 such that a; < a <a;+1. 


Thus a is expressed as an infinite simple continued fraction 
ae See 
a+ ot ost 
We now prove that the representation is unique. 
Let a be expressed as another infinite simple continued fraction 


Ot Ee bat 


Then a) +c te sb t+ epee 
, Equating the integral parts of both sides, we have ay = b; and 
Gea" = pene Therefore ag+ [+++ = bet ae 
‘ Equating the, integral parts of both anes we have ag = bo and 
Giga =himt Therefore a3 + Gp +-+ = 63+ 54 --- 
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Proceeding similarly, we have a3 = 63,+++,@n = bp for alln EN, 
Thus the representation of a as an infinite simple continued fraction 
is unique. 


Note. Before coming to the converse problem whether an infinite simple 
continued fraction represents an irrational number, we must first ascer- 
tain whether an infinite simple continued fraction has a value at all, L.e., 
whether the sequence of convergents of an infinite simple continued frac- 
tion converges to a limit. This will be discussed in a subsequent theorem. 


Worked Example (continued). 
2. Express 5 as a simple continued fraction. 


2< V5 <3. V5 can be expressed as 2 + (V5 — 2). 
V5 — 2 is an irrational number and 0 < V5 —2 <1. 
ns = = 1 = 1 
V5 =2+(vV5 2) = ir 2+ Fig. 4< Vb4+2<5. 


= Sires a 1 
Therefore /5+2=4+(/5 ag ee ere 


Hence V5 = 2+ 7-32... 


7.3. Properties of the convergents. 
7.3.1. If a be the rth convergent of the simple continued fraction 
1 1 
1+ Fat 


then the sequences {p,,} and 


{Gn}3° are strictly increasing sequences of 
positive integers. 


Proof. py and gn are defined by p1 = a1,q1 
and for n > 2, 


Pn = @nPn-1 + Pn-2, Gn = QnQn—1 + Gn—o2. 


Since each a; is a positive integer for ; 2 2, Dn is a positive integer 
for n > 2 and gp, is a positive integer for all n € N. 
We have p2 > p; and for n > 2, 


Pati — Pn = (@n41 — 1)Dn + Pn—-1 > Pn-1 > 0. 
Hence pnii1 > pr for alln EN. 


For n > 2, Qn+1 —- Qn = 


= 1,p2 = aga, + 1, q2 = a2 


(Qn41 — lan + Qn—1 2 Qn-1 > 0. 
Hence gn+i > dn for all n > 2. 
Therefore the sequences 


hei {pn} and {Gn }§° are strictly increasing S¢& 
quences of positive integers. 
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Note. If the simple continued fraction be infinite, both the sequences 
{on} and {gn} diverge to infinity. 


7.3.2. If £= be the rth convergent of the simple continued fraction 
1 1 
01 + apt ast" 
then PnQn—1 — Pn—19n = (—1)” for alln > 1. 


Proof. Pn and gn are defined by pp = 1,49 = 0,71 = a1,91 = 1 and 
for n 2 2, Pn = OnPn-1 + Pn—2)9n = QnQn-1 + Gn-2: 


Since P1g0 — Pog; = —1, the statement is true for n = 1. 


Let us assume that the statement is true for n = m, where m™ is a 
positive integer. 
Then PmQm-1 — Pm-19m = (-—1)™ 


Pm+19m — PmIm4i = (Qm+41Pm 4- Dm—1)Qm — Dm(Qm+19m = Qm-1) 


= Pm-19m — Pmam-1 
—(—1)™ ot (—1)™*1, 


This shows that the statement is true for n = m+ 1 if it is true for 
n=™m. By the principle of induction the statement is true for all n € N. 


7.3.3. If = be the rth convergent of the simple continued fraction 
a+ Spaz’ ’') then 
(i) pn is prime to qn; 
(ii) pp is prime to pn-1; 
(iii) gn is prime to gn-1- 


Proof. (i) Let d be a positive common divisor of pp and gn. 
Then d| pp and d| Qn > | (PnQn-1 — Pn-19n); i.e., d| (—1)”. 


Consequently, d = 1 and therefore p,, is prime to qn. 
Similar proof for (ii) and (iii). 


Note. Every convergent = is in its lowest terms. 


7.3.4. If a be the nth convergent of the simple continued fraction 


then (j) 22. — ree aoe 
(i) Pn-1 Qn + Qn—-1+ ag+ a,’ 
Gs as 1 Rey eee 2 

(ii) @n-1 Mn 23 Q@n—1+ agt a2 
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Proof. Py = AnPn-1 scien for n > 2 


1 
Po a, + 28-2 =Gnt Pao 
ei Pn—2 
1 
Pa=) = ay_ + D3 = Gn-1t Pad 
Pn—-2 Pn paca 
1 
PB = a3 + 2b =a3t+ BF 
P2 > 
1 
1 
P2 — 924a,+1 ae ee 
P1 a1 al 
obo = re! ae og 
Therefore =ant+ 7G _ aa 
Qn = OnGn—1 + In—2 for n > 2. 
Q@n9n—1t9Gn—-2 1 
a =— a = On+ Wo 
Qn—2 
7 ; : 
dn=* = On-1 + BS = Ont Tae 
In-—3 
3B _ M1 — 1 
qa a3 + ms a3g+ a 
wm — 
1 a2. 
Therefore — = eh ee el 
cc Gn-1 oer Qn-1+ ag+ a2 


7.3.5. (i) Let p,q, p',q' are positive integers and pq’ —p'g = 1 and q’ < ¢- 
If be ac as a simple continued fraction with an even number of 


acetate then 7 is the convergent immediately preceding 7 


Proof. Let ® = aoe 


Qn 


a 


Let ma be the convergent ey Preccomme z. Since n is eveD, 
pq” — pq =1. Therefore pq’ — p'g = pg” — pq 

or, p(q’ — q”) = q(p' — p”). 

Since p,q are relatively prime, it follows that q divides q/ — ". Since 
q’ <q, this cannot happen unless q’ = q”. Consequently, q/ = q’ and 
p' = p". In other words £; is the convergent immediately preceding 


(ii) Let p,g,p’,q' are positive integers and pq’ —p'q = —1 and q ar 
If = be expres as a simple continued fraction with an odd number 
hae then 5 is the convergent immediately preceding * B 


Similar proof. 
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Worked Examples. 
1. If = be seas ~ convergent of the simple continued fraction 
a+ — =r mr +, prove that 
Pn9n—3 — Pn—39n = (—1)"[anan_; + 1], for n > 3. 
Pn = OnPn—-1 t+ Pn—2, Qn = OnQn—1 + Qn-2 n>2 
PnQn—3 ~ Pn—39n 
= (GnPn-1 + Pn—2)Qn—3 — (QnGn—1 + Gn—2)Pn—3 
= On|Pn—19n-3 — Gn-1Pn—3] + (Pn—29n—3 — Pn—39n-2) 
>= An[(Qn—1Pn—2 a Pn—3)Qn—3 — (Qn—19n-2 + Qn—3)Pn—3] + (—-1)"-? 
= An[@n—1(Pn—29n—3 — Pn—39n—2)] + (—1)"~? 
= An-Qn—1.(—1)"~? + (-1)" = (—1)"[anan—1 + 1]. 


2. If £= be the rth convergent of the simple continued fraction 
a+ nue ‘++, prove that 
(i) Pon = Gant1, (ii) bpon-1 = aqon.- 
"\ P2n+2 _ \ eens n (ab+1)p2n+eqan 
Oa ot bee Oo Bete 2 2 


G2n+2 bpan+qan bp2an+qan 
q2n 


Therefore pony2 = (ab + 1)pon + agon ... (i) 
and qan+2 = bpan + gan --. (ii) 
From (i) @gan = Pan+2 — (ab+1)pon 
= (bpen+1 + Don) = (ab + 1)pon 
= bpen+1 = abpon 
b(apen + Pon-1) — abpon 
= bpen-1- 
From (ii) gan = G2n+2 — bpen = (bg2nt1 + G2n) — bpan 
OF, P2n = Q2n+1- 


3. If = be the nth convergent of the simple continued fraction 
3+ oar .+-, prove that 

(i) Pata + Pn-1 = 209n; (ii) Qn4a + @n—-1 = 2Pn, 

(iii) p2 — 109% = (-1)”. 


Here pn = 6Pn—-1 + Pn—2, In = 69n-1 + Gn—2 for n > 2. 


10gn+3 
Pn+1  __ 1 —__9n_. — 2VGnTepn 
Qn41 3+ 3+ha = 3+ 3qn tpn 3qn+Pn 


Hence Pnt+1 = 10qn + 3Pn see (A), Qn+1 = 34n + Dn see (B) 
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(i) 20¢, = 2pn41 — 6pp{using (A)] 
= pnsit (Pnti — 6pn) 
= Pnt4it+Pn—1, since Pn41 = 6Pn + Pn-1- 


(ii) 2p, = 2@n+1 — 64n [using (B)] 


= Qnzi t (Qn41 — 64n) 
= Qn41+Qn-1; Since Qn41 = 64n + In-1- 


(iii) 10¢, = Pag — 3pm, using (A) 
Pn = Qn+1—- 3Gn; using (B). 
Therefore p? — 10g2 = pn[Qn+1 — 3¢n] — QnlPnti — 3Pn] 
= —[Pn+19n — PnQn+1| = —(-1)"*? ia =)", 


4. If ™ be the nth convergent of the continued fraction 


titi... *, prove that 


at b+ a+ b+” 
(i) Dn —(ab+2)pp-2+pn—4 =O forn>5 
(ii) dn — (ab i 2)@n—2 + Qn-4 =0 forn>5 
(iii) @pens41 = bgen for n > 1. 
(i) Here p: =0,q, = 1; po = 1,q2 =a. 
If n be odd, pp = bpn-1 + Pn—2 for n > 3 
Pn-1 = @Pn—2 + Pn—3 for n> 5 
Pn—-2 = bpn—s + Pn—a for n > 5. 
Therefore pp = b(@Pn_2+Pn—3)+Pn—2 = abpn—2t(Pn—2—Pn—4)+Pn—2 
= (ab + 2)pn—2 — Pn—a. 
Or, Dn — (ab+ 2)Pn—2 +Pn-4=Oforn>5 ... (A) 
If n be even, pp = Gpn_-1 + Pn—2 for n > 4 
Pn-1 = OPn-2 + Pn—3 for n > 4 
Pn—2 = @Pn—3 + Pn—a for n > 6. 
Therefore pp = a(bPp—2+Pn—3)+Pn—2 = abpn—2+(Pn—2—Pn—4)+Pn-2 
= (ab + 2)Pn—2 — Pn—4 
Or, Pn — (ab+2)Pn-2+Pn-4 =O forn>6 ... (B) 
From (A) and (B) pn — (ab+ 2)Pn—2 + Pn_4 = 0 for all n > 5. 


(ii) Similarly, dn — (ab + 2)dn-2 + dna = 0 for n> 5. 
eee P2n+2 a bg2n+pon 
(iii) q2n+2 (ab+1)qan+apen ° 
Since each convergent is in its lowest terms, we have Don+2 = bGan t 
Pon- But pon+2 = @Pan+1 + Pan. 
Therefore bgan = G@Pon41. 
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7,4. Integral solution of the equation az + by =. 


In Theorem 3.2.15 we have seen that the equation az + by = c where 
a,b,c are integers and (a,b) ~ (0,0), has an integral solution if and only 
ft gcd(a, b) is a divisor of c. 


1. The equation az — by = 1 where a and b are positive integers 
prime to each other. 


Let 3 be expressed as a simple continued fraction with an even num- 
ber of quotients. Let e be the convergent immediately preceding s 
Then ab’ — a/b = 1. 

This shows that (b’,a’) is a solution of the equation. 

Also we have az — by = ab’ — a/b 

or, a(x — b') = b(y —a’). 

Since a and b are prime to each other, b is a divisor of x — b’ and a is 

a divisor of y — a’. 


Therefore zo = as = t, where ¢t is an integer 
or, c = bt +’ 

y =at+a’ , where t = 0,+1,+2,--- 
This gives the general solution in integers. 


Note. If c be a positive integer, then the general solution of the equation 
ax — by = c where a,b are positive integers prime to each other is given 
by r= bt + b'c 

y =at+a’c, where t = 0,+1,+2,--- 


2. The equation az — by = —1 where a and b are positive integers 
prime to each other. 


Let : be expressed as a simple continued fraction with an odd number 
of quotients. Let . be the convergent immediately preceding e Then 
ab! — q'b = —1. 

This shows that (b’, a’) is a solution of the equation. 

Also we have az — by = ab’ — a’b 

or, a(x — b’) = bly —’). 

Since a and b are prime to each other, 6 is a divisor of x — b’ and a is 
4 divisor of y — a’. 

Therefore eb = yaa = t, where ¢ is an integer. 

or, z= bt +b! 

y =at+a’, where t = 0, +1, +2,--- 

This gives the general solution in integers. 
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3. The equation az + by = 1 where a and b are positive integers 
prime to each other. 


Let ¢ be expressed as a simple continued fraction with an even num. 


ber of quotients. Let 7 - be the convergent immediately preceding $ a 
Then ab’ ~ a/b = 1. 

This shows that (b’, —a’) is a solution of the equation. 

Also we have az + by = ab! — a’b 

or, a(x — b’) = b(-y — a’). 

Since a and b are prime to each other, b is a divisor of x — b' and ais 
a divisor of —y — a’. 

Therefore aah = uta! = t, where ¢ is an integer. 

or, 7 = bt+0' 

y = —at — a’, where t = 0, +1, +2,--- 


This gives the general solution in integers. 


Note. If c be a positive integer, then the general solution of the equation 
ax + by = c where a,b are positive integers prime to each other is given 
by x = bt +5'c 

y = —at — a'c, where t = 0, +1, +2,-- 


4. The equation ar+by = —1 where a and b are positive integers 
prime to each other. 


Let 2 , be expressed as a simple continued fraction with an odd number 


of aah Let & ; be the convergent immediately preceding | . Then 
ab’ — a/b = -1. 
This shows that (b’, —a’) is a solution of the equation. 


Proceeding as in 3, the general solution in integers is given by 
x=bt+0b' 
y = —at — a’, where t = 0,+1,+2,-.- 


Worked Examples. 
1. Solve the equation 14z — 19y = 1 in integers. 


x 


Let us express jg as a simple continued fraction with an even number 


of quotients. 


The convergent ee preceding 74 is 12 
We have 14.15 —- 19.11 =1.... (A) 
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Hence 142 — 19y = 14.15 — 19.11 
or, 14(x — 15) = 19(y — 11) 
Since 14 and 19 are prime to each other, 19 is a divisor of x — 15 and 
14 is a divisor of y — 11. 
Therefore 255° = #14 = t, where t is an integer. 
The general solution is z = 19t + 15 
= 14¢ +11, where t = 0,+1, +2,--- 


Note. From (A) it follows that (15,11) is a solution of the equation. 
This solution is given by the convergent immediately preceding at 


2. Solve the equation 147 — 19y = —1 in integers. 


Let us express #4 as a continued fraction with an odd number of 


: 19 
quowelys 
14 = 11 
0+ it 3 14+4 


Here the convergents are &, }, 2, 3. i¢- 

The convergent immediately preceding +4 is 

We have 14.4— 19.3 = —-1.... (A) 

Hence 14x — 19y = 14.4 — 19.3 

or, 14(x — 4) = 19(y — 3) 

Since 14 and 19 are prime to each other, 19 is a divisor of z — 4 and 
14 is a divisor of y — 3. 


Therefore 2=4 = #3 = t, where t is an integer. 
“9 — 4 


The general solution is x = 19% + 4 
y = 14t +3 where t¢ = 0, +1,+2,--- 


Note. From (A) it follows that (4,3) is a solution of the equation. This 
solution is given by the convergent immediately preceding cy 


Pe 


3. Solve the equation 147 — 19y = 5 in integers. 


Proceeding as in Example 1, we have 14.15 — 19.11 = 1. 

Hence 142 ~ 19y = 5(14.15 — 19.11) 

or, 14(x — 75) = 19(y — 55) 

Since 14 and 19 are prime to each other, 19 is a divisor of x — 75 and 


14 is a divisor of y — 55. 
Therefore zt 5 = us = t, where ¢ is an integer. 


The general solution is r = 19¢ + 75 
y = 14¢ + 55 where t = 0,+1,+2,.-. 


Note. The least solution in positive integers corresponds to t = ~3. The 
least solution is (18, 13). 
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7.5. Properties of a simple continued fraction. 
Theorem 7.5.1. An infinite simple continued fraction is convergent, 


Proof. Let a, stat ... be an infinite simple continued fraction, 
2 3 
Let un(= 2) be the nth convergent of the continued fraction. 


Now un — u —Pn _. Pna-l — (—1)" 
” m1 Gn Gn-1 QnQn-1 


n—-l 
nm _. Pn-2 — (=) Gn 


qn Qn—2 GnGn—2 
Since gn, Qn—1) In—2) On are all positive, it follows that un — un_j and 


Un — Un—2 are of opposite signs. 
Therefore u,, lies between two preceding convergents Un—1 and Un, 
1 
But wu = ay, Ug =a, + > Ui. 


Un — Un-2 = 


Uy < Ug => Uy, < U3 < U2 
ug < Ug => ug < U4 < U2 
U3 < U4 > U3 < U5 < Ug 
Us < U4 => U5 < Ug < U4 


Hence wu, < ug < U5 < +++ << ug < UG < U2. 


Thus the sequence of odd convergents {u2n—1} is a strictly increasing 
sequence, bounded above and the sequence of even convergents {u2n} is 
a strictly decreasing sequence, bounded below. 


Therefore both the sequences are convergent. 


_ — Pen — Pan-1 — 1 
But tan — Uan-1 q2@n-— Q@2n-1 G2n92n—1- 
AS gn © as n — ov, lim(ten — Uen-1) = 0. So limug, = 


lim Uan-1 = !, say. Therefore both the sequences {ugn_1} and {uzn} 
converge to the same limit / and the sequence {tun} converges to I. 


Since / is the limit of the strictly increasing sequence {u2p,_1}, | is the 
lub of the sequence {u2n_1}. 


Since / is the limit of the strictly decreasing sequence {uon},l is the 
glb of the sequence {u2n}. 


Therefore uy < ug < Us <+++ <1 < +++ < ug < ug < Up. 
Hence every infinite simple continued fraction is convergent and 
(i) its value is greater than every odd convergent, 


(ii) its value is less than every even convergent. 
This completes the proof. 
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oe us use the simple continued fraction 
chee 
If this be a finite continued fraction then it has a value which is equal 
to its last convergent. 


If, however, this be an infinite continued fraction then also it has a 
value, by the previous reg 


Lett F = a,+ —— aay a e* 
= 02 at oye 
a: 23 get ast 


a; is called the ith se sees qioten) (i > 2) of the ene fraction. 
Therefore we have F = a, +2,F =a, + oot a F=ast+ 
111... That is, the value of he continued fraction is obtained 


a2t agt+ a4’ 
from its nth convergent by substituting a, for an. 


: Pr — QnPn-—1t+Pn-2 OnPn— 1+Pn—-2— 

Since Qn Q@nQn—1+4Gn-2’ it follows that F = OnQn—-1+4n—-2 ~ 
Theorem 7.5.2. Each convergent is a closer approximation to the value 
of a simple continued fraction than the preceding. 

Proof. Let F be the value of the simple continued fraction 
ial 
1+ oat ast 
n+l . An4+1PntPn-1 
Qn+1 Qn+19n+4n-1~ 
Let \ be the (n+ ih complete quotient of the continued fraction. 
Then \ = ang. ¢ ~  S : 


AEE Gn+3+ 
The value of the continued fraction can be obtained from ern if Qn41 


on APn+Pn—-1 
be replaced by A. Therefore F = enone 


Let a be the nth convergent. Then 7 


F- Pn — Apnt+Pn-1 Pr — —(Pngn—1—Pn-19n) = ~—1)7+1 
Qn Agn+Qn-1 qn (Agn+@n—1)4@n (Agn+4n—1)4n ° 
_ Pn-1 — APnt+Pn-1 __ Pn-1 
Qn—1 AQn+Qn-1 Qn-1 
— A(pngn—1—Pn—-19n) = (—1)"A 
haat (Agn+4n—1)9n—-1 ° 
Therefore pr = ae <1, since Qn > Qn-1,A>1 
Gai! 
Or, | F- ee |<| z ae 


It follows ne F is nearer to = than to i 
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Theorem 7.5. a: Any convergent of a simple continued fraction 
a12 
ait ay ae a3+ 


is a closer approximation to the value of the continued fraction than any 
rational number whose denominator s < Qn: 


Proof. Let F be ie value of the continued fraction. 


Pn- 
Then F lies between man and na and | F- = |<|F- = 
n—- 
If F be nearer to than to a then 
ae: be Pn=1 
[Poe is|P SF 5.0 > 
Since F lies between = and : a it follows that = lies between 
n n— 
Pn and Pn—-1 
dn Qn—-1° 
Tr Pn-l Pn _ Pn-1 
Hence | 8 Qn-1 = Qn Qn—-1 
Irgn—1—SPn—1| 1 
a Sqn—1 * QnQn-1 


or, $ > Gn{| T@n—-1 — SPn—1 |{}- 
But | rgn—-1 — $Pn—1 | is a positive integer and therefore s > gn, a 
contradiction to the condition on s. 


Hence | F — 5 |>| F — © | and the theorem is done. 


Theorem 7.5.4. If ¢ be the error (numerical value) in taking re for the 
value of the prick continued fraction 


ay+ me = ae ar’ - then 


1 1 1 1 

2q7 44 < 9n(Qn+1+9n) =e QnQn+1 = ga" 
Proof. Let F' be the value of the continued fraction and A be the (n+2)th 
complete quotient of the continued fraction. 

Apn+itPn 
Then F = Nanaeean? A>1. 
_| P_ Pn [— | APntitPn _ pn |_ r 1 
e=|P-m|=| 2 = So 
Gn Qn+1+9n Qn (Agn+1+9n) Qn (Qn4it+#) : 
But A>1>0< 2 <q. 


Therefore 0 < @n41 < Qn4i+ de < Q@n4+1+ Qn and 


1 1 1 
iG) aan ae 
Qn(Qn4it9n) ~ Qn(Qn+i+%e) < Qn9Qn+1 


n 


1 
@n(4n+1+4n) <€< QnQn+1 : 


Again Gn+1 > Qn => QnQn+1 > q2 and gn(qdn41 + Qn) < Qn41(4n+1 + 
Qn41) = 2q7 41: 


i.e., 
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1 1 1 1 
fore s4— < ———— aT: 
There 2Gn41  In(Qn+1+9n) 5 QnQn+1 > Tr 
Note 1. Gn+1 = @n419n + In-1 > On419n. 
1 


erefore >a 2 Hence : 
Th QnQn+1 n+19n e< ae < rarer 


It follows that if an41 be a comparatively large quotient, &* is a 
yery good approximation to the value of the continued fraction, i.e., any 
convergent which immediately preceds a comparatively large quotient is 
a very good approxiation. 


Note 2. Since « < oe it follows that in order to find a convergent 


which differs from the value of the continued fraction by less than a 
given quantity i, we have only to calculate convergents upto om where 


Qn > VQ. 


Worked Examples. 
1. Given that 1 kilogram = 2.2046 pounds show by the theory of con- 
tinued fraction that 44 kgs is slightly greater than 97 pounds. 


Llkg = eed pounds. 


10000 

22046 1 10000 1 2046 1 
———- = 2+ -nBO sue Oo A+ ae Tsig — 1+ 1H 
10000 3046 ’ 2046 aad ’ 1816 Tt ’ 
1816 1 230 1 
39 = t+ BO aq = 1+ aE 
230 230 » 206 205 » 

22046 __ ie (et ne Sey nee ee 
Therefore i¢999 = 2+ arig72 ig 


The first convergent = 2, the second convergent = 3, 


2_ ll 
the third convergent = Hy = 5) 


71149 _ 86 
the fourth convergent = 7377 = 39) 


1.86411 _ 97 
the fifth convergent = 73975 = 44° 
22046 


The fifth convergent is approximately equal to tooo and since it is 


an odd convergent, 2 ma < T0000" 


Hence 1 kg is approximately equal to # < pounds and 1 kg > # 7 pounds. 
It follows that 44 kg is approximately equal to 97 pounds aad 44 kg > 
97 pounds. 


2. Find an approximation to the value of the continued fraction 1 + 


hak --- which differ from the value by less than .0001. 


Here 2 =i p2 — 4 ps — 5.441 _ 21 pa — 7.2144 _ 151 Bs ace 
5 


——e- 


9.151491 1 1 1380 q2 — 3? gg ~ 5.341 ~ 16% q, 7.1643 ~ 115? 
aed 
9.115+16 — 1051? 
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1¥ 


Let € be the error in taking ™ as the value of the continued fraction. 


Then « < me If gn > 100 then e < iat 


Here q, > 100. Therefore a is the required approximation. 


3. The sidereal period of venus and the earth are 224.7 days and 365,25 
days respectively. Find various cycles in which transit of venus may 
occur. 

Let the transit occurs after x sidereal periods of venus and y sidereal 
period of the earth, where x, y are positive integers. 

Then 224.72 = 365.25y 


xz — 365.25 _ ie ee (ee ieee (ees ee Eee 
Or, = oea7 = lt 


Let® be the rth convergent of the simple continued fraction. 


Then p, =1, po=2, ps=3, pa=5, P5=13, pg = 395. 
q = 1, q=l, q3 = 2, qa = 3, qs = 8, gg = 243. 

The 5th convergent ae preceds a large quotient. 

Therefore a is a very good approximation. If be the error in taking 
43 as the value of the continued fraction, 

e< ered i.e., € < .0005. 

Therefore 13 sidereal preiods of venus ~ 8 sidereal periods of the 
earth. In other words, the transit of venus will occur after every 8 years. 

Again, = is a better approximation to the value of the continued 
fraction. Hence the transit will occur after every 243 years, more accu- 
rately. 


Theorem 7.5.5. Let be the rth convergent of a simple continued 
fraction whose value is F' then 


F? >or< oa according as n is even or odd. 


Proof. Let Feat+seayc 


Let A be the (n + 1)th complete quotient. Then F = jeeteast 
nTGn-1 


2_ Pn Pa-l — APnt+Pn-1 2 _ PnPn-1 
Now Br Qn Gn-1 Corona ) GnQn-1 
= (A?p,+2\PnPn—1+Pp—1)9n9n—1—(A2G2+2'ndn—1+92_)PaPn—1 
(Agn+9n-1)*¢n¢gn—1 
os dN pndn-(—1)"+pn-19n—1(-1)"+} 


(Agn+4n—1)79n9n—-1 


= (-1)". A’Pndn—Pr=19n—1 ; 
(Agn+qn-1)*Gn9n-1 
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2 Pn Pn-1 
re F4— 
Therefo Qn Qn-1 


7 >1,Pn > Pn-1;9n > Qn-1- 


2 Pn-1 ‘ : 
or, F* > or < rae noe according as n is even or odd. 


> or < 0 according as n is even or odd, since 


Note. If - be an odd convergent and x be the even convergent imme- 


diately preceding a then F? < oe. 


If 5 be an even convergent and * be the odd convergent immediately 
preceding = then F? > oy. 


7.6. Recurring simple continued fraction. 


A simple continued fraction 
1 1 
1+ Fast 
is said to be a recurring continued fraction if after a certain stage the 
elements recur in the same order. The recurring elements form the cyclic 


part and the non-recurring elements, if they exist, form the acyclic part 
of the continued fraction. 


For example, the continued fraction 


2+ 3+ 4+ 3+ 4-4 a 
1 


is a recurring continued fraction. Here 1+ 3 is the acyclic part and 3 4 
is the cycle. 
The cycle is denoted by putting * under the first and the last element 


of the cycle. 


. . : 11 1 . 
The recurring continued fraction 1+ 57 scaest ie --- is denoted by 


2 ie ae 
or SFat 


Worked Examples. 
Lippe tit + ... show that the roots of the equation 2? —(ab+ 


a+ b+ a+ b+ 
2)¢=1=0 arel+ab+aF and 1-aF. 
] 1] 1 b+F 


— ——_ 


~ at b+F  atzeg ~ abt+aF +1 
or, aF? + abF —b=0. 


JSaebe * * oie 
Therefore F = =abtva bt tab , since F is positive. 


or, 2aF + ab = Va*b? + 4ab. 
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b+-2 
The roots of the equation z? — (ab +2) +1 = 0 are ac eee 
and ab+2—V/a2b2+4ab 
2 


ice., ab astak sab and ab+2—2aF—a 


le., 1+ab+ F and 1—-aF. 


1 1 1 _.a-b 


1 1 
2. Prove that bee hE at CF ~ 1+ab" 


“4 
—y 


11.1 — __betbrt+l _ 
Then z= at+b+tctz abct+abr+atct+z 
or, (ab+1)2? + (abe+a—b+c)nr—(be+1)=0 ... (i) 


Let y = Brater: 

Then y i: abeained from x by replacing a by b and b by a. 
Therefore (ab + 1)y? + (abc-—a+b+c)y—(ac+1)=0 ... (ii) 
From (i) and (ii) 

(ab + 1)(x? — y?) + (abe + c)(z — y) + (@— b)(z + y) + (a— b)c=0 
or, (ab + 1)(2- ye +y +d + (a—b\(atytc) =0 

or, (ab+ 1)(x —y) +a—b=0, since r+y+cF#0 


a—b 
or, rTvy= abt1° 


3. If the continued fractions 
11 11 11 
io aie arcmor ml a Ua mere ers aaa CA eee 


be in geometric progression of common ratio r, prove that r + * = 2 


11 
Let F=a+<255y°"'> Peytoa, Q=z+i5-- 
Then F=2+ 4, Pa yts; Q=2+% 


or, c= F- , y=P-Hh, z=Q-4. 

By the given condition, P=rF,Q=r’F. 

zta=(Q+F)-$-F#= (7 4+1)F- dp—F = (2 41)F- 
= (r?+1)(F - =p) 

y=rF —- + =1r(F- ap): 


2 
Therefore 44° = rth apy), 
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aMsmotse cp ys bt geal, em eter et 
prove that ayz=t+Ae--., pie? =trodebacd. 
g=aty, y=bt+),  z=c4), 
Therefore ryz = abe+ 2+ 2 4 £4 ab+ bey cay 
g=aty>b= Oye 
y=b+ioc= Bye 


= i — 4 a 
Z=e+ lo e= +S 


Therefore ryz = abet+ta+b+c+ = 
= t+ ae 
= t+A4---, where t=abe+a+b+e. 


5. Show that the nth convergent of the continued fraction 


2 eo — rf 14+-72)"+1_ 1—/2)"+? 
at 26 oe S+v2)R=0=Vv2)* 


Let £* be the nth convergent. Then pp, = 2pp—-1+Pn—2)9n = 2Gn-1 + 
Qn—2,1 > 2 and Pi = 2,41 = 1, p2 = D0, 2 = 2. 

Since pn — 2Pn—1 — Pn—2 = 0,pn = Aa” + BB" where a, f are the 
roots of the equation 2? —27-—1=0. 

The roots of the equation are 1+ /2. Let a=1+ 2,8 =1- v2. 

Then a? = 2a + 1, 6? = 28 +1,a+ 8 =2,a8 = -1,a— 8 = 2vV2. 

Since p; = 2,p2 = 5, Aa+ BB —2=0, Aa? + BB? —5=0. 

2 }=* _ 
Therefore A = 26°—58 | _ (4B+2)-58 _ 2-6 _ V241 


aB(B—-a) = —(B—a) a-B 2/2? 
_ Sa-2a? _ 5a—(4a+2) _ a-2 _ _ 1-v2 
and B= .5(@-a) — —(6-a) ~~ a-B ava 


i n+1_o/4_ n+1 
Hence py = 1+-v2) ar vay 


Since g, — 2gn-1 — 4n-2 = 9,4n = Aa” + BA” where a, B are the 
Toots of the equation x? — 2x —1=0. 
Since gq, = 1,q2 = 2, Aa+ BB—1=0, Aa? + BB? -2=0. 
267-28 1 _ _1_ — 2a-0? 1 _ 1 
Therefore.A = aa Boa) a-B~ 2/2? B= aB(B—a) B—a ~~ 373° 
Hence gq, = carve)" eave 


s (14-¥2)"*2-(1- 2)" +1 
Consequently, the nth convergent is Eee : 
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7.7. Symmetric continued fraction. 


A finite simple continued fraction is said to be symmetric if the quo. 
tients equidistant from the beginning and the end are equal. 


For example, the continued fractions 3 
2 11 aA 1ii1 i tinued i 
mo we ret 2+ srg 9¢7Q are symmetric con actions. 
Worked Examples. 
1.1 F=a+4.-.- Fd and E be in its lowest terms prove 


a2+ Apt Art 
that Q? + 1 is divisible by P. 


5 is a symmetric continued fraction having an even number of quo- 


tients. Let ae be the convergent immediately preceding ot 


1 1... P fos 
By 7.3.4, 5=a+eyp--ppaer a=o Therefore P’ = Q. 


PQ! — P’Q = (-1)?" =1or, PQ’ =14+ P'QH=14+Q?. 
Therefore 1 + Q? is divisible by P. 


P 1 1 11 1 P . 
2. If o 7 a, + i ea Gea Ca and ra) be in its lowest 
terms prove that Q? — 1 is divisible by P. 


C is a symmetric continued fraction having an odd number of quo- 


tients. Let 5 be the convergent immediately preceding 5: 
By 7.3.4, & =mat+op seat 2 = 5- Therefore P’ = Q. 
PQ’ — P'Q = (-1)*"t! = -1 or, PQ’ = P’'Q-1=Q?-1. 
Therefore Q* — 1 is divisible by P. 


Exercises 7 


1. Express r as a finite simple continued fraction having an odd number of 
quotients where r = 


a 71 see P 
i) #, (i) &, (id) &, (iv) Te 
2. Express r as a finite simple continued fraction having an even number of 
quotients where r = 
7 Al rr 71 vei 61 . 
(i) 15? (ii) 25? (iii) 23) (iv i. 
3. Find two positive integers m,n such that 


(i) Im-l5n=1, (ii) Wm-15n=-1, (iii) 25m-—39n=1. 
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4. Solve the equation in integers 
(i) 4l2-—l5y=1, (ii) 4lza-—15y=—-1, (iii) 412+ 15y=1, 
(iv) 4l2+15y=—1, (v) 14z~19y=1, (vi) 14x-—19y=-1, 
(vii) 14z+19y=1, (viii) 14z+19y =—-1. 

5, Express a as a simple continued fraction where a = 
(i) v2, (ii) v7 Gi) Vi, 
(iv) Vi4, (v) 3RH8, (vi) OF. 


6. A line segment AB is divided internally at C so that AB.AC = BC’. 


Express 4 as a simple continued fraction. 


7. Prove that 
@® 3+dadd + aaa) 
ji) 44+eeG0°°=30+Ha*) 
di) 3+ pe¢4°°=31+4550") 


8. Given that 1 metre = 3.2809 ft show by the theory of continued fraction 
that 


(i) 8 kms ~ 5 miles and 8 kms < 5 miles; 
(ii) 103 kms ~ 64 miles and 103 kms> 64 miles. 


9. (i) Express V/10 as a simple continued fraction. Show that 0 iS greater 
than 10 and it differs from V/10 by less than 5455. 


(ii) Express /14 as a simple continued fraction. Show that 44% is greater 
than //14 and it differs from V/14 by less than 55555- 
10. (i) Given that 7 is approximately equal to 3.14159, show by the theory 
of continued fraction that 38 is an approximation to 7 with an error less than 
4x 107°. Show also that the error is in excess. 

(ii) Given that 7 =3+ $4 Ter UF Was it -+-, show that 32 is an approx- 
imation to 7 with an error less than 3 x 10~’. Show also that the error is in 
excess. 


11. (i) Show by the theory of continued fraction that ao differs from 2.2208 


by a quantity less than z,/5;. Show also that +7 is less than 2.2208. 


(ii) Show by the theory of continued fraction that +2 differs from 2.5072 
by a quantity less than ;51,,- Show also that 4% is greater than 2.5072. 


12. Let P > Q > 0 and P be prime to Q. Let 5 be converted into a simple 
continued fraction and let a be the first convergent and ; be the convergent 
immediately preceding 5: Prove that if 2 be converted into a simple continued 


fraction the convergent immediately preceding 2 is ons. 
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_1_ 1 
13. Let » > q and p be prime tog. If ® =a1 + QF ** aiFa, “oe show that 
p>q Pp q 


An. fs dy Se he, 

@nt+ @n—1+ a1 Gn+ @n—1+ a2 Pq 
14. Show that the difference the between ae first and the nth convergent 
of the simple continued fraction Oe meray re 
is numerically equal to —— ai - = ae +-+-+(-1)" oe: 


15. If a be a positive integer, show that 
(i) Ve+i=e+Aeemr 
(ii) JVa?+2=a+-5 ashe 
16. If 2 be an even convergent and = be an odd convergent of a simple 
continued fraction whose value is F’, mee that 
(i) F?> Be if oe preceds a 
(ii) F? < 2% if 2 preceds s. 
17. If E, BF are consecutive convergents of a simple continued fraction F 


pp’ 


prove aa FP lies between BE, and 2Z 
18. If oa be the nth convergent of the recurring continued fraction 
Sa wa ak ieee prove that 


if 2414 a 
(i) Dn —4pn-2+pPn-4=0,n >4 


(ii) Qn —4Qn-2 + Qn-4 =0,n > 4. 


19. If os be the nth convergent of the recurring continued fraction 


1 
anaes Prove that p3ngs — q3snps = Q3n-3. 


20. If a be the nth convergent of the recurring continued fraction 


1 
orig Ep» Prove that pants = bpsn + (be + 1)qan. 


21. Express $(V5 + 1) as a simple continued fraction. 
If ae be the rth convergent of the continued fraction, prove that 
(i) pon = Pon-1 + Pon—2 
(ii) ps+ps+++++pen—1 = Don — p2,n > 2. 

22. Express //17 as a simple continued fraction. 


If a be the rth convergent of the continued fraction, prove that 
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(i) Pati t Pa-1 = 34qn for n > 2, 
(ii) Qnta + Qn-1 = 2pn for n > 2, 
(iii) Pa — 17q2 = (—1)" for n > 1. 


eee fee ee eee | ae ee | 
a3. = at b+ Y= Jat Oe? 7 = Jat 3T 


prove that a(y? — 27) + 2y(z? — 2?) + 32(2? — y?) = 0. 


24. (i) ie=atgare y= pti... prove that zy = ;- 


ogee eee er 1 1+be 
(ii) Ife= ay by ep ¥=cteray prove that zy = 71 G5° 


a 1 1 l 1 b+d+bed 
(ii) Ife= at beta? y=dt ct bt a Prove that ty = a+c+abe’ 


25. If 2 be the nth convergent of the simple continued fraction 


Te 
see ee 
osrat show that 
art—fr 


Pn = Qn-1 = —s where a, f are the roots of the equation 2? —ax—1=0. 


ANSWERS TO EXERCISES 


a ae 


Exercises 1B (page 32) 


94. c= 2S,y = B,z= 82. 25. (i) 4, (ii) 27. 32. 2=$,y= 
33. (i) 3,2 =2; (ii) Be= 4; (iii) 2,2 =4,y= 9; 
(iv) ig. = GY = $3 (v) 108, 2 = 2,y = 3; 
(vi) },2=y=3; (vii) 2V2,2=y=2 = V2. 
Exercises 2A (page 61) 
12. 242i. 13. 5, 2. 


CS 
. 


19. (i) V2,%; (ii) 3g, 4s (iil) — sec 0,7 + 8; (Iv) cosec 6, 5 — 95 
(v) cot £,-34+96; (vi) 1,-$ +4; (vii) —2cos 0, —m + 9; 
(viii) —2cos 0, — 0; (ix) sin 8, 3 +6; (x) —cos0,x — 9. 
20. (i) tan$,—3; (ii) cosec o.a- g; (iii) sec £,—$; (iv) cosec 6, 5 — 6. 
33. (i) —2, 1a le (ii) —1, +3, rays, 
(iti) /2(cos 24 + isin 2F), V2(cos F + isin St); 
(iv) cos (Skt2)n + isin (6k+2)" | = 0,1, 2. 
(v) 4+ dicot CAEU*,k =0,1,..-,8. (vi) —1 + hicot #,k =1,2,...,7. 
(vii) 9/2{cos(8k + 3) 75 + isin(8k + 3)},k =0,1,2. 
(viii) i cot #¢,k = 1,2,..-,5. 
37. (i) cos(2k + 1)F ane save. k=0,1,2,3. 
(ii) cos(4k + 1)% + isin(4k + 1)%,4 =0,1,2. 
(iii) cos(4k — 1)% + isin(4k — 1)$,k = 9, 1, 2, 3. 
(iv) cos(4k + 1)% + isin(4k + 1) 5,4 = 0,1, 2,3. 
Exercises 2B (page 82) 
2. (i) log 2+ (2n + 1)zi, (ii) log 4+ (4n + 1) Zi, 
(ii) 1 log 2 + (8n — 1) 44, (iv) 3 1085 + nm + tan™* $)i. 
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5. (i) 2log2 + 2nmi,2log2; (ii) 2log2 + (2n + 1)wt, 2log2 + mi; 
(iii) 2log2+(4n+1)Zi,2log2+ 4; (iv) 2log2+ (4n — 1) Fi, 2log2—. 
7. (i) O+(Z—6)i, (ii) O+ (0 - $)i, 
(iii) log cosec 6+ (% —@)i, (iv) log(—2cos 6) +i(6 — 7). 
12. (i) 4; 4, (ii) V2, -V2; V2, (iii) eV2 108 2 [cos 2\/2nr-+i sin 2/2nr]; eV2 1082, 
(iv) eV? 108 2[cos /2(2n + 1)m +isin V2(2n-+ 1)z]; eV? log 2 (cos 2m +isin V2a]). 
(v) e~?"* {cos(log 3) + isin(log 3)}, cos(log 3) + isin(log 3); 
(vi) e Gate @*, ; 


(vii) (1/2) log 2—(8n-+1)(«/4) {cos(2nn+% +4 log 2)+isin(2n7+74 +3 log 2)}, 
the p.v. corresponds to n = 0; 


(viii) e— 4n+1)(n?/8) {cos[(4n + 1) log 2] + isin[(4n + 1) 7 log 2]}, the p.v. 
corresponds to n = 0. 
Exercises 2C (page 102) 
7. (i) nm+(-1)"2, (ii) Ina + F, 

(iii) nm + (—1)" log(V5 + 2)i, (iv) Inn + {F — ilog(V5 + 2)}, 

(v) (Qnx — £) tilog(2+ V3), (vi) (2n+1)m + ilog(2 — V3), 

(vii) 2nwé + (—1)" log(/5 +2), (viii) 2ni + log(2 + V3). 


Exercises 3A (page 138) 

9. (i) 2,1; (ii) 37, —6; 

10. (i) —22, 7; (ii) 10, -4; (iii) 12, 6. 

12. (i) x = 27¢t — 10, y = 8t — 3,¢ =0,4+1,42,---;a =17,y=5. 
(ii) o = 176+ 7,y = 12¢+5,¢ = 0,+1,+42,---;2=7,y =5. 
(iii) 2 = 13t + 30, y = 35¢ + 80,¢ = 0,1, +2,--.;2=4,y = 10. 
(iv) « = 176+ 40,y = 41t + 96,t = 0,+1,+2,---;¢ =6,y = 14. 
(v) = 13t + 45,y = 29¢ + 100, t = 0,+1,+2,---;¢ =6,y = 13. 
(vi) 2 = 55t — 7,y = 63t — 8,f = 0,+1,+2,---;2 = 48, y =55. 

13. (i) 1, 20; 8, 9. (ii) 3, 19; 7, 6. (iii) 4, 11; 29, 2. (iv) 2, 55; 7, 13; 12,1. 

14. (i) 181, 19; 136, 64; 91, 109; 46,154. (ii) 33, 67; 78, 22. 

18. (i) 15, (ii) 18, (iii) 16, (iv) 24. 

19. (i) 156, (ii) 576, (iii) 1767, (iv) 9576. 

20. (i) 3224, 19344; (ii) 403, 12090. 21. 360. 
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pxercises 3B (page 157) 
1. (i) 3, 20, 37, 54, 71, 88; (ii) 10, 27, 44, 61, 78, 95; 
3, (i) 20r9, (ii) Oor9, (iii) 3, (iv) 7. 6. (i) 0, (ii) 0. 


9, (i) = 2(mod 5), (ii) = 9(mod 15), (iii) « = 4,11, 18, 25, 32(mod 
35), (iv) & = 6, 21, 36, 51, 66, 81, 96(mod 105). 


10. (i) © = 18(mod 35), (ii) zc =53(mod 105), (iii) z = 157(mod 280). 
41. (i) 47, (41158. 

12. (i) 160 + 315¢,¢ =0,+1,42,... (ii) 1104 + 1260#, t = 0, +1, +2,... 
13. (i)  =43 ( mod 63), (ii) z = 101 ( mod 108). 


Exercises 3C (page 170) 
1. (i) 2°°, (ii) 1152, (iii) 1920. 
17. (i) 1, (ii)9. 19. G@) 3, (ii)7. 20. (i) 01, (ii) 61. 


Exercises 3D (page 184) 
1. (i) 74, (ii) 37, (iii) 98. 2. (i) 53, (ii) 81. 


Exercises 4 (page 193) 
1. (i) 1, (i) 1. 2. (i) 2® —2t 4 29,1; (i) 2° + 32? —2 + 1,3. 


4. (i) (2 —1)® — 10(a — 1)8 — 8(a — 1)? + 9(z — 1) +7, 
(ii) vt + 9x° + 372? + 872 +90, (iii) h = —2. 


5. (i) -22 +1, (ii) 102-10, (iii) 6 +1, (iv) e? +a, (v) 22? +3243. 
6.2°+47—2, 7. 30. 


Exercises 5A (page 208) 

1. (i) 4, (ii) 19, (iii) 4, (iv) 16. 

8. (i) ~1,-1,-44; (ii) —1, =23Y!, 2S; Gti) 421, BSE, SEE 
6. k = —20;2,2,5 and k = —16;4, 4,1. 

7.a=1;1,1,4 anda=5,2,2,2. 8. 3;1,1,1, =. 


9. (i) 144, =2kYT, Gi) 244,1, EE; iii) 1+ V2, 


(iv) 3,2, V24i,-244; (v) HM, 44 (vi) —j + i vi. 
10. 149? 41=0. 11. 24 +62? +25 =0. 
12, —], =1d Vi 13. 3, -1 + 2V2i. 14. 1b 2V3i 1/31 


15. 4341+ 2,/2i. 19. (—4, —3), (—2, 1), (3, 5). 
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20. (—0o, —3 ’ (-1, —3), (3, 1), (3, Z ‘ 
21. When k = 117, two equal roots —3, —3; when k = —8, two equal roots 2, 


2 and two distinct real roots in (—00, —3), (—3, 1); when k = —11, two equal 
roots 1, 1 and two distinct real roots in (00, —3), (2, 00). 


22. No real root if k > 64, four real roots if —17 < k < 64, two real roots if 


k<-17. 23. -13 <r <-8. oon 
24. (i) —2,3, 4#¥TE; (jj) 2, -5, =3t¥8; (iii) 2,3, 92. 


Exercises 5B (page 221) 
1. (i) 3, (ii) 1, (iii) 3. 
2. (i) 2° — 32 — 1,2? — 1,22 + 1,1; (—2, -1), (—1, 0), (1, 2). 
(ii) 2° — 7x + 7, 3x? — 7, 2x — 3, 1; (—4, —3), (1, ), (3, 2)- 
(iti) xt — 2? — Qn — 5, 22° — x — 1, 2? + 3x + 10; (—2, —1), (1, 2). 
(iv) 2° — 52 +5,2* — 1, -1;(—2,-1). 
5. (i) One positive, one negative and two complex roots; 
(ii) All Lomplex roots; 
(iii) One positive, one negative and eight complex roots; 
(iv) Five real roots and two complex roots. 
6. (i) Two, (ii) Four, (iii) Two. 7. One positive and two negative roots. 
8. (b) (i) & (ii) One positive and two negative roots; 


(iii), (iv) & (v) two positive and two negative roots. 


Exercises 5C (page 230) 

1. (i) -6,+V3; (ii) 1+ V6i, + V3; (ili) -2 4 V3, 453. 

2. (i) —2, SEY; (ii) HEME SARIN, (ii) 2 + V3, =BEVIS, 

3. (i) -1,—2,-3; (i) -2,-}3,1,8; (iii) -2,-8,-1,-2, 

4. (i) 2,2,6; (ii) —1,2,-4,8; (iit) -1+ V2i, AYE. Gy) 1 13-9. 
5. (i) —1,+V2i, 248; (ii) -3 4 V6,-2 + V5. 

6. (i) 1,-2,4,-5; (ii) 1,3,2+ V2. 

7. (i) 1,-3, =24¥8, (ii) 1+ 21, =S#Y23 

8. (i) 1,2,3,6; (ii) 1,3,-3+ V6, (iii) 1,2,-4, -4. 

9. (i) k= 2,3,3,-3; (ii) k= 14,41,3,5. 


10. (i) 2b° — 3abe+a°d=0, (ii) bd =c8a, (iii) 2c — 3bed + ad? =O. 


ANSWERS TO EXERCISES 


1. (i) 1? +P°8— par =0, (ii) p? + 8r = pg, (ili) r? + 6(p? — 4g) =0, 
(iv) (p+r)(ps +r) + (q+8+41)(s—1)?=0, (v) r? =p?s. 
12. (i) 2+ 2%,-3; (ii) 2+ 24,3. 
13. (i) L4%,-343e; (ii) -147,-24. 21. 
1 6) ER, A, (8) 2,-9.4, 5 
15. (b) 1,2,3,6; (c) (i) —1,2,-4,8; (ii) 4,-1,3,-9. 
16. (i) q2—2pr, (ii) g® — Spar +3r? (iii) —p? = 24r, 
(iv) p* — 4p?q + 2g? + 4pr, (v) —gr, (vi) 9r — pq, 
(vii) 2g? — 6pr, (viii) 2p° — 9pq + 27r. 
17. (i) ps + 2qr — p*r, (ii) r? — 2s, (iii) pr — 16s, 
(iv) 3r? — 8gs, (v) —p® + 4pq — 8r. 
19. (DESH, (iy SEEM, (iy SP epprotsel (iy) Berta 


Exercises 5D (page 239) 
1. (i) m=10, (ii) m=6. 
2. (i) ae, (ii) seo, (iii) Persson Sac 
5. (i) —8, (ii) 2, (iii) — 2. 
6. (i) (ry + q)? — 2q(ry + q)? + 4pr(ry + q) ~— 8r? = 0, 
(ii) ry® + q(1 —r)y? + p(1—1)?y + (1-1)? =0, 
(iii) r(y +p)? — q?(y + p)? + pa’ (y +p) — @° = 0, 
(iv) r(y + 1)? — po(y + 1)? + p(y +1) —p® =0. 
7. (i) y® —2qy? + q@?y +r? =0, (ii) (y+29)° — 3q(y + 29)” — 27r? = 0, 
(ili) y? + 4gy? + 5g?y + 2g° +17? =0, (iv) y* + 9ay — 27r = 0. 
8. r*(y + 1)9 + (y+ 2) =0. 
9. (2y — 3) — 2(2y — 3)?(3y — 2) + 3(2y — 3)(3y — 2)? — (8y — 2)? =O. 
10. (i) 3,3,3; (ii) 2,2,2,-2; (iii) -3,-},1,4. 
11. £3, eS: 12. (i) ~1, -3, - $3 (ii) 2, 3, a amr 
18. (i) 2,3,-2; (ii) 2,-2,44. 14. —5, =EABYSE, 
15. ~14./2,-14 V5. 16. apa2 = a2. 
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17. 2a} — 3apaia2 + aza3 = 0. 18. Two positive and one negative roots. 
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19. Two real and two imaginary roots. 

20. y* + 3y3 +49? +3y+1=0. 22. y? + 33y? + 124y+8=0. 
24. y° + (p? — 3q)y? + (3q? — p°a)y + (p'r — 9°) = OPT =. 
25. y? + (9q — 3p*)y — (2p? — 9pq + 27r) = 0, 2p® — 9pq + 27r = 0. 


Exercises 5E (page 260) 
1. (i) +i, 3(-1 4 V3i); (ii) 3(8 + V5), 3(5 + V21); 
(iii) 2YS4V342V8 2-vEtV/9-2V3. (iy) 1, 1(-3 + V5), 1(-1 + VIBi); 
(v) 1,+%,-3,-4; (vi) -1,2, 5,43; 
(vii) £1, 4(3 + V5), 1(-3 + V5); (viii) 4, £(3 + V5)i, £(3 — V5); 
(ix) 1,1, +2, 4(-1 + V3i); (x) +1, +7, -1, }(-3 + V5). 
2. (i) 4(—1 + V3i), 3(-1 + V3i); (ii) —1, +2, 3(8 V7); 
(iii) £4, +7, 1(3+ V7i), (iv) 4(4V6 + V2)i, 2g (4V14 + V2)i. 
3.m=2,n=1;m=-2,n=1;1 + 21, -2, -4. 
4. m = +2; =84¥% 14 V3. 5. 141,34 V3. 
6. —24+4, —34V8 11. (i) 2? + 2? —2 +2 =0. 
(ii) 2? + 227 +52+8=0. (iii) 2? + 42? -—4r4+1=0. 
12. 2? + 3274+ 302r+55=0. 13. (i) ct +294 22? +242=0, 
(ii) 24 + 227 + 72? —52+3=0, (iii) ot + 2° 4+ 727 +142 +9=0. 
22. (i) 12, (ii) 16, (iii) 24, (iv) 24. 
Exercises 5F (page 269) 
1. (i) y? + 18y? + 8ly + 135 =0, (ii) y? — 18y? + Bly = 0, 
(iii) y? — 162y? + 6561y = 0. 
2. (i) One real root, (ii) two equal roots, (iii) two equal roots. 
8. (i) 27r? = 29°, (ii) 216r? = 5q°. 
10. (i) -3, -3,6; (ii) —4,2+ W338; (iii) 4cos =, 4cos § <= 4cos ia 
(iv) 2cos 4 A 2cos 2#t4,2cos tt4; (y) 2, oe $2 2/2cos UF 
(vi) §(V3 + V9), 3WV3 +? 79), 3(w? V3 + WS); 
(vii) 1, V2cos $3, V2cos 22; (viii) -5, -5, 1; 
(ix) 7,3 5 ( (-1 + V32); (x) 2cos = —1, 2 cos 5% -1, 2 cos 7% a1. 
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11. (i) — 3" 1tVs (ii) 3, =3i3V6 (iii) 3, 1tVS (iv) —3 B£3V5 | 

12. (i) 2, 2,-4; = (ii) —5, —4w — w?, —4y? — 

Exercises 5G (page 279) 

1. (i) 14 2i,-14 V2; (ii) 1437,-14 V7; (iii) =3tV7i akyIli. 
(iv) 1+ V2i,-14+ V6; (v) -14.V2,14 V25; (vi) BEY, EY TSE, 
(vii) 1 + 3i,-1+4 22, = 38; (viii) 1, 2, -2, -3; 

(ix) -34 V7,1+ V3i, (x) -2+ V2,-4+ 21, 
(xi) —1 i, 2$¥8 (xii) -2 + V2, 128. 

2. (i) 14 2i,-14+ V2, (ii) -14 72,14 V2i, (iii) -1 + V2, —-1,3, 
(iv) 2+ V2,-24 V2, (v) 1+ V6,-1+ V2i. 

3. (i) 14+ V2,-1+4%, (ii) 1+ V2i,-14+ V6, (iii) -1 + V2,1 4 V2i. 


Exercises 6A (page 289) 

1. (i) {n(n + 1)(n + 2)(n + 3), 
(ii) $(n +.1)(n + 2)(n + 3)(n + 4)(n + 5) — 24, 
(iii) 3, (8n — 1)(8n + 2)(38n + 5)(3n + 8) + 2 
(iv) n(n + 1)(n+2)(8n+5), (v) gn(n+1)(n+2)+n(n+1), 
(vi) in(n + 1)(n + 2)(n + 3)(n + 4) — gn(n +1)(n + 2)(n +3), 
(vii) $n(n+1)(n+4)(n +5), (viii) $n(n + 1)(4n — 1). 


+) 1 1 sey 1 1 see) 1 
2. (i) 5 -— zy (ii) 3 - 4(an+1)(2n+3)’ (ili) 7g — 3(n+1)(n+2)(n43)? 


(iv) 17n?+66n7+61n (v) 5n2+n (vi) 2 2.4.6...(2n+2) 
'V) 36(n-+1)(n+2)(n+3)? 12(n+2)(n+3) ° 3 3.5.7...(2n+3) 
1) 1.3.5...(2n+3) ws:\ 2.5.8...(3n+2) 
(vii) Sa—(an43) — 3, (viii) La.7.(Gn+1) ~ 2 
ne n(r+0) ‘5 
3. (i) a sin (tint) (ii) 2-3 1 sinné cos(n + 1)0, 


(iii) 2 + 28228 cos(n+1)@, (iv) 3 cos@ — £ {2228 cos(n + 2)6}, 


2 sind sin @ 


(v) $cos@+ z aingne cos(2n+1)0, (vi) se=r cot set — 2cot 26, 
(vii) cot ztan(n + 1)z—n-—1, (viii) cosecO{tan 6 — tan(n + 1)6}, 
(ix) cosec?@ — 2”cosec”(2"6), (x) dcosec$|sec(2n + 1)£ — sec 8), 
(xi) logsin2"6 — logsin@, (xii) 3 (tan 3"z — tanz), 

(xiii) tan~!(2n+1)—tan7'1, (xiv) tan7*(n +1) —tan711, 
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(xv) tan7* 2+! _ tan- +2, (xiv) logsin 55 3°28 — logsin 36. 


Exercises 6B (page 304) 
1. (i) n? +n +3, 3(n?+3n+11); (ii) n? +n, (nt I(r? +n +2); 
(iii) n(n + 1)(n +5), 8(n + 1)(n +. 2)(n + 7); 
(iv) 3" + 2n + 4, 3(3" — 1) +n? + 5n; 
(v) antt _ atin 4(an — 1) —2(n41)(n +2); 
(vi) 3°? + n41, S=2 4 Bt), (vil) ath. gro} ne, 
(viii) 09) ode 3 — coats) (ix) (Qn $+:1).377, 0.3". 
2. (i) up = 37-1 +.2°71, 22.2" +3" 3); (ii) up = 27 +47,” 
4(3.2° +4" —4); (iii) ur = (r +:1)2",n.2"*?; 
(iv) up = 27 + (—1)" +2, 274? + 1(-1)" + 2n - 8. 


Exercises 6C (page 306) 


: Oy: l—ccos@ eas cos 96—x 
1. (i) e*"(sin@), (ii) 1-2ccos 0+c? ? (iii) 1-22 cos 6+a2? 


rcos@ 


(iv) e 
(vii) 7-6, (viii) }log(4cos@), (ix) 0, (x) 4 log(sec6). 


cos(zsin@), (v) log(2cos@), (vi) | —9, 


Exercises 7 (page 328) 


11 ie oe ae re Liv x 1 
1. (i) 24+ year ie}: (ii) 2+ 4 +5E3E1) Gil) 2-hye a 73 (iv) 0+: aire 
1 ase e 
2. (i) 2+ arse (i) 2+ eed (i) 2+ Arereaeh Gv) 0+ 
1+ 2+ 14 34 1° 


3. (i) m=11,n=8, (ii) M=4,n=3 (iii) M=25,n = 16. 

4. (i) c= 15t+11,y =41t+30; (ii) o= 15t+4,y = 41t4 11; 
(iii) 2 = 15t+11,y=—41¢-30; (iv) = 15t+4,y = —41t— 11; 
(v) c=19t+15,y=14¢+11; (vi) c= 19 +4, y= 14t4+3; 


(vii) c= 19t+15,y=—14t—-11; (viii) cs = 19+ 4, y = —14¢—3; where 
t = 0,+£1, +2,. 


. ee 1 1 een 
5. (i) l+s¢a¢an °° (i) 2+ Peis (iii) 3+ gig ---, 
(vy) 3+rroricee Migs a gp Witty 
T+ 2+ 14+ 64° 141+ 3+ 2+) . at 
c Ld " * a 


6. ait i 1+ 


BIBLIOGRAPHY 


Barnard, S.& Higher Algebra 

Child, J.M. Macmillan & Co., London,1967 
Burnside, W.S.& Theory of Equations, volume 1 
Panton, A.W. S. Chand & Co., 1960 

Burton, D. M. Elementary Number Theory 


Universal Book Stall, New Delhi,2003 


Chu: chill, R.V. Complex. Variables and Applications 
McGraw-Hill Book Company, Inc.1960 


Durell, C.V.& Advanced Trigonometry 

Robson, A.R. G. Bell & Sons Ltd, London,1950 
Hall, H.S.& Higher Algebra 

Knight, S.R. Macmillan & Company,1960 
Hardy, G.H. Pure Mathematics 


Universal Book Stall, New Delhi,1989 


Niven, I. An Introduction to the Theory of Numbers 
Zuckerman, H.S. John Wiley & Sons, Inc.,2004 
Montgomery, H.L. 


Stewert, B.M. Theory of Numbers 
The Macmillan Company, NY,1958 


INDEX 


Amplitude 45 
Argument 45 
Arithmetic mean 12 


Binomial equation 249 


Cardan’s method 266 
Cauchy-Schwarz inequality 6 
Chinese remainder theorem 152 
Complete polynomial 216 
Congruence 141 

Continued fraction 307 


DeMoivre’s theorem 50 
Descartes’ method 278 
Descartes’ rule 214 
Difference operator 290 
Diophantine equation 120 
Dirichlet’s theorem 133,166 
Division algorithm 109,186 


Euclidean algorithm 117 
Euclid’s theorem 132 
Euler’s cubic 275 
Euler’s method 274 
Euler’s theorem 164 
Exponential function 66 


Factor theorem 188 
Fermat’s theorem 163 
Ferrari’s method 272 
Fundamental theorem 
of Arithmetic 128 


Gaussian plane 41 
Generating function 299 
Geometric mean 12 

Greatest common divisor 112 
Greatest integer function 172 
Gregory’s series 100 


Harmonic mean 12 
Holder’s inequality 28 
Hyperbolic functions 86 


Identity 196 
Inverse functions 93 


Jensen’s inequality 29 


Least common multiple 119 


343 


Linear congruence 147 
Logarithmic function 69 


Mersenne prime 138 
Method of difference 281 
Minkowski’s inequality 29 
Mobius function 176 
Modulus 42 

Multiple roots 197 


Natural numbers 105 
Newton’s theorem 227 


Perfect number 137 

Phi function 158 

Polar form 45 

Prime number 124 
Principal argument 45 
Principal logarithm 69 
Principle of induction 105 
—— second 108 
Pythagorean triplet 180 


Reciprocal equation 243 
Recurring series 296 

— continued fraction 325 
Reducing cubic 275 
Remainder theorem 187 
Rolle’s theorem 204 


Scale of relation 297 

Sigma function 136 

Special root 253 

Sturm’s theorem 217 
Symmetric function of roots 225 
— continued fraction 328 
Synthetic division 189 


Tau function 134 

Triangle inequality 43 
Trigonometric functions 84 
Twin prime 140 


Weierstrass’s inequality 5 
Weighted mean 12 
Well-ordering property 105 
Wilson’s theorem 164 


Zero of a polynomial 192 


